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                        Sesavali 
 

manqana-danadgarebis korpusebis konstruqciebi 

gamoiyenebian teqnikis sxvadasxva sferoSi: 

manqanaTmSeneblobaSi, aviamSeneblobaSi, manqana-danadgarebis  

nagebobebis racionaluri gadawyvetis saqmeSi. 

mrewvelobis sxvadasxva sferos ganviTareba 

dakavSirebulia arsebulis daxvewasa da iseTi danadgarebis 

konstruqciebis SeqmnasTan, romlebic Seicaven garsebs, 

firfitebsa da Reroebs SemagrebebiT, texvebiT,  xvretebiTa da 

wertilovani sayrdenebiT. manqana-danadgarebis korpusebis 

simtkicisa da mdgradobis amaRleba yvelaze bunebrivad 

xorcieldeba wiboebis CadgmiT. am wiboebis ganlageba da 

Camagrebis saxe gavlenas axdens konstruqciis yofaqcevaze 

deformaciis dros. amave dros maT mzidunarianobas mudmivad 

kontroli esaWiroeba. am konstruqciebSi geometriuli da 

fizikuri parametrebis araregulireba iwvevs Zabvebis 

mniSvnelovan koncentracias da qmnis bzarebis an plastikuri 

deformaciebis gavrcelebis saSiS zonebs.  umetes SemTxvevaSi 

maTi mzidunarianoba ganisazRvreba simtkicis pirobebiT  an 

Zabvebis koncentraciis zonaSi mdgradobis dakargviT. 

regularobis darRvevis adgilebSi ZabvaTa koncentraciis 

zonebi arsebiT gavlenas axdenen konstruqciis 

mzidunarianobaze da  mdgradobaze.  aseve, mravalfeniani 

sistemebic SeiZleba ganvixiloT, rogorc sisqis mixedviT 

regularobis darRvevis mqone sistemebi. kerZo SemTxvevaSi 

samfeniani brtyeli elementebis gaangariSebis meTodika 

simtkicesa da mdgradobaze jer kidev arasakmarisadaa 

damuSavebuli. amasTan dakavSirebiT  manqana-danadgarebis 

korpusebis daZabul-deformirebuli mdgomareobis (d.d.m.) kvleva 
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da maTi mzidunarianobis kontroli sakmaod rTulia, 

aqtualuria da moiTxovs gaangariSebis gansakuTrebuli 

meTodebis SemuSavebas. 

naSromis mizani. naSromis mizania manqana-danadgarebis 

korpusebis daZabul-deformirebuli mdgomareobis kvlevis 

gaangariSebis iseTi meTodikis Seqmna, romelic uzrunvelyofs 

datvirTvis  nebismier stadiaze konstruqciis deformirebisa 

da mdgradobis utyuar asaxvas gaangariSebis minimaluri 

xarjebiT. 

uwyvetad an diskretulad mierTebuli wiboebiT 

Semagrebuli Reroebis gaangariSebis meTodikis SemuSaveba 

geomertiulad arawrfivi deformaciis pirobebSi. 

xvretebisa da Wrilebis mqone samfeniani manqana-

danadgarebis korpusebis d.d.m. kvleva da maTi mzidunarianobis 

kontroli. 

mecnieruli siaxle. damuSavebulia manqana-danadgarebis 

korpusebis d.d.m. kvlevis gaangariSebis meTodi. wiboebisa da 

texvebis mqone konstruqciis gaangariSebisaTvis. miRebuli 

meTodi formalur saSualebas iZleva aRiweros d.d.m. 

komponentebis cvlilebis yvela gansakuTrebuloba 

regularobis darRvevis maxloblobaSi, aisaxos datvirTvis 

procesSi Zalvebisa da momentebis cvlilebebi da 

gadanawilebebi. 

gaangariSebis meTodebi geometriuli da fizikuri 

arawrfivobis  gaTvaliswinebiT saSualebas iZleva Sefasebul 

iqnas d.d.m. yvela komponentis cvlileba, kritikuli 

datvirTvis sidideebi da datvirTvis procesSi mdgradobis 

dakargvis forma, amasTan es meTodebi ufro  efeqturia sxva  

ricxviT an ricxviT-analizur meTodebTan SedarebiT. 
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naSromis praqtikuli Rirebuleba mdgomareobs 

damuSavebuli meTodebisa da  manqanuri programebis 

gamoyenebis SesaZleblobaSi manqanaTmSeneblobis, 

gemTmSeneblobis konstruqciebisa da aparatebis elementebis 

gaangariSebisaTvis, Wrilebisa da xvretebis mqone samfeniani 

firfitebis mdgradobis amocanebisaTvis. 

naSromis realizacia. disertaciaSi warmodgenilma 

kvlevis Sedegebma gamoyeneba hpova: sankt-peterburgis 

samecniero-sawarmoo firma ,,nast~-is rTuli 

manqanaTmSeneblobis konstruqciebisa da teqnologiuri 

mowyobilobebis statikuri gaangariSebisas. 

Sedegebis utyuaroba ganpirobebulia imiT, rom 

gamoyenebulia sayovelTaod miRebuli hipoTezebi da daSvebebi, 

romelTa koreqtuloba Teoriuladaa damtkicebuli da yovel 

praqtikul SemTxvevaSi SeiZleba ricxobrivad iqnas 

gamokvleuli. utyuaroba mtkicdeba agreTve sxvadasxva 

avtorebis mier miRebuli Teoriuli da eqsperimentaluri 

Sedegebis damakmayofilebeli damTxveviT. 

naSromis aprobacia. disertaciis ZiriTadi Sedegebi 

moxsenebul iqna:       

_ saerTaSoriso simpoziumze  ,,myari deformirebadi sxeulis 

meqanika~ (Tbilisi, 1998 w.); 

_ saerTaSoriso simpoziumze ,,seismomedegoba da sainJinro 

seismologia~ (Tbilisi, 1999 w.); 

_ saerTaSoriso simpoziumze ,,sabunebismetyvelo da sainJinro 

dargebis ganviTarebis istoriis sakiTxebze~ (Tbilisi, 2000 

w.); 

_ respublikur samecn. teqn. konferenciaze ,,samSeneblo 

konstruqciebi~ (Tbilisi, 2001 w.); 
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_ saavtomobilo-sagzao institutis saiubileo respublikur 

konferenciaze (Tbilisi, 2001 w.); 

_ respublikur konferenciaze ,,mSenebloba da ocdameerTe 

saukune~ (Tbilisi, 2004 w.); 

_ saqarTvelos teqnikuri universitetis konstruqciebis 

dazianebis teqnikuri  diagnostikis kaTedris samecniero 

seminarze (Tbilisi, 2005 w.); 

_ saqarTvelos teqnikuri universitetis samSeneblo meqanikisa 

da  seismomedegobis, Teoriuli meqanikis, konstruqciebis 

dazianebis teqnikuri diagnostikis kaTedrebis gafarToebul 

samecniero seminarze (Tbilisi, 2006 w.); 

publikaciebi.  disertaciis Temaze gamoqveynebulia 7 

samecniero naSromi da 1 Tezisi.  

naSromis moculoba. disertacia Sedgeba Sesavlis, oTxi 

Tavis,  daskvnebis da literaturisagan. igi Seicavs 173 gverds, 

maT  Soris 68 naxazia, 3 cxrili. literatura moicavs 138 

dasaxelebas, gadmocemuls 14 gverdze. 
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Tavi I. Tanamedrove warmodgenebis mimoxilva 
               manqana-danadgarebis daZabul- 
               deformirebul mdgomareobaze da  
               zidvis unaris kontrolze 
          
           1.1. warmoqmnili problemebi da amocanebi 
 

teqnikis iseTi dargebis ganviTareba, rogoricaa 

samrewvelo da samoqalaqo mSenebloba, aviamSenebloba, 

saraketo da kosmosuri mSenebloba, manqanaTmSenebloba da 

sxva, SeuZlebelia maTematikuri modelebis didefeqtiani 

saSualebebis gareSe. isini gvaZleven ara marto axali 

teqnikuri ideebidan konkretul konstruqciul 

gadawyvetilebebze gadasvlis procesis daCqarebis saSualebas, 

aramed miRebuli konstruqciis xarisxis Sesamowmebel cikls.  

pirvel da SedarebiT martiv simtkicis Teorias 

warmoadgens udidesi normaluri Zabvebis Teoria, romelic 

saTaves iRebs galileidan. am Teoriis Tanaxmad, saSiSi 

mdgomareoba masalebSi dgeba maSin, rogorc ki erT-erTi Zabva 

aRwevs simtkicis zRvars. 

simtkicis meore Teorias safuZveli Cauyara mariotma 

(1662 w.). misi hipoTezis Tanaxmad kritikuli mdgomareoba dgeba 

maSinve, rogorc ki fardobiTi wagrZeleba aRwevs garkveul 

kritikul sidides. mogvianebiT (1773 w.) kulonis mier 

SemoTavazebuli iyo maqsimaluri mxebi Zabvebis Teoria, 

romelic kargad esadageboda eqsperimentul monacemebs. ufro 

mogvianebiT (1913 w.) mizesis mier damuSavebuli iqna simtkicis 

energetikuli Teoria, romelsac dResac ar daukargavs Tavisi 

mniSvneloba da warmatebiT gamoiyeneba konstruqciebis zidvis 

unaris dadgenis mizniT. ormocdaaTian wlebSi daixvewa da 

warmodgenili iyo simtkicis kulon-moris Teoria, 

leningradis universitetis profesoris i. iangis simtkicis 
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Teoria da agreTve Jurkovskis simtkicis kinetikuri Teoria. 

metad efeqturi meTodi firfitebisa da garsebis zidvis 

unaris dasadgenad ekuTvnis m. miqelaZes, romelmac 

moculobiTi ZabviTi mdgomareobiT daamuSava konstruqciaTa 

zidvis unaris Sefaseba zeda da qveda kritikuli 

mdgomareobebis mixedviT. 

konstruqciaTa zidvis unaris dadgena samSeneblo 

meqanikis erT-erT aqtualur sakiTxad iTvleba. is metad rTul 

maTematikur amocanas warmoadgens da misi srulyofilad 

warmodgenis mizniT saWiroa maTematikuri uzrunvelyofis 

saimedo bazis Seqmna. 

maTematikuri modelebis Seqmnisas gansakuTrebiT fenovani 

(mravalSriani) konstruqciebis analizisas aucilebelia 

samSeneblo meqanikis da deformirebuli myari tanis meqanikis 

amocanaTa amoxsnis erT-erTi yvelaze efeqturi ricxviTi 

meTodis – sasrul elementTa meTodis (sem)-is gamoyeneba. 

bolo dros gamoqveynebul literaturaSi gvxvdeba sem-is 

gamoyenebiT fenovani konstruqciebis analizi. aseve moyvanilia 

fenovani konstruqciebis analizi sem-is gamoyenebiT, romelic 

agebulia garkveul hipoTezebze. firfitisaTvis. analogiuri 

tipis elementi pirvelad Seqmna odenma [111]. 

miuxedavad imisa, rom am gamokvlevebSi gamoiyeneboda 

marTkuTxa elementebi, iseTi problemis gadawyveta rogoricaa 

naxvretebian (perforirebul) fenovan firfitebSi xvrelis 

irgvliv Zabvis koncentraciis (Tavmoyris) gansazRvra sakmaod 

rTulia. 

sasruli elementTa meTodi ZiriTadad efuZneba fenovani 

firfitebisa da garsTa Teorias, romelic garkveulwilad 

efuZneba kirxhof-liavis hipoTezas, rac gamoisaxeba imiT, rom 
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ganivi deformaciebi ar warmoadgenen funqciebs garsis sisqis 

koordinatebis mimarT, amasTan aradeformirebuli garsis 

normali, romelic warmoadgens wrfes, darCeba isev wrfed da 

normali deformirebuli zedapiris mimarT calkeuli fenebis 

SemTxvevaSi da igi mobrundeba deformirebuli zedapiris 

(garsis) mimarT imdenjer, ramdenjerac fena gadadis fenaSi. 

analogiuri winadadeba SemoTavazebuli da damuSavebuli iyo 

SromebSi [121-125], aseve orfeniani da samfeniani 

firfitebisaTvis. izotropuli masalebisaTvis msgavsi 

hipoTeza Semotanili iqna boulisa da reisneris [114] mier. 

amasTan garsis fenaTa sisqe sakmarisad mcirea da fenaTa 

raodenoba sakmarisad didia, xolo erTfeniani firfitebis 

Teoria emsgavseba vlasovisa [16] da timoSenkos [71] Teorias 

samfeniani (sendviCi) firfitebisaTvis. 

sazogadod, garsTa da firfitaTa TeoriaSi erT-erT 

yvelaze aqtualur problemas warmoadgens Zvris faqtoris 

gansazRvra sisqis mimarT, aRniSnuli problemis gadaWras 

mieZRvna uamravi e.w. dazustebuli Teoria, magram, miuxedavad 

amisa problema praqtikulad mainc  gadauWreli rCeba. amasTan 

unda aRvniSnoT, rom aseve aqtualur problemas warmoadgens 

ricxviTi Sedegebis miRwevac. 

 
1.2. konstruqciebis analizis Tanamedrove meTodebi 

 
konstruqciebis Tanamedrove proeqtirebis meTodebi, 

tradiciuli da axali masalebiT, mWidrod aris 

dakavSirebuli deformirebuli sxeulebis meqanikur 

damuSaveba-daxvewasTan, agreTve efeqturi ricxviTi sqemebisa 

da algoriTmuli gadawyvetilebebis SeqmnasTan. 
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bolo wlebis naSromebSi yuradRebas amaxvileben imaze, 

rom swored maTematikuri modelirebis principebi da 

fizikuri meTodebi unda iyos safuZveli konceptualuri, 

konstruqtoruli, teqnologiuri da masalaTmcodneobis 

gadawyvetilebis miRebaSi manqanebisa da konstruqciebis 

Seqmnis mTel etapze. 

ori  ZiriTadi  klasis  modelirebis   meTodebis – 

fizikurisa   da maTematikuris Sedarebisas, bolo dros sul 

ufro meti tipis amocanaTa gadawyvetaSi gamoyeneba hpova 

maTematikurma modelirebam. e.g.m daxvewam da cifruli 

meTodebis modelirebam SesaZlebeli gaxada xSir SemTxvevaSi 

Secvliliyo damatebiTi fizikuri Zabvebi gamoTvlili 

eqsperimentebiT, simtkiceze angariSiT, deformirebadi 

procesebis modelireba, dinamikuri procesebi da maTze 

dayrdnoba saSualebas iZleva miviRoT optimaluri 

konstruqciuli gadawyvetilebebi, rac ganpirobebulia agreTve 

SesamCnevad dabali maTematikuri modelirebis RirebulebiT da 

swrafi kvlevadobis CatarebiT. 

swored maTematikuri modelireba da gamoTvliTi 

eqsperimenti warmoadgens rTuli analizis ZiriTad meTods 

samuSao procesebisa da sistemebis `manqana-adamiani-garemo~. 

principulad axali konstruqciis manqanebis, 

mowyobilobebis, teqnologiuri principebis Seqmna, romlebic 

gansazRvraven saxalxo meurneobis dargebis ganviTarebis 

progress, SeuZlebelia axali originaluri maTematikuri 

modelebis Seqmnisa da damuSavebis gareSe, romelTa 

safuZvelsac warmoadgenen ukanaskneli samecniero teqnikuri 

gadawyvetilebebis fundamenturi Ziebebis Sedegebi. 
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dinamikuri datvirTvebis zegavlenis qveS myofi 

deformirebadi sxeulebis gamoyeneba brtyeli garemos meqanikis 

gansakuTrebuli warmosaxvaa. sizustis klasi da dinamikuri 

simtkicis amocanis done, romelTa gadawyveta xerxdeba 

maTematikuri modelebis saSualebiT, maT struqturasa da 

xarisxs wauyenebs xist moTxovnebs. saangariSo sqema unda 

pasuxobdes gadasawyvet amocanas: sakmarisia srulad aRiweros 

arsebiTi mxareebi da uaRresad abstragirebuli iqnas 

samodelo procesis meorexarisxovani mxareebi. modelebSi 

gaTvaliswinebuli unda iyos parametrebis saSualeba, romelTa 

cvalebadobac eqspluataciaSi SeimCneva. 

aucilebeli Teoriuli winamZRvrebi aseTi midgomebis 

ganviTarebisaTvis warmodgenilia Semdegi avtorebis 

naSromebSi: s. timoSenkos [71], d.vainbergis [11], n. valiSvili 

[13], T. vaSaymaZis [15], i. vekuas [16], v.vlasovis [17], a. volmiris 

[18], a. goldenveizeris [21], i. RuduSauris [36], a. luries [45], m. 

miqelaZis [54], d. buSneris [85], n. martinis [112].  sistemis 

mdgomareobis damaxasiaTebel ZiriTad cvlad sidideebad 

warmoidgineba gadaadgilebebi, deformaciebi da Zabvebi. 

SeiZleba gamovyoT moZraobis gantolebis gamoyvanis sami 

ZiriTadi meTodi, romelTaganac TiToeuli prioritetulia 

garkveuli klasis amocanisaTvis. 

pirveli dakavSirebulia dalamberis principis 

gamoyenebasTan, romelic iZleva saSualebas gamoviyvanoT 

moZraobis gantoleba dinamikuri wonasworobis pirobidan 

gamomdinare. 

ganawilebuli parametriani sistemebisaTvis, sistemaze 

moqmedi Zalebis wonasworobis pirobebis uSualo gamoyvana 



 13

Zneldeba. aseT SemTxvevaSi SeiZleba gamoviyenoT SesaZlo 

gadaadgilebis principi. 

umetesad gavrcelebulia variaciuli meTodi – 

hamiltonis principi, romelic iTvaliswinebs energiis 

skalaruli sididis variaciul dasmas. is SesaZlo 

gadaadgilebis principisagan imiT gansxvavdeba, rom mis 

formulirebaSi ar Sedis inerciuli da drekadi Zalebi da is 

ganixilavs energiis wminda skalarul sidideebs, maSin rodesac 

SesaZlo gadaadgilebis  meTodSiDyvela Zalebi da 

gadaadgilebebi xasiaTiT warmoadgenen veqtorebs im 

SemTxvevaSic ki, roca muSaoba xasiaTdeba skalaruli 

sidideebiT. 

amgvarad, myari sxeulis dempfirebadi meqanika iZleva 

saSualebas Tavisufali meqanikuri sistemis qceva daiyvanos 

sasazRvro amocanis amoxsnamde, romelsac operatorul 

formaSi aqvs saxe: 

ϕ=Эu ; Vu∈ ,                           (1.1) 

sadac Э diferencialuri operatoria (zogad SemTxvevaSi ara 

wrfivi); 

     −ϕ gare datvirTvebis veqtori; 

     u _ gadaadgilebis veqtori; 

     V _ dasaSveb gadaadgilebaTa sivrce. 

gadaadgilebis veqtori warmoadgens diferencirebad 

funqciaTa klass, romelic akmayofilebs mocemul sasazRvro 

pirobebs. amocana CaiTvleba gadawyvetilad, Tu SerCeuli u 

funqciis klasi amave dros daakmayofilebs (1.1) tolobas. 

Tumca problematuria dasaxuli miznis miRweva, magram maTi 

realizacia SesaZlebelia ubralo meqanikuri sistemebisaTvis. 

diferenciuli operatoris buneba (unari) meqanikuri amocanebis 
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gadaWrisas iZleva saSualebas ganvaxorcieloT am amocanebis 

variaciuli dasma, e.i. diferencialuri gantolebis amoxsna 

SevcvaloT funqcionalis minimumis moZebnis amocaniT 

∫∫
ΩΩ

Ω−Ω= dvfdvvЭvI ),(),,(
2
1)(                   (1.2) 

romlisTvisac (1.1) aris eileris gantoleba, romelic iZleva 

funqcionalis minimizaciis pirobas. 

vu∈ ; )(inf)( vIuI = ; Vv∈                    (1.3) 

e.i. � operatoris Seqcevis amocanebi da funqcionalis I(v) 

minimizacia eqvivalenturebia da maT gadawyvetas warmoadgens 

erTi da igive funqcia u. aq da SemdgomSi simbolo (,) niSnavs 

skalarul namravls 

Λ++= 2211),( ufufuf                       (1.4) 

amocanis variaciuli dasmiT amoxsnis SemTxvevaSi 

miRebuli gadawyvetilebebi martivdeba. funqcionalebSi myof 

gamosaxulebas, aqvs saZiebeli funqciis ufro dabali rigis 

warmoebuli, vidre Sesatyvis diferencialur gantolebaSi, 

rac aadvilebs angariSebis algoriTmizacias, afarToebs 

aproqsimirebul funqciaTa klass, romlebic gamoiyeneba 

miaxloebiT amoxsnebSi. amosaxsnel algebrul gantolebaTa 

sistema warmoidgineba simetriuli lenturi matricebiT. 

swored es aRmoCnda mizezi farTo gamoyenebisa 

samSeneblo meqanikis amocanebis ricxviTi meTodiT 

gadawyvetisas, dafuZnebuli variaciul principze, romelTa 

Soris gansakuTrebuli adgili ukavia sem-s, romelic 

warmoCindeba rogorc sakoordinato funqciebis pirdapiri 

variaciuli meTodi. meores mxriv sem-is swrafma ganviTarebam 

axali variaciuli principebis mZlavri ganviTareba gamoiwvia. 

s. mixlinis [50] da misi mowafeebis terminologiis 

mixedviT funqcionalis minimizaciis miRweva pirdapiri 
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meTodebiT, sasrul- sxvaobiani midgomis analogiurad 

variaciuli funqcionalis minimizireba mizanSewonilia 

dasaSvebi gadaadgilebis sasrul ganzomilebian sivrceSi, 

amgvarad amocana (1.3) Seicvleba miaxloebiTi amocaniT: 

kVu∈ ; )(inf)( vIuI = ; kVv∈                    (1.5) 

romlis amonaxsni amocanis zust amonaxsns emTxveva roca 

∞→k . 

ganvixiloT SedarebiT cnobili variaciuli formulirebani. 

drekadobis Teoriis ZiriTadi Tanafardobani warmovadginoT 

veqtoruli saxiT: 

0=+ fATσ ,                           (1.6) 

εσ D= ,                               (1.7) 

Au=ε .                                (1.8) 

aseTi tolobebi sruldeba struqturis mier dakavebul Ω 

areSi, xolo mis sazRvarze mocemulia sasazRvro pirobebi 

1sf s − -ze da gadaadgilebani 2sus − -ze. 

s
T
s fA =σ ; suu =                        (1.9) 

sadac ε,u  gadaadgilebis da deformaciebis veqtoria; σ,f  - 

gare Zalebis da Zabvebis veqtorebia, sA  da su A _diferencirebis 

da mimmarTveli kosinusebis matricebia, simbolo T aRniSnavs 

transponirebuls. meqanikis stacionalur amocanebSi 

drekadobis (1.6) gantolebebi da (1.9) sasazRvro pirobebi 

warmoadgenen eileris gantolebebs da funqcionalis bunebrivi 

sasazRvro pirobebiT zogad SemTxvevaSi atarebs xuvaSiZus 

saxels [72] 

−Ω−Ω−+Ω= ∫∫∫
ΩΩΩ

dufdAudDuI ),(){,(),(
2
1),,( εσεεσε  

∫∫ −−−
21

)},({),(
S

ss
S

s dsAuudsfu σ .                   (1.10) 
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gadaadgilebis da Zabvis veqtorebis varirebiT SeiZleba 

funqcionalis ramdenadme gamartiveba da miiReba reisneris 

Semdegi variaciuli principi 

−Ω−Ω⎥⎦
⎤

⎢⎣
⎡ −= ∫∫

ΩΩ

− dufdDAuuI T ),(),(
2
1),(),( 1σσσσ  

∫∫ −−−
21

)},({),(
S

ss
S

s dsAuudsfu σ .                  (1.11)  

nawilobiTi integrebis gamoyenebiT da gadaadgilebis 

veqtoris gamoricxviT miviRebT funqcionals, romelic 

damokidebulia mxolod Zabvaze 

∫∫
ΩΩ

− +Ω= dsAudDI ss ),(),(
2
1)( 1 σεσσσ ,               (1.12) 

ris safuZvelzec formulirdeba kastilianos variaciuli 

principi. Tu winaswar Sesrulebulia Tanafardobani (1.7), (1.8) 

da sasazRvro pirobebi gadaadgilebebisaTvis, maSin miviRebT 

lagranJis variaciul princips, anu sruli potencialuri 

energiis minimumis princips. 

∫ ∫∫
Ω ΩΩ

−−Ω= dsfuufdDAuAuuI s ),(),(),(
2
1)( .           (1.13) 

es funqcionali SeiZleba warmovadginoT Semdegi saxiT 

WuI −Π=)(                       (1.14) 

sadac −Ω=Π ∫
Ω

DAuAT

2
1

deformaciis potencialuri energiaa;  

 ∫∫ −+Ω=
Ω 1S

sudsffudW gare Zalebis muSaoba. 

gadaadgilebis u veqtori dinamikis amocanebSi ara marto 

sivrciTi koordinatebis funqcias warmoadgens, aramed drois 

funqciacaa, amitom saTanado funqcionali unda aviRoT ise, 

rom masSi Sediodes drois damatebiTi koordinatic. 

dalamberis principis Sesabamisad drekadobis Teoriis 

gantoleba dinamikisaTvis iqneba: 
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Ω∈
⎪
⎭

⎪
⎬

⎫

=
=

=+

Au
D

upfAT

ε
εσ

σ
;

&&
, 

sadac    1SfA s
T
S ∈= ,                                           

(1.15) 
    2Suu s ∈= . 

sawyisi pirobebis gaTvaliswinebiT 

0=t , ),( opu , )(),( puopu && = , Ω∈p ,             (1.16) 

sadac  pP gamosakvlevi sxeulis (tanis) nebismieri wertilia. 

dinamikis amocanis variaciul dasmaze gadasvla zogadad 

SeiZleba ganvaxorcieloT virtualuri muSaobis principis 

gamoyenebiT, romelic agreTve iwodeba SesaZlo gadaadgilebis 

principad. 

[ ] [ ]∫∫ =−+Ω−+
Ω S

s
T
S

T dSufuAduupufuA 0),(),(),(),(),,( δδσδδσσ & .   (1.17) 

integrirebisas drois t1-dan t2-mde, roca 0)( 1 =tuδ . 0)( 2 =tuδ  

da vgulisxmobT, rom moculobiTi f da fs zedapiruli Zalebi ar 

icvlebian ZiriTadi cvladebis variaciisas, maTi gardaqmnis 

Semdeg, nawilobiTi integrebis gaTvaliswinebiT sivrciT 

koordinatebSi da droiT, SeiZleba gamoviyvanoT potencialuri 

energiis stacionarobis principi, an hamiltonis principi, 

romelic SedarebiT mniSvnelovani da fundamentaluria 

dinamikis variaciul principebs Soris. es principi amtkicebs 

sistemis materialuri wertilebis realur moZraobas drois t1 

momentidan t2 momentamde iseTnairad, rom integrals droiTi 

sistemis kinetikuri da potencialuri energiis sxvaobidan aqvs 

stacionaluri mniSvneloba realuri traeqtoriisaTvis, 

SedarebiT axlobeli SesaZlo traeqtoriebisadmi: 

∫∫ =Π−=
2

1

2

1

0)(
t

t

t

t
dtTLdt δδ ,                    (1.18) 
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sadac Π−=TL  lagranJiania. moyvanil gamosaxulebaSi Π,T  

sistemis kinetikuri da potenciuri energiebia: (iTvaliswinebs 

rogorc deformaciis energias, aseve konservatiuli gare 

Zalebis potencialisas): 

,),(
2
1
∫
Ω

Ω= duupT &&                              (1.19) 

 ∫∫∫ −Ω−Ω=Π
ΩΩ 1

)(),(),(
2
1

S
s dsufdufdDAuAu .           (1.20) 

Tu CavsvamT miRebul mniSvnelobebs (1.18)-Si, miviRebT 

dinamikisaTvis minimumis variaciuli principis srul 

potencialur energias. am principis gamoyenebiT SesaZlebeli 

xdeba uSualod miviRoT moZraobis gantoleba nebismieri 

mocemuli sistemisaTvis. mas gaaCnia is upiratesoba SesaZlo 

gadaadgilebis principTan SedarebiT, rom ganixilavs energiis 

sufTa skalarul sidideebs, maSin roca SesaZlo 

gadaadgilebis meTodiT ganxiluli yvela Zalebi da 

gadaadgilebani TavianTi xasiaTiT veqtorulia im SemTxvevaSic 

ki, roca muSaoba xasiaTdeba skalaruli sidideebiT. 

0)(
1

2

1

2

=+Π− ∫∫
t

t
H

t

t
dtWdtT δδ ,                   (1.21) 

sadac W muSaobaa, Sesrulebuli konservatiuli ZalebiT, 

romelic iTvaliswinebs Tavisufali gare Zalebis zemoqmedebas 

da disipacias. axali v funqciis SemotaniT, romelic 

ganisazRvreba tolobiT 

0=− uv & .                              (1.22) 

kinetikuri energia CavweroT saboloo saxiT 

∫
Ω

Ω+−= duvvpvT ),(),(),[(
2
1 &λλ ,                    (1.23) 

sadac λ  lagranJis mamravlia, risi daxmarebiTac kinetikuri 

energiis funqcionalSi CarTulia damatebiTi (1.22) piroba. (1.21) 
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gamosaxulebidan miviRebT xu-vasiZus princips dinamikaSi, 

sadac Sesabamisad (1.20)-sa  

−−Ω−Ω−+Ω=Π ∫∫∫∫
ΩΩΩ 1

)(),(}){(),(
2
1

S
s dsufdufdAudD εσεε  

        dsAuu
S

ss∫ −−
2

)},({ σ .                               (1.24) 

Tu miRebuli (1.23) da (1.24) gamosaxulebebidan 

gamovricxavT u, v, ε , σ  Tanmimdevrulad, miviRebT reisneris 

damatebiTi energiis stacionalobisa da lagranJis variaciul 

principebs. 

meqanikis amocanebis sxvadasxva variaciuli dasmebi, 

romlebic zemoTaa moyvanili, xasiaTdebian rogorc Tavisi 

upiratesobebiT, aseve maT gaaCniaT naklic. 

yvela funqcionalebidan, umetesi gamoyeneba hpova 

lagranJis funqcionalma, sadac moiTxoveba u funqciis ageba, 

romelic unda akmayofilebdes uwyvetobis pirobebs, Ω areze 

da sasazRvro kinematikur pirobebs S2-ze. potencialuri 

energiis minimizaciiT ganisazRvreba mxolod gadaadgileba, 

ris gamoc meTodis uaryofiToba mdgomareobs Zabvebis sididis 

dabali sizustiT gansazRvraSi, zogjer ki maT wyvetaSi. 

gansakuTrebiT didi cdomilebani warmoiqmnebian Zabvis 

koncentraciis adgilebSi da araerTgvarovan areSi, sadac 

arsebiTad masalaTa sixistis buneba icvleba. 

es uzustobani uCinardebian, Tu amocanis variaciuli dasma 

(gadawyveta) bazirdeba kastilianos funqcionalis 

gamoyenebaze, asagebma σ  funqciam unda daakmayofilos 

wonasworobis pirobebi Ω -ze da statikur sasazRvro pirobebi 

S1-ze. kastilianos funqcionalis gamoyeneba gansakuTrebiT 

rTulia dinamikis amocanebSi. 



 20

am uzustobebisagan Tavisufalia reisneris da xu-vasiZus 

funqcionalebi, romlebic miekuTvnebian Sereuli tipis 

funqcionalebs. pirvel SemTxvevaSi aproqsimirdeba 

daZabulobisa da gadanacvlebis velebi, xolo meoreSi - 

deformaciis veli. 

variaciul gadawyvetebSi arsebiTi mniSvneloba aqvs orad 

analizs. amrigad, oradi principebis erTdrouli gamoyeneba 

(lagranJis da kastelianos) saSualebas iZleva miviRoT zusti 

amoxsnebis zeda da qveda Sefasebebi. 

Sereuli variaciuli principebi aseTi Sefasebisas 

iZlevian metwilad saZiebeli sidideebis zust Sualedur 

mniSvnelobebs. aseTi tipis funqcionalebis uaryofiToba am 

funqcionalebis eqstremaluri bunebis ararsebobaSi 

mdgomareobs. isini amtkiceben mxolod stacionalobas, rac 

gamoTvliTi xasiaTis sirTuleebs qmnis. 

gansakuTrebuloba hamiltonis variaciul principsa da 

monaTesave arastacionaluri dinamikis gafarToebul 

variaciul principebs Soris aris sawyisi monacemebis 

nawilobrivi gaTvaliswineba. am principebis Tanaxmad, 

dasaSvebi funqciebis mdgomareoba drois sawyis momentSi (t =0) 

unda akmayofilebdes pirobebs gadaadgilebebze an pirobebs 

siCqareze. amasTan erT-erTi sawyisi pirobidan gamoiricxeba da 

misi gaTvaliswinebisaTvis unda Sesruldes damatebiTi 

pirobebi da drois bolo momentSi )( ftt =  aRniSnuli 

Tavisebureba SeiZleba ugulebelvyoT sasazRvro amocanebis 

formulirebis da variaciuli principebisas drois naxvevis 

gamoyenebis safuZvelze. aRniSnul SemTxvevaSi dinamikis 

amocanebi daiyvaneba integralur gantolebaTa sistemebis 

amoxsnamde. zogad SemTxvevaSi, drekadi sxeulis dinamikuri 
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xasiaTi, manqanis Tu konstruqciis aRwera xasiaTdeba 

diferencialur gantolebaTa, integralur da sxva sistemebiT. 

aseTi sistemebiT gadawyvetis realizebisas, maTematikuri 

modelirebis meTodebi iyofa sam did jgufad: analizur, 

ricxviT da kompleqsurad. diferencialuri gantolebis 

analizuri amoxsna SesaZlebelia mxolod yvelaze martivi 

idealizebuli SemTxvevisaTvis. amis gamo sakompiutero epoqis 

inJinrebi upiratesobas aniWebdnen fizikuri modelirebis 

meTods. e.g.m-is ganviTarebasTan erTad popularuli xdeba 

ricxviTi modelirebis meTodi, rogorc ufro efeqturi da 

ekonomikuri, vidre fizikuri modelirebis meTodi. maT 

miekuTvneba sxvadasxva saxis pirdapiri da arapirdapiri 

sasrulsxvaobiani meTodebi. e.g.m.-ze analitikuri da ricxviTi 

meTodebis Zlieri da susti mxareebis Sedarebam migviyvana maT 

sinTezamde da kompleqsuri maTematikuri modelebis Seqmnamde. 

samSeneblo meqanikis amocanebis gadawyvetisas sakmarisad 

universaluri da farTod gavrcelebuli arian sasazRvro 

elementTa meTodi da sasrul elementTa meTodi (sem). 

 
1.3. sasrul elementTa meTodi sivrciT sistemebSi 

 
sasruli warmodgenis gamoyeneba konstruqciebis 

modelirebaSi iZleva saSualebas gamovricxoT kerZo 

warmoebulebi sivrculi cvladebis mimarT. am dros sistemis 

dinamikuri buneba aRiwereba koSis amocaniT, Cveulebrivi 

diferencialuri gantolebebis sistemiT. dawyebuli 60-iani 

wlebidan sem warmoadgens ZiriTad saangariSo instruments 

drekadobis Teoriis amocanebis gadawyvetisas.  

warmoiSva ra rogorc samSeneblo meqanikis amocanebis 

amoxsnis meTodi, daiwyo sem-is farTod gamoyeneba amocanebis 
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gadasawyvetad teqnikis sxvadasxva sferoebSi. kidev ufro 

gafarTovda misi gamoyenebis sfero [41], roca naCvenebi iyo 

rom gamosaxulebis potencialuri energiis minimizaciis garda, 

sem-is gansazRvrebebi SesaZlebeli gaxda miRebuli 

yofiliyvnen sxvadasxva meTodebis gamoyenebiT (mag. 

galiorkinis meTodiT, umcires kvadratTa da a.S.) aman erTis 

mxriv udidesi roli iTamaSa sem-is Teoriul damkvidrebaSi, 

xolo meores mxriv – Seiqmna SesaZlebloba sem-is gamoyenebisa 

nebismieri diferencialuri gantolebis amoxsnisaTvis. e.i. 

gadaewyvitaT eleqtrostatikis amocanebi, hidro da 

aerodinamikuri, Tbogamtarobis da a.S. maTematikuri 

safuZvlebisa da fizikuri interpretaciis damokidebulebidan 

gamomdinare sem-s gaaCnia sxvadasxva modifikacia. maT 

aerTianebs erTi saerTo idea, romlis arsic mdgomareobs 

imaSi, rom nebismieri uwyveti sidide, iqneba es temperatura, 

gadaadgileba Tu wneva, SeiZleba aproqsimirdes diskretuli 

modeliT, romelic aigeba uban-uban uwyveti funqciebiT 

gansazRvrul sasrul qvesimravleze. es gvaZlevs saSualebas 

movaxdinoT variaciuli amocanisaTvis funqcionalis 

minimizacia sasrul qveareTa erTobliobaze, TiToeuli 

maTgnisaTvis gamoiyeneba standartuli saxis bazisur 

funqciaTa mimdevroba, romlis meSveobiTac miiReba dasmuli 

amocanis amonaxsnebi, imisda miuxedavad, Tu rogoria 

parametrebis ganawileba aris SigniT, misi geometria da 

sasazRvro pirobebi. 

meqanikis gantolebis sasrul elementiani ekvivalentis 

gamosayvanad, metwilad mosaxerxebelia am gantolebis 

variaciuli formulireba, maSin roca energiis funqcionalis 

minimizaciis Semdeg uSualod miiReba algebrul gantolebaTa 
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sistema, romelic konstruqciis klasikuri wrfivi Teoriis 

gamosaxvis saukeTeso saSualebas warmoadgens. amgvarad, 

adgili aqvs variaciul-sxvaobiani meTodis analogias, sadac 

gantolebis sasrulsxvaobiani sistemis misaRebad gamoiyeneba 

erT-erTi variaciuli principi. gansxvaveba imaSi mdgomareobs, 

rom aq arsebiT rols asruleben funqciis formebi, 

gansakuTrebiT maTi interpolaciuri buneba, xasiaTi. es 

gvaZlevs saSualebas sem-Si gaerTiandes sasrulsxvaobiani da 

variaciuli meTodebis upiratesobebi: pirvelis universaloba 

da meoris didi sizuste. 

sem-Si, gansxvavebiT standartuli relei-ritcis meTodisa, 

algebruli gantolebani miiRebian variaciuli funqcionalis 

minimizaciis Sedegad, qmnian lentur matricebs, advilad 

ixsnebian pirdapiri an iteraciuli meTodiT, maSin roca 

Sesabamisi ritcis matricebi arian srulni da Zalian xSirad, 

cudad ganpirobebulni. 

sem-is mniSvnelovan upiratesobebs, ris gamoc igi farTod 

gamoiyeneba, warmoadgens Semdegi: 

_ masalebis xasiaTi SeiZleba iyos araerTgvarovani, rac 

iZleva saSualebas gamoyenebuli iyos fenovan sistemebSi; 

_ mrudwiruli are SeiZleba iyos aproqsimirebuli wrfivi 

se-iT anda aRwerilia zustad, mrudwiruli se-iT. e.i. meTodi 

gamoyenebadia nebismieri formis sazRvrebis mqone 

areebisaTvis; 

_ se-is zomebi SeiZleba iyos cvalebadi, rac iZleva 

saSualebas aucileblobis SemTxvevaSi gavamsxviloT an 

davanawevroT aris dayofis bade; 
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_ sem iZleva saSualebas gaviTvaliswinoT sasazRvro 

pirobebi wyvetadi zedapiruli datvirTviT, agreTve Sereuli 

sasazRvro pirobebi: 

_ meTodi  advilad  algoriTmebadia  da  iZleva 

sakmarisad zogadi programebis Seqmnis SesaZleblobas 

sxvadasxva klasis kerZo amocanebis amosaxsnelad. 

rogorc maTematikuri fizikis amocanebis amoxsnis bevr 

meTodebSi, sem-Si SeiZleba gamoiyos ori mimarTuleba, 

minimaluri danaxarjebiT da aucilebeli sizustiT 

amonaxsnebis miReba, sadac Sefasebuli unda iyos sizuste, e.i. 

maTematikurad dasabuTebuli unda iyos sem-is ZiriTadi 

debulebebi [1] da sainJinro (gamoTvliTi), sadac SesaZlebelia 

meTodis gamoyeneba urTulesi teqnikuri amocanebis 

gadasawyvetad meTodis gamoyenebis SesaZleblobis dasabuTebis 

gareSe [11], [23], [44], [50]. orive es mimarTuleba erTmaneTis 

Sevsebis xarjze intensiurad viTardeba. 

sem-is realizaciis procedura Sedgeba ZiriTadi 

operaciebisagan, romelTaganac TiToeuli axdens zegavlenas 

saboloo Sedegis sizusteze. am operaciis formulireba 

SeiZleba Semdegnairad: 

I. saangariSo aris idealizacia. gansaxilveli 

konstruqcia warmoidgineba, rogorc se-Ta erToblioba, 

dakavSirebuli erTmaneTTan kvanZiT wertilebSi. se-is saxeoba 

da sakvanZe wertilebis raodenoba ganisazRvreba konstruqciis 

xasiaTiT da angariSis sasurveli saWiro sizustiT. 

firfitebisa da garsiTi struqturebis angariSisas isini 

iyofa organzomilebian, brtyel da sivrciT sasrul 

elementebad: samkuTxa da marTkuTxa se-ebad; kvanZiTi 

wertilebi SesaZlebelia iyos rogorc se-s wveroebSi, aseve 
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mis sazRvarze. samkuTxa se ufro metad gamoiyeneba aris 

sazRvarze, xolo oTxkuTxa se ufro xSirad gamoiyeneba aris 

sazRvris SigniT. SeZlebisdagvarad sasurvelia, rom are 

daiyos erTnair wesier mravalkuTxedebad, radganac igi 

ganapirobebs gantolebaTa sistemis gaumjobesebas [41], 

intuiciurad naTeli xdeba, rom  rac ufro xSiria se-s 

bade, miT zustia miRebuli amonaxsnebi. sinamdvileSi 

miaxloebiTi amonaxsnebidan zustamde krebadobas adgili aqvs 

mxolod se-is gamoyenebisas, romlebic akmayofileben sizustis 

moTxovnebs, romlis Sesaxebac qvemoT iqneba naTqvami. 

II. ZiriTadi  ucnobebis SerCeva. praqtikul gamoTvlebSi 

SesamCnevi gamoyeneba hpova sem-ma, gadaadgilebis meTodis 

variantSi, romelSic amocanis amoxsnis dros ZiriTad 

ucnobebad iTvlebian sakvanZo gadaadgilebebis komponentebi, 

xolo ukve maTi daxmarebiT aproqsimirebul funqciaTa 

sistemaSi warmogvidgeba gadanacvlebis velebi yovel se-Si da 

Semdeg deformaciebi da Zabvebi elementebSi. gadaadgilebis 

meTods gaaCnia mTeli rigi mravalsaxeobebi: umetes-  wilad 

sem-Si gamoiyeneba SesaZlo gadaadgilebis principis 

formulireba. am SemTxvevaSi procedura relei-ritcis 

variaciuli meTodis analogiuria. pirdapiri meTodi 

gamoiyenebs wonasworobis gantolebas diferencialuri 

formiT, rasTan dakavSirebiTac nawilobriv Secvlilia 

sixistis matricis agebis Tanmimdevroba. cnobilia, agreTve 

sem-is saxesxvaoba bubnov-galerkinis meTodis formiT, sadac 

agreTve gamoiyeneba wonasworobis diferencialuri 

gantolebani da  saZiebeli cvladebi moicema gadaadgilebebSi; 

am gantolebebis dakmayofilebisaTvis se-s SualedebSi SehyavT 

gadaadgilebis funqcia, romelic dasaSvebia da naxuloben 
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Seusabamobas, romelsac  SemdgomSi aorTogonalizeben yovel 

Semadgenel gadaadgilebebTan [81] mimarTulebaSi. 

calkeuli amocanebis gadawyvetisas mosaxerxebelia 

ZiriTad ucnobebad miRebul iqnas ara gadaadgilebebi, aramed 

ZalTa urTierTqmedeba se-Ta kvanZebs Soris (sem ZalTa 

meTodis variantSi), rac iZleva SesaZleblobas SedarebiT 

zustad ganisazRvros Zabvebi. ZalTa meTodi Cveulebriv 

gamoiyeneba an gamoTvliTi resursebis ukmarisobisas, roca 

aucilebelia gamoviyenoT ierarqiuli midgoma da amovxsnaT 

amocana nawilobriv, an didi raodenobiT erTgvarovani 

qvestruqturebi arsebobs. aRsaniSnavia, rom sem ZalTa 

meTodebis variantSi rTulad eqvemdebareba avtomatizacias da 

amis garda Seicavs rig araformalur procedurebs, saangariSo 

sqemis SerCevasTan dakavSirebiT, romelmac SeiZleba zegavlena 

moaxdinos ricxviTi amoxsnebis mdgradobaze. 

ganvazogadebT ra gadaadgilebis da ZalTa meTodis 

gantolebebs, davalT sasrul elementian meTodze, Sereuli 

variaciuli principebis gamoyenebiT. SesaZlebloba sem-is 

agebisa Sereuli funqcionalebis safuZvelze farToa da maT 

gamoyenebas garkveuli upiratesoba aqvs, rac aRmoCnda mizezi, 

bolo dros aseTi midgomebis intensiuri ganviTarebisa [89]. 

Sereuli meTodi iZleva saSualebas miviRoT metwilad zusti 

Sedegebi ara marto kvanZiT wertilebSi, aramed kvanZebs Soris. 

uzrunvelyofs Zabvisa da gadanacvlebis funqciis 

aproqsimaciis damoukideblobas.  SedarebiT martivi 

gadaadgilebis da Zabvebis velTaTvisac ki elementebs SigniT 

SesaZlebelia miviRoT saZiebeli funqciebis uwyveti 

damokidebulebani se-is sazRvarze. aqve unda aRiniSnos 

meTodis sidide, krebadobisa da mdgradobis damtkicebis 
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sirTule ZalTa da gadaadgilebis meTodebTan SedarebiT. 

magram aRniSnuli siZnele SeiZleba daZleuli iyos, Tu 

Sualeduri gardaqmnebis gamoyenebisas Sereuli meTodis zogad 

gantolebebs miviyvanT yoveli se-Tvis gadaadgilebis meTodis 

sarezultato damokidebulebaze da Semdeg gamoviyenebT 

gadaadgilebis meTodis tradiciul Tanmimdevrobas. 

Sereuli variaciuli principebis safuZvelze 

SesaZlebelia aigos sem-is sxvadasxva hibriduli sqemebi, 

romlebic dafuZnebuli arian cvladebis ramodenime velis 

aproqsimaciaze. hibridul formulirebas adgili aqvs maSin, 

roca cvladTa erTi veli, romelic SeiZleba iyos rogorc 

Zabva. aseve gadaadgileba, aproqsimirdeba se-s SigniTac da se-s 

sazRvarzec. sxva velebi ki (magaliTad damatebiTi 

gadaadgilebis an Zabvis) aproqsimirdeba mxolod se-s SigniT 

da sixistis matricis (sm) agebisas gamoiricxebian, e.i. mTeli 

arisaTvis varirdebian mxolod pirveli velis cvladebi. 

aseTnairad agebuli sem-is sqemebi arian friad efeqturi 

konstruqciebis araerTgvarovani deformaciebis, aseve 

koncentratorebiani konstruqciebis da sxva amocanebis 

amoxsnisas. ZiriTadi sirTule Sereuli da hibriduli sqemebis 

agebisas mdgomareobs gadaadgilebisa da Zabvis velebis 

aproqsimaciis agebaSi, romelic gamoricxavs kinematikur 

modebs deformaciis nulovani energiiT. 

III. aproqsimirebadi funqciebis ageba sem-is erT-erTi 

metwilad sapasuxismgeblo etaps warmoadgens, romelic 

ZiriTadia Sedegis sizustis Sefardebisas, aris 

aproqsimirebadi gadaadgilebis velis funqciis SerCeva (da 

maSasadame deformaciis da Zabvis) se-is SigniT kvanZebis 

cnobil gadaadgilebebSi. yvela se-is aproqsimirebul 
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funqciaTa erTobliobam unda aRweros zedapiri, romelic 

miaxloebulia mocemuli datvirTvis zegavlenis qveS myofi 

realuri konstruqciis deformirebul zedapirTan. Tanac 

zedapiris es miaxloeba unda iswrafodes zustisken miT ufro, 

rac ufro mcirdeba se-s zomebi. sem-is amoxsnis krebadobis 

pirobebi daiyvaneba Semdeg debulebebamde: gadaadgilebis 

funqciebi unda iyvnen iseTebi, rom: 

_ Seicavdnen mdgenelebs, romlebSic gaTvaliswinebuli 

iqneba yvela saxis gadaadgilebebi; 

_ se-Si realizdeba mdgomareobani, romlebic 

Seesabamebian yvela saxis deformaciis mudmivobas; 

_ deformaciebi se-is sazRvrebze iyvnen sasrulni. 

miTiTebuli moTxovnebis dasakmayofileblad 

aproqsimirebadi funqciebis saxiT unda iyos SerCeuli 

dasaSvebi damokidebulebani, e.i. uwyveti da uwyveti 

warmoebuliT gansaxilvel areSi, romlebic akmayofileben 

sisrulis pirobebs. im funqciaTa klass, romlebic 

akmayofileben maT, warmoadgenen polinomebi, romlebSic 

umaRlesi xarisxis Sesakrebebis arsebobisas unda iyos 

warmodgenili, gamonaklisis gareSe, ufro dabali mTeli 

xarisxebis yvela wevri. rac metia polinomis xarisxi, miT 

ukeTesia miaxloeba. 

polinomuri gamosaxulebani gamoiyenebian skalaruli da 

veqtoruli sidideebis aproqsimaciisaTvis se-s SigniT imitom, 

rom uzrunvelyofen uwyvetobas se-s areebs Soris. calkeul 

SemTxvevaSi aproqsimaciisaTvis (zolebi, RerZulsimetriuli 

amocanebis gadawyveta arasimetriuli datvirTvebisas) SeiZleba 

efeqturi aRmoCdes trigonometriuli funqciebi. yvelaze 

ukeTesi formis funqciebi, romelTa gamoyenebac SesaZlebeli 
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iyo sem-Si Semdegia: funqciebi, gansazRvruli amocanebis 

sakuTari veqtorebiT, ramdenadac maT mivyavarT sixistis 

matricis (s.m) diagonalur saxemde, magram maTi angariSi 

dakavSirebulia sirTuleebTan. sazogadod unda iTqvas, rom 

sem-Si bazisuri funqciebi SeirCeva splainebis saxiT, 

romlebic SeiZleba mokled rogorc `danawilebuli polinomi~ 

ganvsazRvroT, didi gansakuTrebuloba am bazisuri 

funqciebisa mdgomareobs imaSi, rom isini xdebian nulis toli 

yvelgan, garda elementaruli aris fiqsirebuli ricxvebisa, 

swored es Tviseba iwvevs, matricis lentur saxes da sistemis 

ricxviTi amoxsnis procesis mdgradobas.  se-is s.m, romlebic 

akmayofileben CamoTvlil pirobebs ewodebaT erToblivni, anu 

SeTanxmebulni, maTi gadaadgilebis funqciebi mTeli 

struqturisaTvis uwyvetni arian da miRebuli amonaxsnebi 

monotonurad midis zustamde. es pirobebi SedarebiT martivad 

dakmayofildebian brtyeli daZabuli mdgomareobis, brtyeli 

deformirebuli mdgomareobis, samganzomilebiani amocanebis 

saangariSod. Tumca Runvis amocanebSi se-is sazRvris gaswvriv 

pirveli rigis warmoebulis uwyvetobis uzrunvelyofa 

sakmarisad rTulia, xolo rTul sistemebSi, sadac gamoiyeneba 

se-is sxvadasxva tipis kombinaciebi, SeTavseba xSir SemTxvevaSi 

SeuZlebelia. 

praqtikulad damtkicebulia, rom gadaadgilebebis da 

maTi warmoebulebis uwyvetobis piroba ar warmoadgens 

amonaxsnebis krebadobis aucilebel  pirobas. miuxedavad 

Sromebis didi raodenobisa, romelic miZRvnilia am 

problemisadmi [4, 10, 41, 44, 48, 50, 52, 78, 80], maTematikurad 

mkacrad dasabuTebuli krebadobis kriteriumebi ar arseboben. 

aRmoCnda, rom amonaxsnebis krebadobis gadasawyvetad 
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sakmarisia dakmayofildes mxolod miTiTebuli pirobidan 

pirveli ori, romlis drosac gamoTvlili potencialuri 

energia ar warmoadgens potencialuri energiis zusti 

mniSvnelobis qveda zRvars. aqedan gamomdinare monotonuri 

krebadoba araa garantirebuli. es SeiZleba vaCvenoT Txeli 

firfitebisa da garsebis amocanebis magaliTze, romlebic 

dafuZnebulia kirxhof-liavis hipoTezaze sem-is gadaadgilebis 

meTodis formiT. ritcis meTodis gamoyeneba specifiuri 

nairsaxeobaa sistemis sruli potencialuri energiis 

funqcionalis minimizaciis amocanisaTvis, romelsac mudmivi 

sisqis mqone Runvadi izotopiuri firfitisaTvis eqneba 

Semdegi saxe 

[ ]∫∫
Ω

−−+++= dxdyqwwwwwwDU xyyyxxyyxx
222 )1(22

2
μμ           (1.25) 

sadac −D firfitis cilindruli sixistea; 
      q _ ganawilebili datvirTva. 

amasTan integrebis Ω are dayofilia qveareebis jamad 

∑
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n

k
k

1
                           (1.26) 

romlebic moicaven calkeul se-s, xolo U U funqcionali 

warmoadgens kU  funqcionalebis jams aRebuli areebiT 

∑
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n

k
kk UU

1
: . 

aseTi warmodgena dasaSvebia, Tu W gadaadgilebebis 

funqciis aproqsimaciebi, kΩ  qveareebidan. uzrunvelyofen se-is 

momijnave sazRvrebze ara marto W _ CaRunvebis uwyvetobas, 

aramed maTi pirveli rigis warmoebulis uwyvetobas normalis 

gaswvriv (mobrunebis kuTxeebis). saqme imaSia, rom fuqcionalis 

gamosaxulebaSi, saZiebeli funqcia W Sedis Tavisi meore 

rigis warmoebulebTan erTad, amitom funqcionalis 

arsebobisaTvis aucilebelia uwyvetobis uzrunvelyofa, yovel 

SemTxvevaSi xW  da yW -s pirveli rigis warmoebulebis mTel 
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gansaxilvel areSi mainc. Tu miRebuli aproqsimaciebi ar 

uzrunvelyofen se-s momijnave sazRvrebze mobrunebis kuTxis 

erTobliv mobrunebas, maSin sem-is proceduris gamoyeneba 

migviyvans cdomilebiT miRebuli funqcionalis minimizaciamde, 

e.i. angariSs eqvemdebareba arasawyisi amosavali momijnave 

elementebis mobrunebis kuTxeebis erTobliobis 

uzrunvelmyofi bmebis moxsnis xarjze miRebuli konstruqcia. 

aseve, meores mxriv, gadaadgilebis funqciebis aproqsimacias 

se-is SigniT agreTve mivyavarT funqcionalis damaxinjebamde. 

amave dros es damaxinjeba bmebis dadebis mauwyeblad SeiZleba 

CavTvaloT. se-s ricxvis gadidebasTan da maTi zomebis 

SemcirebasTan dadebuli bmebis zemoqmedeba funqcionalze 

Semcirdeba, xolo moxsnili bmebis zegavlena mezobeli se-is 

saerTo sazRvrebis jamuri sigrZis gazrdis gamo SeiZleba 

izrdebodes. amrigad miaxloebiTi amonaxsnis zust amoxsnamde 

krebadobis sakiTxi badis dayofis gaxSirebisas problematuri 

xdeba. arsebobs se-ad konstruqciis dayofis optimaluri 

varianti, iseTi, rom badis Semdgomi gazrdis SemTxvevaSi 

amonaxsnis sizuste mcirdeba. 

Tu mosazRvre se-is mobrunebis kuTxis erToblioba ar 

aris daculi, maSin maT uwodeben SeuTavsebels, anda 0C -

uwyvetobas (e.i. uyvetni arian aproqsimirebadi funqciebi 0 

rigis warmoebulebamde), gansxvavebiT erTobliobisagan, an 1C -

uwyvetisagan. amJamad cnobilia erToblivi se-s bevri varianti, 

magram yvela maTgans aqvs Semdegi nakli: konstruqciis 

Tavisuflebis xarisxis ricxvis zrda misi Tanabari dayofiT, 

s.m-is agebisas Sromatevadobis gazrda, aproqsimirebadi 

funqciis ufro rTuli analizuri saxis gamo, se-is SeerTebis 

sirTuleebi kvanZebis sxvadasxva raodenobiT, romlebsac 
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eqnebaT kvanZSi Tavisuflebis xarisxis sxvadasxva raodenoba. 

amrigad, se-is metismeti garTulebiT sem-is upiratesoba, 

dakavSirebuli mis universalurobasTan azrs kargavs. amas 

garda, saWiroebs gaTvaliswinebas is, rom sruli erToblivi 

se-ebi floben metismetad did sixistes da kargi Sedegebis 

miRebisaTvis saWiroa gamoviyenoT meti ricxvi elementebisa, an 

ufro maRali rigis elementebi. iSviaTad araerToblivi se-ebi, 

erTnairi badeebisas iZlevian saSualebas miviRoT metwilad 

zusti rezultati, vidre erToblivis SemTxvevaSi. es aixsneba 

imiT, rom erTobliv se-s yovelTvis aqvs momatebuli sixiste, 

xolo araerToblivi funqciebis SemoReba xdis maT ufro 

moqnils [41, 4]. praqtikuli TvalsazrisiT aSkaraa, rom 

optimaluri iqneba iseTi se da iseTi apriqsomirebadi 

funqciebi, romlebic iZlevian maqsimalur sizustes, umciresi 

gamoTvliTi xarjebis gaRebis SemTxvevaSi. 

aproqsimirebadi funqciis SerCevis sakiTxi 

dakavSirebulia se-is formasTan. praqtikaSi xSirad dgeba 

rTuli formis sxeulebis ganxilvis sakiTxi, risi aRwerac 

sakmarisad mcire raodenobis ubralo samkuTxa da oTxkuTxa 

se-iT SesaZleblad ar warmogvidgeba, saWiro xdeba maTi 

gardaqmna Tavisufali formis se-bad. aseTi gardaqmna 

SesaZlebelia mrudwiruli koordinatebis SemoRebis gziT. 

koordinatebs Soris kavSiris dasamyareblad metwilad 

mosaxerxebelia gamoviyenoT gadaadgilebis aproqsimaciis 

gamoyenebadi funqciis formebi. se-i, romlis agebis safuZvelsac 

warmoadgens rogorc elementTa koordinati, aseve misi 

gadaadgileba erTi da igive formis funqciis gamoyenebiT, 

miiRes saxelwodebad izoparametruli se. faqtiurad 

izoparametruli se-is (izoparametruli se) ageba Tavis mxriv 
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warmoadgens marTkuTxa se-is `gardaqmnas~ mocemuli kvanZebis 

raodenobiT da realur mrudwirul se-ad imave raodenobis 

kvanZebiT. Tu funqciebi, romlebic ganapirobeben 

gadaadgilebis vels, warmoadgenen kubur polinoms, maSin 

izoparametruli se-is gverdebi aRiwerebian imave kuburi 

funqciebiT da Tu izoparametruli se-is geometriis 

aRwerisaTvis SeirCevian erToblivi gadaadgilebis velebi, 

maSin gaerTianebul antikur modelSi deformirebuli 

elementi Sepirapirdeba nebismier mis msgavs mezobel 

elementTan geometriuli maxasiaTeblebis gaxleCis gareSe. 

izoparametrul se-s SeiZleba hqondes kvanZebis nebismieri 

raodenoba, romlebic amave dros SeiZleba SeeTavsos 

erTmaneTs. isini akmayofileben sisrulis pirobas. aqedan 

gamomdinare maTi gamoyeneba uzrunvelyofs amonaxsnebis 

monotonur krebadobas. 

mocemuli sizustis miRwevisaTvis saWiroa aseTi se-is 

naklebi raodenoba, gansakuTrebiT sistemaSi, sadac saZiebeli 

sidideebis gradientebi ar SeiZleba iyvnen uban-uban mudmiv 

funqciaTa sistemiT aproqsimirebulni. magram maqsimaluri 

sizustis misaRebad unda miviswrafodeT imisken, rom 

izoparametruli se uaxlovdebodes wesieri formis sxeulebs, 

xolo Sualeduri kvanZebi ganlagebul iqnas axlis wiboebis 

SuagulebTan. 

IV. mTeli sistemis funqcionalis gansazRvra da 

minimizacia. zemoTmoyvanili funqcionalebi metnaklebad 

gamoyenebulia sem sxvadasxva sqemebSi. maTi yvela ucnobi 

parametrebiT minimizireba iZleva saSualebas miviRoT 

amosaxsnel gantolebaTa sistema. 
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dinamikaSi amocana daiyvaneba lagranJianis minimizaciaze 

(1.18), (1.19) da (1.20) gamosaxulebebis gamoyenebiT hamilton-

ostogradskis principebis Sesabamisad funqcionalis minimumis 

piroba iqneba 
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Tu se-is farglebSi vaproqsimirebT gadaadgilebebis 

velebs polinomebis saxiT X-is da Z-is xarisxebis mimarT 

gveqneba 

La=Δ ,                            (1.28) 

sadac L L– matricaa, Sedgenili X,  Z-iT da maTi xarisxebiT; 

      a – polinomebis koeficientis veqtori. 

koeficientebis ricxvi dakavSirebulia sakvanZo 

gadaadgilebebisas miRebul an se-is Tavisuflebis xarisxis 

ricxvTan. 

Tu kvanZebis gadaadgilebis veqtors aRvniSnavT N U-Ti, 

maSin gadaadgilebis velis Δ  SeiZleba warmovidginoT Semdegi 

saxiT: 

NU=Δ ,                             (1.29) 

sadac U – formis funqciis matricaa. 

Tu visargeblebT (1.8) geometriuli damokidebulebiT 

gadaadgilebasa da deformacias Soris da CavsvamT (1.29)-Si, 

maSin se-s doneze miviRebT: 

BUANU ==ε ,                         (1.30) 
sadac U B matricaa, romelic akavSirebs deformaciebs 

kvanZebis gadaadgilebebTan. 
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amasTan Zabvebis veqtors (1.7) fizikuri Tanafardobisa da 

(1.30) gaTvaliswinebiT eqneba saxe 

DBU=σ .                              (1.31) 

(1.29)-is (1.27)-Si Casmis Semdeg, mTels se-ze 

diferencirebisa da ajamvis Semdeg miviRebT 

0=−+ FKUUM && ,                      (1.32) 

sadac UU && , _kvanZebis ganzogadoebuli gadaadgilebisa da 

aCqarebebis veqtorebia; 

       M K, BK M _ Sesabamisad globaluri s.m. da masebis 

matricaa (m.m.); 

FB F _ ganzogadoebuli gare datvirTvis veqtoria.  

     aq s.m, m.m. da gare datvirTvis veqtori gaerTianebulia 

calkeuli nawilebisagan, miRebuli elementarul doneze 

∑=
i

iKK ; ∑=
i

iMM ; ∑=
i

iFF .              (1.33)   

calkeuli se-i s.m.-as (1.27) gamosaxulebis Sesabamisad 

eqneba saxe: 

∫
Ω

Ω= DBdBK T .                       (1.34) 

analogiurad gamoiTvleba gamosaxulebani M  da F –sTvis, 

magram aq unda gaviTvaliswinoT, rom inerciuli parametrebi 

da ganawilebuli gare datvirTva `gavrcobilia~ se-s mTels 

obieqtze, im dros roca (1.32) gamosaxulebaSi Cven saqme gvaqvs 

kvanZebSi mocemul sidideebze. aseTi gadasvla SeiZleba 

ganvaxorcieloT formis arCeul maproqsimirebel funqciebTan 

elementis im doneze,  romlebic ganaxorcieleben se-s 

nebismieri wertilis gadaadgilebis aproqsimacias kvanZebis 

gadaadgilebis gziT (1.29)-is Sesabamisad. yovelive amis 

gaTvaliswinebiT gveqneba 

∫
Ω

Ω=
i

dNNM i
T
ii ρ ,                        (1.35) 
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∫
Ω

Ω=
i

dfNNF i
T
ii .                         (1.36) 

konstruqciis danawilebisas se-bad aucilebelia, rom 

Zalovani faqtorebi aRmoCdnen modebuli sakvanZo wertilebSi. 

moculobiTi da zedapiruli Zalebi, iseve rogorc sawyisi 

deformaciebi, daiyvanebian gare kvanZur Zalebamde. 

dawvrilebiT  gavarCioT  se-is  m.m.  formirebis 

Taviseburebebi. Tu integrirebas ganvaxorcielebT imave sqemiT, 

rogorc s.m.-is gamoTvlisas, maSin aseTi gziT miRebuli m.m.-a 

iwodeba SeTanxmebulad. mocemuli termini xazs usvams 

formulirebas sasrulelementiani modelis sixistisa da 

masuri maxasiaTeblebis SeTanxmebulobas. m.m.-s aqvs iseTive 

struqtura, rogoric s.m.-s. kerZod, orive matricas aqvs 

erTnairi aranulovani elementebis mdebareoba da saWiroa 

erTnairi mexsierebis moculoba maTi egm-Si SenaxvisaTvis. 

amocanis koreqtulad dasmisa da mkacri gadawyvetilebebis 

uzrunvelsayofad aucilebelia visargebloT mxolod 

SeTanxmebuli m.m.-iTY [10]. 

arakonservatiuli sistemebis SemTxvevaSi (1.20) 

variaciuli funqcionali damatebiT Seicavs disipaciur 

funqcias, romelic warmoadgens xaxunis Zalebis muSaobas. 

meqanikuri energiis gabnevis procesi martivad 

gaiTvaliswineba ganzogadoebuli siCqareebis proporciuli 

Zalebis SemotaniT 

∫
Ω

Ω=
i

duvR &0                          (1.37) 

sadac v – romelime ricxviTi koeficientia. zogad SemTxvevaSi 

moculobiT cvalebadi, egreTwodebuli releis disipaciuri 

funqciaa 
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∫
Ω

Ω=
i

duuvR ),(
2
1

1 && .                        (1.38) 

amasTan gantoleba (1.32) gardaiqmneba Semdegi saxiT  

FKUUCUM =++ &&& ,                       (1.39) 

sadac UU _ ganzogadoebuli sakvanZo siCqareebis veqtoria; 

      C _ dempfirebis globaluri matricaa (d.m.). 

analogiurad m.m. da d.m. SeiZleba warmodgenili iqnas 

∫=
i

iCC ,                              (1.40) 

∫
Ω

Ω=
i

dvNNC i
T
ii .                           (1.41) 

V. algebrul gantolebaTa sistemis amoxsna. amoxsna 

xorcieldeba gamoTvliTi maTematikis meTodebiT, romlis 

realizeba orientirebulia egm-ze. dinamikuri angariSisas 

gamosavali parametrebi SeiZleba iyos sistemis sakuTari 

rxevebis formebi da sixSireebi, reaqcia gareSe zemoqmedebaze, 

speqtruli da sixSiruli analizi da a.S. Cveulebrivad miiReba 

Zalian didi algebrul gantolebaTa sistemebi, amitom maT 

amoxsnas da garda amisa gadaWarbebul gamoTvliT resursebs 

mivyavarT gaCenil SecdomaTa damrgvalebamde. statikur 

angariSebSi maTematikuri modelebis Tavisuflebis ricxvi 

aRwevs aTobiT da asobiT aTass, maSin rodesac sem-is 

dinamikur modelebs aqvT Tavisuflebis xarisxis ricxvi, 

romelic ramdenime aseulis tolia, iSviaTad – aTasis toli. 

es erTis mxriv aixsneba dinamikuri analizis algoriTmebis 

sirTuliT, meores mxriv – iSviaTia, sakuTari rxevebis aTze 

meti formis gansazRvris interesi (gamonaklisia akustikuri 

amocanebi), ramdenadac Zlieri zemoqmedeba damokidebulia 

dabal formebze. dinamikuri amocanebis amoxsnis sirTuleebi 

gaxda sababi specialuri meTodebis damuSavebisa, romelic 



 38

gvaZlevs saSualebas SevamciroT Tavisuflebis xarisxTa didi 

ricxvi. marTlac, drekadi maxasiaTeblebis zusti gamoTvla 

moiTxovs bevrad rTuli maTematikuri modelis gamoyenebas, 

vidre inerciuli maxasiaTeblebis gamosaxuleba, radganac 

isini damokidebulni arian gadaadgilebaze, im dros roca 

sixistis maxasiaTeblebi warmoadgenen gadaadgilebis 

funqciebis warmoebulebs, romlebic Znelad aproqsimirebadni 

arian. dinamikuri sistemis kidev ufro zusti aRwera 

moiTxoveba konstruqciebSi Zabvis gamoTvlisas. amis gamo, 

rTuli sistemebis dinamikuri angariSisas mizanSewonilad 

iTvleba winaswar davamuSaoT modeli konstruqciis statikuri 

Zabvis analizisaTvis, xolo dinamikuri analizis Sesrulebis 

win arsebiTad SevamciroT Tavisuflebis xarisxebis ricxvi. 

Tavisuflebis xarisxis ricxvis saerTo SemcirebisaTvis 

efeqturad gamoiyeneba ori saerTo principi. 

maTgan ufro martivi dafuZnebulia imis daSvebaze, rom 

inerciuli Zalebi ganisazRvreba mxolod modelis 

Tavisuflebis arCeuli xarisxebis saboloo ricxviT, 

danarCeni Tavisuflebis xarisxebi ar CaiTvlebian dinamikur 

analizSi da gamoiricxebian [48]. 

meore midgomisas Tavisuflebis dinamikuri xarisxi 

SemosazRvrulia imis gaTvaliswinebiT, rom konstruqciaSi 

gadaadgilebebi dakavSirebulni arian gansazRvruli saxiT da 

dinamikuri analizisas amplitudebi miiReba ganzogadoebul 

koordinatTa saxiT. 

VI. gamosakvlevi sistemis daZabul - deformirebuli 

mdgomareobis (ddm) komponentebis gansazRvra. gantolebaTa 

sistemis amoxsnis Sedegad gadaadgilebebSi ganisazRvrebian 

kvanZebis gadaadgilebebis mniSvnelobebi nebismieri se-sTvis, 
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ris safuZvelzec TanmimdevrobiT miviRebT (1.29) 

gadaadgilebebs da (1.30) deformaciebs se-is SigniT, xolo 

Semdeg Zabvis veqtors (1.31) da kvanZebSi Zalebs 

KUF = .                           (1.42) 

CavsvamT ra gansaxilveli wertilis konkretul 

koordinatebs, miviRebT ddm-is yvela komponentebis sidideebs 

am wertilSi. aman ar unda Segviqmnas iluzia, rom amocanis 

amoxsna miRebulia kontinualuri saxiT, ramdenadac amoxsnis 

ZiriTad Sedegad iTvlebian kvanZebis gadaadgilebis 

diskretuli mniSvnelobebi. gadaadgilebebis, deformaciebisa 

da Zabvebis mniSvnelobebi sistemis nebismier wertilSi 

ganixileba, rogorc Taviseburi interpolaciuri 

gamosaxuleba, ganpirobebuli sistemis aproqsimirebuli 

funqciiT. 

sem-is efeqturobis Sefasebisas, miRebuli amonaxsnebis 

zustTan krebadobis sakiTxis garda saWiroa ganxilul iqnas 

miRebuli Sedegebis sizustis Sefasebis sakiTxi, romlebic 

damokidebulebi arian gamoyenebuli se-is tipze, maT zomebze, 

formebze, kvanZiTi wertilebis ricxvze. praqtikulad yvela 

naSromi miZRvnilia axali se-s SeqmnasTan an arsebulis 

daxvewasTan, algebruli gantolebebis amoxsnis algoriTmebis 

gadawyvetis damuSavebasTan, gaSuqebulia agreTve amonaxsnebis 

sizustis sakiTxi,  amitom misi Sefaseba unda xdebodes 

gamoTvlis yvela etapis gaTvaliswinebiT. 

sem-is analizisas mis upiratesobebTan erTad, romlebic 

ganapirobeben mis aseT farTo danergvas saangariSo 

praqtikaSi, unda aRiniSnos misi uaryofiT mxareebic da 

ganviTarebis perspeqtivebic. sem-is ZiriTadi nakli 

mdgomareobs imaSi, rom xdeba mTeli konstruqciis 
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diskretizacia, rasac mivyavarT se-Ta moWarbebul ricxvTan, 

gansakuTrebiT samganzomilebian amocanaSi. garda amisa sem 

xSirad iwvevs momijnave elementebs Soris fizikuri 

sidideebis ararealur wyvetas (Zabvis, deformaciis). es 

aRmoCnda mizezi konkurentunariani meTodebis warmoSobisa. 

metnaklebad efeqturi da perspeqtiulia sasazRvro elementTa 

meTodi an integralur gantolebaTa sasazRvro meTodi, magram 

igi sem-is SesaZleblobebs aWarbebs mxolod zogierTi kerZo 

amocanebis gadawyvetisas [106]. 

praqtikulad sasazRvro elementTa meTodis gamoyenebaze 

TavSekaveba garkveuli sirTuleebiTaa gamowveuli, kerZod, igi 

dakavSirebulia diferencialuri gantolebebis fundamenturi 

amonaxsnis miRebasTan (maT Sorisaa agreTve 

cvladkoeficientiani), romlebic modelireben rTuli 

konstruqciebis mdgomareobas, gamoTvlils singularuli 

integralebiT. es ganapirobebs hibriduli meTodebis gaCenas 

sem-is safuZvelze, romelSic sem-is susti mxareebi 

Zlierdebian romeliRac meTodis an specialuri proceduris 

xarjze. 

meTodis ganviTarebis perspeqtiva ZiriTadi saxiT 

dakavSirebulia angariSebis avtomatizaciasTan da 

algoriTmizaciasTan, romelic iTvaliswinebs struqturis 

danawevrebis avtomatizacias se-bad, damuSavebuli informaciis 

egm-Si Seyvanisa da gamoyvanis daxvewas, saangariSo efeqtur 

programas, se-is Seqmnis teqnologiis daxvewas. arseboben 

garkveuli saangariSo kompleqsuri programebi, romlebic 

iTvlebian SedarebiT srulyofil programul kompleqsebad, 

aseTebia: 
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NASTRAN, COSMOS, ANSIS, PATRAN-G, SAV-SAP, ADINA, ASAS, 

ASKA, CASPX, STRUDL, MARS-STRUS, FINEL, ЛИ��da a.S. umetesoba 

maTgani realizebulia personaluri kompiuterebisaTvis. 

 
1.4. garsTa Teoriis kinematikuri Tanafardobebi 

Zvris modelis gaTvaliswinebiT 
 

vTqvaT veqtori rρ da R
ρ
 gansazRvraven garsis nebismier 

wertils deformaciamde da deformaciis momentisaTvis. R
ρ
 

veqtoruli funqciaa, romelic gansazRvravs wertilis 

mdebareobas ekvidistanciur sibrtyeze. gavSaloT teiloris 

mwkrivad Sida zedapiris midamoSi 

Λ
ρ

+⋅⊗∇+= 33 aRxRR                      (1.43) 

sadac GaAR =⊗=⊗∇ α
α  meore rangis tenzoria, ∇ hamiltonis 

operatoria ⊗_tenzoruli namravlia.   

U da V-Ti aRvniSnoT gadaadgilebis veqtorebi Sua 

zedapiris mimarT, gvaqvs urR +=
ρρ

. 

am Tanafardobidan  (1.43) gaTvaliswinebiT da 

333 )()( axxrxr += αρ
, miviRebT 

γ3xVU += ,                         (1.44) 

sadac γ - normalis mobrunebis sididea. 

3
3 aA −=γ , 

sadac 33
2 aaAaRA ⋅⊗=⋅⊗∇= α

α . 

garsis deformacia γ3xVU +=  hipoTezis Tanaxmad 

ganisazRvreba 

ijjiij gUgUe ⋅+= ``2 .                    (1.45) 

SevitanoT (1.44) (1.45)-Si, miviRebT 

              αβββαααβ gvxVgvxVe ⋅++⋅+= )(),(2 `93``3` ; 

αααα γγ ggxVe ⋅+⋅+= 3`3`3 ),(2 ;                       (1.46) 
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              333 22 gve ⋅ . 

V  da γ  zedapiris veqtorebi SeiZleba daiSalos 

Semdegnairad { }3;aaα  bazisSi. 

.3

3

avavv
aaVV

⋅+=

⋅+=

α
α

α
α ϖ

                         (1.47) 

V da γ  veqtoris warmoebulis gansazRvrisaTvis 

aucilebelia bazisuri veqtorebis warmoebulis formulebi 

.

;

3,

,

abaa

gg k
k

ijji

αβλ
λ
αββα +Γ=

Γ=
ρ

                       (1.48) 

Tu gamoviyenebT Tanafardobebs λ
αλ

ba aa −=,3 , (1.47) da (1.48) 

miviRebT 

,

;

3,

3,

aakv

aaV

αλ
λ
αα

αλ
λ
αα

ϕ

ψε

+=

+=
                        (1.49) 

sadac   
,
;

γγ
ε

λ
α

λ
α

λ
α

λ
α

λ
α

λ
α

bk
wbv

−=

−=
         

.

;

,

,

λ
λααα

λ
λααα

ϕ

ϖψ

vbv

vb

+=

+=
 

(1.46) Tanafardobebidan (1.49)-is gaTvaliswinebiT miviRebT 

          ,)( 2
33 αβαβαβαβ χ Φ++Ω= xxe  

       ,
2
1

3333 ααα xe +Ω=                                  (1.50) 

          ,3333 Ω=e  

          );(
2
1

βααβαβ εε +=Ω  

          )(
2
1

βααβαβχ ℵ+ℵ=  

            ;λβ
λ
ααβαβ KbK −=ℵ  

      ;2 λβ
λ
βλβ

λ
ααβ KbKb −−=Φ                           (1.51) 

            )(
2
1

3 ααα ψ+=Ω v ; 
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            λ
λ
ααα γϕ b−=ℵ 3 ; 

            v=Ω33 . 

maSasadame garsis nebismieri wertilis deformacia (1.49), 

(1.59), (1.51) gamoisaxeba 6 ganzogadebuli gadaadgilebiT αα νω,,v , 

romlebic warmoadgenen funqciebs ori koordinatis mimarT. 

rac warmoadgens e.w. eqvsmodelian garsTa Teorias. zogierT 

SemTxvevaSi SeiZleba ugulebelvyoT normalis deformacia, e.i. 

0=ν . miviRebT, rom deformaciebi ganisazRvrebian xuTi 

ganzogadebuli gadaadgilebiT, rasac ewodeba e.w. garsebis 

xuTmodeliani Teoria. mravalfeniani garsebisa da firfitebis 

TeoriaSi gamoiyeneba zemoTxsenebuli modeli, rogorc 

TiToeuli fenisaTvis, aseve mTliani paketisaTvis. 

garsTa Teoriis Tanafardobebi zedapiris yvela SesaZlo 

formebisaTvis SeiZleba Caiweros mrudwirul koordinatebSi. 

zogierT SemTxvevaSi angariSis TvalsazrisiT mosaxerxebelia 

gamoviyenoT rogorc orTogonaluri, ise araorTogonaluri 

koordinatebi, romlebSic adviladaa SesaZlebeli Caiweros 

sasazRvro pirobebi, anda fizikuri Tanafardobebi. zogad 

SemTxvevaSi orTogonalur koordinatebSi kinematikuri 

Tanafardobebi SesaZlebelia miviRoT (1.49), (1.50) da (1.51) 

Tanafardobebidan.  

αβa  tenzori SesaZlebelia gamoisaxos liaves 

koeficientebiT 1A  da 2A -iT. 

.10

01

0
0

,
0

0
0

0

2
2

2
1

22

11

2
2

2
1

22

11

⎥
⎥
⎥
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⎤
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A
a

a
a

A
A

a
a
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αβ

αβ

                     (1.52) 
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kristofelis simbolo zedapiris tenzoris meSveobiT 

gamoisaxeba Semdegnairad: 

     )(
2
1

,,, αβνβανναββνα aaa −+=Γ ; 

βνλ
αλα

βν Γ=Γ a ;                                   (1.53) 

                 α
β

α
β b−=Γ 3 ; 033 =Γα ; αβα b=Γ3

3 ; 03
3 =Γα ; 03

33 =Γ . 

(1.53)-s Tu gaviTvaliswinebT (1.52)-Si miviRebT 
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A ∂
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A ∂
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2
21
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1
x
A

A ∂
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=Γ=Γ . 

kovariantuli diferencirebis formulebis gamoyenebiT da 

(1.52) da (1.53) Tanaxmad miviRebT kinematikur Tanafardobebs 

(1.49) da (1.53)-s orTogonalur mrudwirul koordinatebSi 

Cawerils );( )2()1( vvvu == . 
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   ⎥
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∂
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(1.55) 
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   1
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1
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=ℵ
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; 2
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)23(

1
xA ∂
∂

=ℵ
γ
; γ=Ω )23( . 

brunviTi garsebisaTvis [13] mrudwiruli koordinatebis 

saxiT SesaZlebelia avirCioT meridianis gaswvriv S da 

wrexazis gaswvriv ϕ , maSin Sx =1 , ϕ=2x . 

 

   1.5. fizikuri Tanafardobebi mravalfeniani garsebisaTvis 
  

ganvixiloT mravalfeniani garsi, sadac TiToeul fenas 

gaaCnia gansxvavebuli sixiste. amrigad garsis drekadobis 

maxasiaTebeli icvleba zx =3  RerZis mimarT. amasTan miviReT, 

rom fenas gaaCnia simetriis sibrtye constx =3 , romelic 

paraleluria Sua zedapiris mimarT. garsis masalis 

drekadobis maxasiaTebeli xasiaTdeba sixistis A tenzoris 
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saSualebiT. igi SesaZlebelia gavSaloT sivrcul ig  bazisSi, 

miviRebT: 

lkji
jkl ggggiAA ⊗⊗⊗= .                 (1.56) 

aseve A tenzori SesaZlebelia gavSaloT Sua zedapiris 

bazisis mimarT };{ 3aaα  da davamyaroT kavSiri maT Soris, 

romelic Semdegi saxiT moicema   

         +⊗⊗⊗+⊗⊗⊗= 33
33 aaaaAaaaaAA βα

γα
δγβα

αβγδ  

      3333
3333 aaaaA ⊗⊗⊗+ . 

praqtikuli TvalsazrisiT ufro sainteresoa fizikuri 

Tanafardobebi damreci garsebisaTvis e.i. 1min <<Rh  da α
β

α
β δμ =  

da 1=μ . am SemTxvevaSi hukis kanons garsis nebismieri 

fenisaTvis aqvs Semdegi saxe 

kl
ijkl

ij lA=σ . 

ganvixiloT fizikuri Tanafardobebi mravalfeniani 

garsisaTvis. vTqvaT garsi Sedgeba K fenisagan, romelTa 

fenebsac aqvT gansxvavebuli sixiste, mxedvelobaSi miviRoT, 

rom calkeuli fenebisaTvis sixiste mudmivia 3x  RerZis 

gaswvriv, SesaZlebelia igi iyos cvladi sidide αx  RerZis 

mimarT. kinematikuri Tanafardobebi Caiwereba Semdegi saxiT: 

,  ,
;

333333

3

Ω=Ω=

+Ω=

ee
xe

αα

αβαβαβ χ
                        (1.57) 

sadac    

.  ;2
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333 νϕ

εε
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βααβαβ

βααβαβ

=Ω+=Ω

+=

+=Ω

v

kkX                     (1.58) 

Tu miRebul Tanafardobebs CavsvamT 
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∫
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formulebSi, miviRebT: 
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              (1.59) 

sadac Q - membranis sixistea; 

      B _ Runvis sixistea; 

      D _ membranul-Runvis sixistea. 

∫
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integrebis Semdeg miviRebT Semdeg Tanafardobebs 

mravalfeniani garsis TiToeuli fenisaTvis 
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mravalfeniani garsis sixistis tenzors zemoTmoyvanili 

formulebis Tanaxmad gaaCnia simetriis Tviseba. e.i. es 

tenzorebi simetriulia indeqsebis wyvilis gadanacvlebis 

mimarT. tenzorebis matriculi saxis CawerisaTvis gamoviyenoT 

sayovelTao wesi: 111→ ; 222→ ; 333→ ; 423→ ; 513→ ; 613→ .  
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matriculi saxiT (1.59) fizikuri Tanafardobebi Caiwereba 

Semdegnairad 

εσ D= ,                         (1.61) 

sadac D D warmoadgens mravalfeniani garsis sixistes. 

 

   samkuTxa sasruli elementis sixistis matricis Sedgena 

ganivi Zvris gaTvaliswinebiT ganxilulia naSromSi [5]. 

                    pirveli Tavis daskvnebi 

   wina paragrafebis mimoxilvidan SeiZleba Semdegi daskvnebis 

gakeTeba: 

1. manqana-danadgarebis korpusebis daZabul-deformirebuli 

mdgomareobis gaangariSebis daxvewis problema metad 

aqtualuria da imyofeba aqtiuri damuSavebis stadiaSi; 

2. kontinualuri sistemebis gaangariSebis tradiciuli 

analizuri da ricxviTi meTodebis gadatana amocanaTa 

ganxilul klasze xvdeba siZneleebs, romlebic 

dakavSirebulia konstruqciis geometriuli regularobis 

darRvevebTan da deformaciis arawrfiv bunebasTan;  

3. cnobili ricxviTi meTodebis pirdapiri realizacia 

moiTxovs manqanuri drois mniSvnelovan xarjs 

singularobis maxloblobaSi diskretizaciis badis 

cvlilebebis aucileblobis gamo, agreTve manqana-

danadgarebis konstruqciis yovel wertilSi mocemuli 

sizustis uzrunvelsayofad; 

4. samecniero literaturaSi praqtikulad ar gvxvdeba manqana-

danadgarebis korpusebis zogadi daZabul-deformirebuli 

mdgomareobis detaluri asaxva, agreTve misi komponentebis 

cvlilebebi datvirTvis kritikul mniSvnelobamde gazrdis 

dros da maTi zidvis unaris kontroli. 
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          Tavi II. bzariani firfitebis analizi   

   brtyeli daZabuli mdgomareobisas 

2.1. firfitis daZabul-deformirebuli mdgomareobis  
analizi misi sazRvris marTobi sasazRvro bzaris SemTxvevaSi 

nebismieri TviTgawonasworebuli datvirTva bzaris napi-

rebze. vTqvaT, drekadi sxeuli warmoadgens naxevradusasrulo 

sibrtyes. (x≥0), romelSic aris  l  sigrZis wrfivi sasazRvro 

bzari. naxevarsibrtyis zRvarze da usasrulobaSi Zabvebi 

ugulebelyofilia, xolo Wrilis napirebze mocemulia Zabvebi 

(nax. 2.1) 

  

 am amocanis Caketil miaxloebiT amoxsnas, romelic 

miRebulia singularuli integraluri gantolebis specialuri 

aproqsimaciiT, aqvs saxe: 

 

napirze moqmedi polinomialuri datvirTva. rodesac bzaris 

napirze modebulia Zabvebi 

sadac Γ (n) gama-funqciaa. n–is didi mniSvnelobebisaTvis (2.2) 

Tanafardobidan gamomdinareobs asimptoturi warmodgena   

romelic emTxveva zusti amoxsniT miRebul analogiur Sedegs  
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polinomialuri datvirTvis moqmedebis dros cnobilia 

zusti amonaxsni kvadraturebSi: 

                     

2.1. cxrilSi mocemulia Zabvis intensivobis koeficientis 

K i   ricxviTi mniSvnelobebi, romelic miRebulia [5] naSromSi 

(2.3)-is amoxsniT. aqve mocemulia K i -is  miaxloebiTi 

mniSvnelobebi (2.2). 

miaxloebiTi mniSvnelobebis Sedareba zust mniSvnelobeb-

Tan aCvenebs, rom (2.2)-is amoxsnis fardobiTi cdomileba, roca 

n=0, Seadgens 0,4% da  n-is zrdasTan erTad klebulobs. 

rigi avtorebis mier amoxsnilia gansaxilveli amocana 

mudmivi da polinomialuri datvirTvis moqmedebis SemTxvevaSi. 

[8] naSromSi mudmivi datvirTvis SemTxvevaSi Zabvebis in-

tensivobis koeficientisaTvis miRebulia xuTi niSnadi cifri    

  Seyursuli Zalis moqmedeba bzaris napirebze. bzaris 

urTierTmopirdapire napirebze naxevarsibrtyis kididan b 

manZilze modebulia sididiT toli, magram mimarTulebiT 

sapirispiro normaluri  P da mxebi Q  Seyursuli Zalebi (nax. 

2.2). maSin (2.1) amonaxsnidan   [1-3] 

roca b=0  (2.2) gamosaxuleba gvaZlevs zust amonaxsns [12, 13]    
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   Tu am Sedegs SevadarebT Zabvebis intensivobis 

koeficientebs usasrulo firfitisaTvis 2 l   sigrZis bzariT, 

roca mis centrSi modebulia Seyursuli Zalebi 2P  da 2Q: 

davinaxavT, rom naxevarsibrtyis Tavisufali sazRvris 

arseboba Zabvebis intensivobis koeficients (Z.i.k) zrdis  

≈2/c 1,297_jer, e.i. TiTqmis 30%-iT. b l→ –s zrda 

naxevarsibrtyis Tavisufali sazRvris gavlenas amcirebs. 

Z.i.k.-is zusti mniSvnelobebi, cnobilia, im SemTxvevaSic 

rodesac bzaris dasawyisSi modebulia ori Seyursuli mxebi 

Zala   (nax. 2.3) [13]:   . 

im SemTxvevaSi, rodesac bzaris napiris nebismier 

wertilSi modebulia Seyursuli Zalebi (nax. 2.2), naSromSi [14] 

miRebulia integraluri gantolebebis ricxviTi amoxsna, 

romlis safuZvelzec interpolaciis meTodiT Z.i.k.-saTvis 

agebulia analizuri gamosaxuleba. 
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ricxviTi monacemebis Sedarebidan gamomdinareobs, rom 

(2.4)-is amoxsnis fardobiTi cdomileba ar aRemateba 1,2%, 

xolo (2.5)-is Sedegebi _ 0,7%. 

(2.4) da (2.5) gamosaxulebebi SeiZleba gamoyenebuli iyos 

Z.i.k. gansazRvrisaTvis, roca sasazRvro bzaris napirebze 

moqmedebs nebismieri TviTgamawonasworebeli datvirTva. am 

tipis sxvadasxva amonaxsni mocemulia agreTve [9, 15-18] 

naSromebSi. 

 (2.5) formulis meSveobiT [19] naSromSi Z.i.k.-sTvis 

agebulia miaxloebiTi analizuri gamosaxulebebi im 

SemTxvevisaTvis, roca naxevarsibrtyis kideze moqmedebs 

Seyursuli normaluri   da mxebi   Zalebi, xolo bzaris 

napirebi Tavisufalia datviTvisagan: 
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sadac ξ =b/(b+l). (3.6)-is safuZvelze [19] naSromSi miRebulia Z.i.k. 

naxevarsibrtyis kideze datvirTvis moqmedebis sxvadasxva 

SemTxvevaSi. 

 

uban-uban mudmivi datvirTvis moqmedeba bzaris napirebze 

(2.5) amonaxsni gamoyenebuli iyo agreTve [14, 16] naSromSi 

Z.i.k. gansazRvrisaTvis, roca bzaris napirebze moqmedebs uban-

uban mudmivi datvirTva (nax. 2.5), xolo naxevarsibrtyis kide 

Tavisufalia Zabvebisagan: 

   Z.i.k. mniSvnelobebi sasazRvro bzarisaTvis, romlis 

napirebze mocemulia uban-uban mudmivi datvirTva, mocemulia 

[naSromebSi [17, 20]. 

  Seyursuli Zalebis moqmedeba naxevarsibrtyis Siga 

wertilebSi. vTqvaT naxevarsibrtye sasazRvro bzariT iWimeba 

ori Seyursuli  P  ZaliT, romlebic modebulia 

naxevarsibrtyis Siga wertilebSi bzaris simetriulad (K l ) da 

mimarTulia sazRvris paralelurad (nax. 2.6, a). [12] naSromSi 

miRebulia amocanis singularuli integraluri gantolebis  
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ricxviTi amonaxsni da gansazRvrulia Z.i.k. K l -is  damokide-

buleba Zalebis modebis wertilebis koordinatebze naCvenebia 

2.6. b naxazze. wiri, roca b=0 , agebulia (2.5) formulis 

safuZvelze. 

  naxevarsibrtyis gaxleCa. naxevarsibrtyis sasazRvro bzarSi   

Zalis moqmedebiT Casobilia absoluturad xisti samkuTxedis 

formis soli, romlis gaSlis kuTxea  2β ( βε tg= <<1). xaxuni 

solsa da bzaris napirebs Soris ugulebelyofilia (nax. 2.7). 

naSromSi [22] es amocana moaxloebiT amoxsnilia 

kvadraturebSi singularuli integraluri gantolebis gulis 

specialuri aproqsimaciiT. damokidebulebas Sexebis b zonasa 

da moqmed P   Zalas Soris, romelic ganisazRvreba solis 

wonasworobis pirobidan, aqvs saxe: 

sadac K(0)  da Π (m, ρ ) _ pirveli da mesame gvaris sruli 

elifsuri integralebia,   
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                      c=2 )4/( 22 −ππ  

Z.i.k. bzaris wveroSi gamoiTvleba gamosaxulebiT: 

 

naSromebSi [23. 24] moyvanilia amocanis asimptoturi 

amonaxsni. 

vTqvaT, naxevarsibrtyis sazRvris nawilze, romelic 

sasazRvro zolTan mdebareobs, mimagrebulia xisti zesadebi 

(xisti waxnagi, an brtyelfuZiani Stampi), datvirTuli 

normaluri P  da mxebi Q ZalebiT, xolo  usasrulobaSi 
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mocemulia gamWimavi Zabvebi  p. sazRvris 

danarCeni nawili da bzaris napirebi 

Tavisufalia datvirTvisagan. amasTan zesadebi 

rCeba horizontaluri (ugulebelyofilia misi 

brunva) datvirTvis procesSi (nax. 2.8). amocana 

amoxsnilia komfortuli asaxvis meTodiT [25, 

26] naSromebSi. [26] naSromSi ganxilulia 

agreTve SemTxveva, roca waxnagi mobrunebulia 

Tavisi centris garSemo. aRniSnul naSromebSi 

miRebulia, agreTve, damokidebuleba Zabvebis 

nakreb moments da modebul   P da Q   Zalebs Soris, agreTve, 

brunvis  ε  kuTxes Soris 

  naxevarsibrtyis napirze marTi kuTxiT  gamodis ori, 

sxvadasxva l   da a  sigrZis bzari, romelTa Soris manZili 

udris  d-s. bzaris napirebi da naxevarsibrtyis sazRvari 

Tavisufalia datvirTvisagan, xolo naxevarsibrtye 

usasrulobaSi iWimeba sazRvris paraleluri ZalebiT p   (nax. 

2.10). amocana amoxsnilia [27] naSromSi masuri Zalebis meTodiT. 

es monacemebi emTxveva [11] SromaSi miRebul Sedegebs.  
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cnobilia agreTve Z.i.k. mniSvnelobebi naxevarsibrtyis 

gaWimvisas ramdenime Tanabrad ganlagebuli sasazRvro WriliT 

[11] 

ganvixiloT l  sigrZis wrfivi bzarebis perioduli sistema, 

romelic naxevarsibrtyis Tavisufali 

sazRvridan gamodis marTi kuTxiT. 

bzaris napirebze mocemulia mudmivi 

normaluri (p) da mxebi (τ ) datvirTva 

(nax. 3.11) Z.i.k-is mniSvnelobebi 

romlebic miRebulia singularuli 

integraluri gantolebebis meTodiT, mocemulia qvemoT [1, 2, 

28]. 

    Z.i.k-is mniSvnelobebi, rodesac bzaris napirebze 

modebulia mudmivi normaluri Zabvebi, mocemulia SromebSi [10, 

11, 17, 27, 29-31]. bolo SemTxvevaSi [32] naSromSi asimptoturi 

amoxsnis safuZvelze bzarebs Soris didi da mcire manZilebis 

dros   K l -isaTvis miRebulia Semdegi saxis sainterpolacio 

gamosaxuleba: 
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     sadac )2/( dld +=ε . am gamosaxulebis pirveli nawili (kvad-

ratul frCxilebSi) warmoadgens asimptotur amonaxsns   para-

metris mcire mniSvnelobebisaTvis  O( 7ε ) sididis sizustiT  

bzarebs Soris mcire fardobiTi manZilebisaTvis. sasazRvro 

bzarebis perioduli sistemis napirebze Zvris mudmivi 

datvirTvis moqmedebis SemTxveva ganxilulia [7] naSromSi. 

vTqvaT, naxevarsibrtye, romelic Seicavs sxvadasxva 1l   da  

2l  sigrZis sasazRvro bzarebis periodul sistemas, 

usasrulobaSi iWimeba gamWivavi ZabvebiT. naxevarsibrtyis 

sazRvari da bzaris napirebi Tavisufalia datvirTvisagan (nax. 

2.12 a). Z.i.k. K l    damokidebuleba K l (A)/p 2/ lπ   fardobaze,    

sigrZis bzaris wevrebze, romelic miRebulia konformuli 

asaxvis meTodiT [30], naCvenebia 2.12 b naxazze. 
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naxevarsibrtyis gaWimvisas, romelic Seicavs sazRvridan  

4/πγ =  kuTxiT gamomavali bzarebis perioduli sistemis (nax. 

2.13 a), Z.i.k. K1  da K11 ,  mocemulia 2.13 b naxazze. 

   sasazRvro bzarebi naxevarsibrtyeebSi xistad Camagrebuli 

sazRvriT. vTqvaT, datvirTvisagan Tavisufali l   sigrZis 

wrfivi bzari gamodis xistad Camagrebuli naxevarsibrtyis 

sazRvarze. naxevarsibrtye usasrulobaSi iWimeba P  ZalebiT 

(nax. 2.14). Z.i.k. K1(K11 =0), romelic miRebulia singularuli 

integraluri gantolebebis ricxviTi amoxsniT, brtyeli 

daZabuli mdgomareobis dros, roca puasonis koeficienti 

μ =0,3,   udris  

                K1 (A)=0,8653p 2/lπ ,  

xolo brtyeli deformaciis dros ki _  

                

                     K1 (A)=0,8698p 2/lπ .     
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    [33] naSromSi moyvanilia agreTve Z.i.k. ricxviTi 

mniSvnelobebi, roca naxevarsibrtye xistad Camagrebuli 

sazRvriT Seicavs sasazRvro bzarebis periodul sistemas.  

   im SemTxvevaSi, roca naxevarsibrtyis xisti sazRvari 

bzaris gamosvlis wertilSi gaxleCilia, datvirTvisagan 

Tavisufali bzari ixsneba mocemul marjvena nawilSi 

horizontaluri (υ ) da vertikaluri (u) gadaadgilebis 

(u= ευδ =, ) da marcxena nawilSi (u=- ευδ −=, ) gadaadgilebebis 

moqmedebiT (nax. 2.15). am amocanisaTvis miRebulia zusti 

Caketili amonaxsni [13]:  

         K1 =8Gδ /((1+ℵ ) lπ ), 

                    K11 =8Gε /((1+ℵ ) lπ ), 

[3] naSromSi miRebulia agreTve Z.i.k. mniSvnelobebi, roca 

naxevarsibrtye imyofeba gamWimavi Zalebis moqmedebis qveS 

usasrulobaSi. 

 

    2.2. firfita sxvadasxva konfiguraciis  

            sasazRvro bzarebiT 

   vTqvaT, naxevarsibrtye Seicavs  l  sigrZis wrfiv bzars, 

romelic sazRvrTan adgens  α  kuTxes. bzaris napirebi  

datvirTulia mudmivi normaluri (σ ) da Zvris (τ ) 

ZabvebiT, xolo naxevarsibrtye usasrulobaSi iWimeba 
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datvirTvisagan Tavisufali sazRvris paraleluri P   

ZalebiT (nax. 2.16).  

roca bzaris napirebze moqmedeben Seyursuli Zalebi, Z.i.k-

sTvis miaxloebiTi analizuri gamosaxuleba mocemulia 

SromebSi [41, 42]. amocanis amoxsna naxevarsibrtyisaTvis, 

romelic Seicavs nebismierad orientirebul teqnikur bzars 

da imyofeba mkumSavi Zabvebis velSi (ugulebelyofilia bzaris 

wirze normaluri gadaadgilebis naxtomi), miRebulia 

kvadratebSi [43, 44]. 

   erTi wertilidan gamomavali ori sasazRvro bzari, vTqvaT, 

naxevarsibrtyis sazRvris erTi wertilidan gamodis 

erTnairad daxrili sxvadasxva sigrZis ori wrfivi bzari. 

bzaris napirebi da naxevarsibrtyis sazRvari Tavisufalia 

datvirTvisgan, xolo usasrulobaSi mocemulia gamWimavi 

Zabvebi (nax. 2.17),  

sxvadasxva sigrZis daxrili ori paraleluri sasazRvro 

bzari. naxevarsibrtye Tavisufali sazRvriT da dautvirTavi 

sxvadasxva sigrZis ori paraleluri sasazRvro bzariT, 

iWimeba usasrulobaSi  P ZalebiT (nax. 2.18).    

sasazRvro texili bzari. usasrulobaSi gamWimavi 

naxevarsibrtyis sazRvarze gamodis or mdgenisagan Semdgari 
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texili bzari, romlis napirebi da naxevarsibrtyis sazRvari 

Tavisufalia datvirTvisagan (nax. 2.19). 

usasrulobaSi gamWimavi naxevarsibrtye 

Sesustebulia sasazRvro bzariT, 

romelic sazRvrisagan garkveul 

manZilze meordeba (nax. 2.20).  

 

toli mdgenebisagan Semdgari 

sasazRvro texili bzari. usasrulobaSi 

gamWimavi naxevarsibrtye Sesustebulia sasazRvro texili 

bzariT, romelic Sedgeba   toli mdgenisagan. mezobeli 

mdgenebi erTmaneTTan adgenen marT kuTxes (nax. 2.21).  

mrudwiruli sasazRvro bzari. vTqvaT, datvirTvisagan 

Tavisufali naxevarsibrtyis sazRvarze marTi kuTxiT gamodis 

mrudwiruli bzari. bzaris napirebze moqmedebs mudmivi 

normaluri Zabvebi  σ  da usasrulobaSi naxevarsibrtye 

iWimeba P ZalebiT (nax. 2.22). im SemTxvevebSi, roca bzaris 

konturi warmoadgens wrewiris, parabolis an elifsis 

meoTxedis rkals (naxevarsibrtyis sazRvari emTxveva 

parabolis an elifsis RerZebs), amocana amoxsnilia  
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singularuli integraluri gantolebebis meTodiT naSromSi 

[40]. [40] naSromi aris agreTve grafikuli monacemebi Z.i.k.-sTvis, 

roca naxevarsibrtyis sazRvarze nebismieri kuTxiT gamodis 

rkaluri bzari. 

im SemTxvevaSi, roca naxevarsibrtye, romelic Seicavs 

wrewiris rkalis gaswvriv sasazRvro bzars da OA monakveTi, 

romelic aerTebs wrewiris centrs bzaris A  wverosTan, 

paraleluria naxevarsibrtyis sazRvris (nax. 2.23), iWimeba  P  

ZalebiT, amocana amosxnilia singularuli integraluri 

gantolebebis meTodiT [37, 40].  

 

       2.3. firfita misi sazRvris marTobi Siga bzarebiT 

bzaris napirebze moqmedi TviTgawonasworebuli 

datvriTva. vTqvaT, drekad naxevarsibrtyeSi, romelTan 

dakavSirebulia xoy koordinatTa sistema (oy  RerZi 

mimarTulia naxevarsibrtyis sazRvris gaswvriv),  ox RerZis  

[a,b] monakveTze aris bzari (nax. 2.24). Zabvebi naxevarsibrtyis 

sazRvarze da usasrulobaSi ugulebelyofilia, xolo bzaris 

napirebze mocemulia TviTgawonasworebuli datvirTva: 

                

               ±
yσ - i ±

xyτ = - [p(x) - iτ (x)], 

                                          a<x<b. 
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   aRniSnuli amocanis Caketili miaxloebiTi amonaxsni 

miRebulia [3] naSromSi singularuli integraluri 

gantolebebis gulis specialuri aproqsimaciis saSualebiT. 

amasTan Z.i.k. ganisazRvrebian formulebiT [1-3] 

 

sadac K(k)  da E(k) _ pirveli da meore gvaris sruli 

elifsuri integralebia  moduliT 

     

            k= ccc bab /)( − ,     Q(x)= [ ] ,)()( dttitp
x

a∫ − τ   

                                            c=2 /π ( 42 −π ). 

    

 [1, 2, 47, 48] SromebSi Z.i.k.-sTvis moyvanilia asimptoturi 

gamosaxulebebi, roca bzari naxevarsibrtyis sazRvridan didi 

manZiliTaa daSorebuli. 

 

bzaris napirebze moqmedi mudmivi datvirTva. vTqvaT, 

bzaris napirebze moqmedebs mudmivi normaluri (σ ) da mxebi (τ ) 

Zabvebi (nax. 2.25). Z.i.k. damokidebuleba bzaris fardobiT 

sigrZeze, miRebuli singularuli integraluri gantolebis 
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ricxviTi amoxniT. naCvenebia 2.26 naxazze. Z.i.k. ricxviTi 

monacemebi moyvanilia agreTve SromebSi [1, 17, 7, 49-52]. 

[1, 2, 48, 53] SromebSi Z.i.k.-sTvis agebulia asimptoturi 

gamosaxulebebi datvirTvis im SemTxvevisaTvis, roca bzari 

naxevarsibrtyis sazRvridan didi manZiliTaa daSorebuli. maT 

aqvT saxe :  

 

sadac K +
ℵ =Kℵ (B),  K −

ℵ =Kℵ (A),  ,/ hl=λ  N= I, II. Z.i.k.-sTvis agebulia 

asimptoturi formulebi im SemTxvevisaTvis, roca bzari 

uaxlovdeba naxevarsibrtyis sazRvars: 
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sadac K 0
1 =1,1215p lπ , K 0

11 =1,1215τ lπ _Z.i.k. mniSvnelobebia B  

wveroSi sasazRvro bzaris SemTxvevaSi (h=l), )/()( lhlh +−=ε . 

bzaris Semcvleli naxevarsibrtyis sazRvarze datvirTvis 

moqmedeba. 

vTqvaT, bzaris napirebi Tavisufalia datvirTvisagan, 

xolo naxevarsibrtyis sazRvris   sigrZis monakveTze, 

romelic bzaris wiris mimarT simetriulia, moqmedebs mudmivi 

normaluri Zabvebi   (nax. 2.27).  

xisti Stampis moqmedeba bzaris Semcveli naxevarsibrtyis 

sazRvarze. vTqvaT, brtyelfuZiani xisti Stampi xaxunis gareSe 

awveba drekad naxevarsibrtyes, romelic Sesustebulia misi 

sazRvris marTobi bzariT (nax. 2.28). igulisxmeba, rom Stampi 

simetriuladaa moTavsebuli bzaris wiris mimarT, romlis 

napirebi Tavisufalia datvirTvisagan. Z.i.k. mniSvnelobebi 

),0( 111 =KK  miRebulia ori singularuli integraluri  

gantolebisagan Semdgari sistemis ricxviTi amoxsniT [56]. 

cnobilia, agreTve, amocanis amoxsna, roca Siga bzaris 
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Semcveli naxevarsibrtyis sazRvarze moqmedebs ori 

simetriulad ganlagebuli Stampi [57]. 

 

 

   naxevradusasrulo bzari naxevarsibrtyeSi. vTqvaT, naxevar-

sibrtye Sesustebulia misi sazRvris marTobi naxevrad-

usasrulo bzariT. bzaris napirebze modebulia TviTga-

wonasworebuli datvirTva, xolo usasrulobaSi Zabvebi da 

brunva ugulebelyofilia (nax. 2.29). naSromSi [3] miRebulia am 

amocanis miaxloebiTi Caketili amonaxsni singularuli 

integraluri gantolebis gulis specialuri aproqsimaciiT. 

Z.i.k. gamoisaxebian formulebiT: 
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sadac  c=2 ).4/( 22 −ππ     

Tu bzaris napirebze modebulia polinomialuri datvirTva 

        P(x) - iτ (x)=( maxi −− )/)(τσ ,        (m>1).     

maSin (2.7) tolobidan gamomdinareobs [1-3] 

sadac Γ (m) - gama funqciaa. (2.2) da (2.8) formulebis 

Sedarebidan gamomdinareobs, rom Z.i.k-s Soris 

naxevarsibrtyeSi sasazRvro da naxevradusasrulo bzarebis 

SemTxvevaSi, roca bzarebis napirebze moqmedebs   

polinomialuri datvirTva, aris sruli Sesabamisoba. es 

samarTliania zusti amoxsnebisaTvis [58]. 

roca x=ξ  (ξ >a)  wertilSi bzaris urTierTmopirdapire 

napirebze moqmedebs normaluri P  da Q  Zvris   Seyursuli 

Zalebi (nax. 2.30), (2.7) formulidan vRebulobT  

aqedan, roca ∞→ε , mivdivarT Z.i.k. zust gamosaxulebamde, 

roca naxevarsibrtye usasrulobaSi moqmedebs gamWimavi P  da  

Zvris Q  Zalebi da brunva usasrulobaSi ugulebelyofilia. 

 

Z.i.k.-sTvis grafikuli monacemebi, roca naxevradusasrulo 

bzaris napirebze moqmedebs Seyursuli Zalebi, mocemulia [17] 

naSromSi. am Sedegebis gaTvaliswinebiT, (2.9) formulis 

saSualebiT SegviZlia CavweroT miaxloebiTi formula Z.i.k.-

sTvis K1(K11 rCeba igive zogad SemTxvevaSi, roca ar aris 

dadebuli damatebiTi piroba usasrulobaSi brunvis 

ugulebelyofis Sesaxeb). 
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naxevradusasrulo bzaris Semcveli naxevarsibrtyis 

usasrulobaSi gaWimvis amocana (nax. 2.31, M=0) ganxilulia rig 

SromebSi [13, 15, 17, 18, 32, 58]. rogorc [32, 58] SromebSi aris 

naCvenebi, usasrulobaSi brunva ar iqneba, Tu manZili gaWimvis 

P Zalis moqmedebis wrfesa da naxevarsibrtyis sazRvars Soris 

a73,0=η , e.i. am SemTxvevaSi Z.i.k.  K1 moiZebneba (3.10) formuliT, 

roca Q=0. 

sufTa Zvris SemTxvevaSi, roca gamWimavi Zalebis nakrebi 

veqtori P=0 (ix. nax. 2.31; M=0), Z.i.k.  K1 (K11 =0)  tolia [17, 34, 59] 

                  K1 =3,975M/a a                        (2.11) 

(2.10) da (2.11) formulebis safuZvelze superpoziciis 

meTodiT advilad miiReba Z.i.k. K1 gamosaxuleba, roca 

naxevarsibrtye usasrulobaSi iWimeba  P ZalebiT (na. 2.31, M=0), 

romlis moqmedebis wrfe naxevarsibrtyis sazRvridan 

daSorebulia nebismieri η  manZiliT: 

      K1 =7,044[ 368,0/ −aη ]P .aπ       

bzarebis perioduli sistemis Semcveli naxevarsibrtyis 

gaWimva. 

naxevarsirtye, romelic Sesustebulia erTnairi 2 l     

sigrZis bzarebis perioduli sistemiT, usasrulobaSi iWimeba P   

ZalebiT (na. 2.32).  

bzarebis perioduli sistemis Semcvel naxevarsibrtyeSi 

araperioduli datvirTvis moqmedeba. Tu 

bzarebis perioduli sistemis Semcvel 

naxevarsibrtyeSi mudmivi wneva moqmedebs 

mxolod erT-erT bzarze (ganzogadebuli 

perioduli amocana) (nax. 2.32 es Sedegebi 

SeiZleba gamoyenebuli iyos amonaxsnis          

nax. 2.31 
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asagebad, roca wneva moqmedebs sxva bzarebzec. kerZod, [61] 

naSromSi aseTi gziT gansazRvrulia Z.i.k., roca A 0 da B 0   

wveroebis mqone bzaris marjvniv ganlagebuli yvela bzari 

datvirTulia erTnairi intensivobis Siga wneviT, xolo 

marcxniv ganlagebuli _ Tavisufalia datvirTvisagan. 

Siga bzarebi xistad Camagrebuli sazRvris mqone 

naxevarsibrtyeSi 

vTqvaT, naxevarsibrtye, romlis sazRvarze mocemulia 

nulovani gadaadgilebebi, Seicavs Siga wrfiv bzars, 

datvirTuls mudmivi σ  wneviT (nax. 2.34, p=0). Z.i.k. asimptotur 

gaSlas, roca bzari naxevarsibrtyis sazRvridan didi 

manZiliTaa daSorebuli, aqvs saxe [33]: 

 

 

 

 

 

 

 

 

                                               nax. 2.34 

imave formulidan σ -s P -Ti Secvlis gziT ganisazRvreba Z.i.k., 

roca bzari Tavisufalia datvirTvisagan, xolonaxevarsibrtye 

usasrulobaSi iWimeba  P  ZalebiT (nax. 2.34, σ =0). 
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   gansaxilveli amocanisaTvis Z.i.k. monacemebi moyvanilia, ag-

reTve, SromebSi [17, 62]. bzarebis perioduli sistemis SemTxve-

va naxevarsibrtyeSi Camagrebuli sazRvriT Seswavlilia 

naSromSi [63]. 

 

     2.4. naxevarsibrtye sxvadasxva konfiguraciis  

                    Siga bzarebiT 

nebismierad orientirebuli wrfivi bzari. vTqvaT, 

Tavisufali sazRvris mqone naxevarsibrtyeSi gvaqvs Siga 

nebismierad orientirebuli sasruli 2 l   sigrZis wrfivi bzari. 

naxevarsibrtye iWimeba usasrulobaSi sazRvris paralelurad, 

xolo bzaris napirebze moqmedebs mudmivi normaluri σ   da 

mxebi τ   datvirTvebi (nax. 2.35). 

gansaxilveli amocanis ricxviTi Sedegebi grZivi bzaris 

SemTxvevaSi ( α =0) mocemulia rig naSromebSi [64-66]. cnobilia 

agreTve monacemebi bzaris zogadi orientaciis SemTxvevaSi.  

Zabvebis intensivobis koeficientebis mniSvnelobebi miRebulia 

naSromebSi [67, 70] singularuli integraluri gantolebis 

ricxviTi amoxsnis gziT. 

 [1, 2, 48, 71] naSromebSi agebulia Zabvebis intensivobis 

koeficientis asimptoturi gaSla, rodesac naxevarsibrtyis 

sazRvridan didi manZiliT daSorebuli nebismierad 

orientirebuli bzaris napirze moqmedebs nebismieri  
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TviTgamawonasworebeli datvirTva. aseTi amonaxsni moviyvanoT 

im SemTxvevisaTvis, rodesac bzaris napirebze moqmedebs   

intensivobis mudmivi dawneva (nax. 2.35, τ =p=0)  [1,2]. 

0=α -saTvis analogiuri daSla mocemulia naSromSi [72]. 

rodesac naxevarsibrtye iWimeba usasrulobaSi sazRvris 

paraleluri p ZalebiT (nax. 2.35; 0== τσ ), amonaxsns aqvs saxe: 

 

naxevradusasrulo wrfivi bzari. vTqvaT, naxevradsibrtye 

Seicavs misi sazRvris paralelur da usasrulo bzars. bzari 

ixsneba misi wveroebidan didad daSorebuli (a>>h) manZilze 

moqmedi Seyursuli P  ZaliT da mRunavi M momentiT (nax. 2.36). 

Zabvebis intensivobis koeficientis miaxloebiT gamosaxulebas 

aqvs saxe: 

amocanis zusti amonaxsni nebismierad 

orientirebuli naxevradsasruli bzaris 

SemTxvevaSi moyvanilia naSromSi [73]. 
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mrudwiruli bzarebi. vTqvaT, naxevarsibrtyeSi, romlis 

sazRvari Tavisufalia  

datvirTvisagan, aris simetriuli mrudwiruli bzari, romlis 

simetriis RerZi marTobia misi sazRvris. bzaris napirebi 

imyofeba   mudmivi wnevis moqmedebis qveS, xolo 

usasrulobaSi naxevarsibrtye iWimeba   ZalebiT. ganixileba 

ori SemTxveva, roca bzari naxevarsibrtyis sazRvrisaken an 

Cazneqilia (nax. 2.37) an amozneqili (nax. 2.38). naSromSi [74] 

singularuli integraluri gantolebebis meTodiT miRebulia 

am amocanis amoxsna bzarisaTvis, romlebsac aqvs wrewiris, 

parabolis an naxevarelifsis rkalis forma.  

Zabvebis intensivobis koeficientebis monacemebi 

anizotropuli naxevarsibrtyisaTvis, romelSic aris elifsis 

rkalis formis mqone bzari mocemulia naSromSi [75]. 

Siga da sasazRvro bzarebi naxevarsibrtyeSi. vTqvaT, 

naxevarsibrtyeSi, romelic iWimeba usasrulobaSi, aris 

nebismieraad orientirebuli sasazRvro da misi sazRvris 

marTobuli Siga bzari. naxevarsibrtyis sazRvari da bzaris  
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napirebi Tavisufalia datvirTvisagan (2.39) 

 

nebismierad orientirebuli wrfivi bzari sasazRvro  

xistad Camagrebul naxevarsibrtyeSi. vTqvaT naxevarsibrtyeSi, 

romlis sazRvari xistadaa Camagrebuli, aris nebismierad 

orientirebuli wrfivi bzari, romlis napirebze moqmedebs 

mudmivi normaluri σ   da mxebi τ   datvirTva (nax. 2.40). 

amocana amoxsnilia singularul integralur gantolebaTa 

meTodiT [67]. grZivi bzaris SemTxvevaSi ( α =0) Zabvebis 

intensivobis koeficientebis mniSvnelobebi mocemul;ia agreTve 

naSromSi [65, 77]. 

cnobilia agreTve [33] Zabvebis intensivobis 

koeficientebis asimptoturi gaSla, rodesac nebismierad 

orientirebuli bzari naxevarsibrtyis sazRvridan didi 

manZiliT aris daSorebuli, kerZod, roca grZivi bzaris 

napirebi datvirTulia  σ  wneviT (nax. 2.40; α =0, τ =0) gvaqvs: 

 

analogiuri amoxsnebi agebulia agreTve naSromSi [72]. 

 

   2.5. kompoziciuri masalebis daproeqteba rRvevis  

      meqanikis safuZvelze rTuli konstruqciebis  

                      Sesaqmnelad 

   vTqvaT h  sisqis brtyel firfitaze, romelsac aqvs 2 l    

sigrZis Siga gamWoli bzari, moqmedebs erTRerZa cikluri 

datvirTva P(t), sadac 0≤P maxmin )( PtP ≤≤ . P(t)  Zabvis zrdis  
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midamoebSi bzaric daiwyebs Seuqcevadad zrdas. daRlilobiTi 

bzaris zrdis siCqare ganiszRvreba formuliT: 

 

  (2.12)    

 

aq  K c _ firfitis rRvevis siblantea (damokidebuli mis 

sisqeze)   n_ ciklebis ricxvi,   a_ masalis mudmiva (igi araa 

damokidebuli firfitis sisqeze). 

(2.12) formulidan vRebulobT firfitis xangamZleobis 

Semdeg gamosaxulebas: 

 

 

    (2.13) 

 

aq cl  _ bzaris kritikuli zomaa da tolia 

                  cl = 2
min

2

P
Kc

π
.                                                                         (2.14) 

(2.13) da (2.14)-is ZaliT n ∗  xangamZleoba damokidebulia 

firfitis sisqeze mxolod  K c -s saSualebiT. 

(2.14) integralis    K 2
c  cvladiT diferencirebiT    miviRebT 

Semdeg gamosaxulebas: 

 

romelic Semdegi tolobis  saSualebiT  
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da nawilobiTi integrebiT miiyvaneba saxeze: 

 

aqedan (2.14)-is saSualebiT vRebulobT saboloo formulas 

 

  (2.15) 

 

(2.15) formulidan gamomdinareobs, rom firfitis xangamZleoba 

cikluri Zabvisas monotonurad izrdeba rRvevis siblantis 

gadidebisas. cnobilia, rom metalis firfitis rRvevis 

siblantes aqvs kargad gamosaxuli maqsimumi firfitis 

gansazRvruli h  sisqisaTvis (sxvadasxva metalebisaTvis 

gansxvavebuli). aqedan gamomdinare, 1,2  sisqis firfitas aqvs 

yvelaze maqsimaluri xangamZleoba mocemuli cikluri Zabvisas. 

davuSvaT, rom garda cikluri datvirTvisa, panelma unda 

gauZlos agreTve raime erTjerad (magaliTad avariuli)   

sididis Zalas, romelic metia   hP max -ze. am SemTxvevaSi 

bzariskritikuli sisqe  cl  tolia: 

 

(2.16) 

 

xolo xangamZleoba  n ∗ damokidebulia   h-ze ori K 2
c   da 

cl   ucnobis saSualebiT. 
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   h-is optimaluri mniSvnelobis gansazRvrisaTvis 

gavutoloT   0-s   n ∗ -is sruli warmoebuli   h-iT da 

gamoviyenoT (2.15). 

 

 

  (2.17) 

 

am gantolebidan ganisazRvreba   h-is optimaluri mniSvneloba 

mocemuli  K c (h) funqciisaTvis. 

 

                               nax. 2.41 

 

2.41-e naxazze TanmimdevrobiT agebulia funqciebis 

xarisxobrivi grafikebi. 
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g(h) funqcia monotonurad izrdeba  [0, N/P max ]-ze,   g(h) −∞→  , 

roca h 0→ , g(N/P max )=0; x(h)  wiri kveTs    g(h)-s erT wertilSi, 

saidanac gamodis, rom (2.17) gantolebas erTaderTi amonaxsni 

aqvs.  amas garda, grafikidan Cans, rom (2.7) gantolebis  fesvi 

moTavsebulia d(K 2
c )/dh<0 areSi an h>h 0  areSi. amgvarad, 

xangamZleobis erTaderTi maqsimumi gvaqvs gadatvirTvis 

SemTxvevaSi. 

   gavukeToT aproqsimacia K c  firfitis rRvevis siblantes 

mis  h sisqeze damokidebulebas, miviRebT: 

 

(2.18) 

 

 

vTqvaT firfitaze, romlis sawyisi bzaris sigrZea 2 0l , 

moqmedebs Zala, romelic ciklurad icvleba   0-dan   N l -mde, 

sadac N l   raime mocemuli sididea da araa damokidebuli 

panelis h  sisqeze. SeiZleba CavTvaloT, rom firfitam unda 

gauZlos erTjerad   gadatvirTvas. firfitis xangamZleoba 

fasdeba formulebiT (2.13), (2.16), sadac unda aviRoT 

 

(2.19)  

(2.19) Tanafardobebi saSualebas gvaZlevs gavamartivoT 

(2.13) formula, Tu ganvixilavT mis marjvena nawils, rogorc h  

parametrze damokidebul integrals. movaxdinoT   n ∗ -is 

diferencireba   h-iT, gamoviyenoT Tanafardoba 

 

da nawilobiTi integrebis xerxi, miviRebT: 
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       (2.20) 

 

   rogorc adre, CavTvaloT, rom bl 0 /K 2
c <<1, miviRebT n • (h)-is 

gansazRvrisaTvis Semdeg diferencialur gantolebas: 

=∗

dn
dn

h
n∗2 +

0
42

32
lNa

h

lπ ⎥
⎦

⎤
⎢
⎣

⎡
+ 2

2

2)(
c

c K
dh
Kdh .                                                     (2.21) 

radgan liTonuri masalebisaTvis hK c (h) monotonurad 

zrdadi funqciaa, meore Sesakrebi ki dadebiTi, amitom 

firfitis xangamZleoba misi sisqis zrdadi funqciaa. 

(2.21) gantolebis amoxsniT n ∗ =0  da 0ll =   sawyisi pirobebiT 

an h ,)( 2
0

22 NlhKc π=  miviRebT Semdeg formulas: 

                                 n ∗ = 4
0

2

24 )(2

l

c

Nla
hKh

π
.1 0
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

cl
l                                               (2.22) 

advili SesamCnevia, rom (2.22) formula samarTliania ara 

mxolod P 0min=  ciklisaTvis, aramed im SemTxvevisTvisac, roca 

P min <0. ukanasknel SemTxvevaSi saWiroa formalurad CavTvaloT, 

rom P 0min= . 

amgvarad, firfitis optimaluri sisqe mocemuli cikluri 

Zalis SemTxvevaSi ganisazRvreba raime damatebiTi SezRudviT 

firfitis sisqeze. magaliTad, magaliTad, Tu mTel firfitaze 

gavrcelebuli SezRudvidan gamomdinareobs rom h≤h 0 , maSin 

mocemuli ganxilva gviCvenebs, rom xangamZleobis 

TvalsazrisiT optimaluri sisqe mocemuli cikluri Zalisa 

iqneba h ∗ . 
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2.6. bzarebi naxevarsibrtyeSi sasazRvro amonaWeriT, 

xvrelebiT an SverilebiT. 

   sasazRvro mrudwiruli amonaWeri mis konturze gamavali 

bzariT. vTqvaT, naxevarsibrtye Sesustebulia sasazRvro 

naxevradelifsuri amonaWeriT, romlis konturze mis wveroSi 

gamodis wrfivi bzari. naxevarsibrtye usasrulobaSi iWimeba P  

 

 

ZalebiT, xolo misi sazRvari, amonaWeris da bzaris napirebi 

Tavisufalia datvirTvisagan (nax. 2.41). naSromSi [31] es amocana 

amoxsnilia masuri Zalebis meTodiT. Zabvebis intensivobis 

koeficientis mniSvnelobebis K1(K11 =0 ) ricxviTi monacemebi 

aris agreTve [78, 79] naSromebSi. calkea Seswavlili [85] 

naxevradwriuli amonaWeris SemTxveva (a=b), romelic gamodis 

mis sazRvarze. 

Z.i.k.-is mniSvnelobebi miRebulia masuri Zalebis meTodiT 

im SemTxvevaSi, roca ganixileba naxevarsibrtye wveroSi   

radiusiT damrgvalebuli samkuTxa amonaWeriT, romlidanac 

gamodis bzari (nax. 2.42)  [34]. 

nebismieri formis simetriuli gluvi sasazRvro 

amonaWeris wverodan simetriulad gamomavali bzarisaTvis Z.i.k. 

gansazRvrisaTvis naSromSi [81] mocemulia formula: 
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 (2.23) 

sadac s= ),/( lbl +  0α  _ Zabvebis koncentraciis koeficientia 

amonaWeris wveroSi, roca bzari ar aris. (2.12) formula mcire 

( l<<) da didi ( l>>b) sigrZis bzarebisaTvis eTanxmeba Z.i.k. 

asimptotur mniSvnelobebs  

 

xolo saSualo sigrZis bzarisaTvis fardobiTi cdomileba ar 

aRemateba 1,5%. Zabvebis koncentraciis koeficientisaTvis 

SemoTavazebulia aseve formula [81] 

romlis fardobiTi cdomileba naklebia 1%-ze. 

bzaris wveroSi Z.i.k. gansazRvris ramdenime miaxloebiTi 

formula, im SemTxvevisaTvis, roca bzari gamodis sasazRvro 

amonaWeridan, mocemul naSromSi [82], [83]. 

bzari, romelic gamodis naxevarsibrtyis sazRvarze 

mdebare samkuTxa CanaWeridan. 

vTqvaT, naxevarsibrtye Seicavs sasazRvro samkuTxa 

CanaWers, romlis wverodan simetriulad gamodis bzari. 

naxevarsibrtye iWimeba usasrulobaSi, xolo misi sazRvari,  

CanaWeris sazRvari da bzaris napirebi Tavisufalia (nax. 2.43).  

Z.i.k. ricxviTi mniSvnelobebi mocemulia naSromebSi [11, 85]. 

samkuTxa CanaWeris gamomavali bzaris orientaciis zogadi 

SemTxveva, ganxilulia agreTve [11] naSromSi. 
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bzari, romelic gamodis naxevarsibrtyis sazRvarze mdebari 

kvadratuli CanaWeris wverodan. naxevarsibrtye Seicavs 

sasazRvro kvadratul amonaWers, romlis kuTxis wverodan 

gamodis bzari. naxevarsibrtye iWimeba usasrulobaSi P 

ZabvebiT, xolo misi sazRvari, amonaWeris sazRvari da bzaris 

napirebi Tavisufalia datvirTvisagan (na. 2.34). qvemoT 

mocemulia Z.i.k.-is mniSvnelobebi  K1 /p )( lb +π =F1 da  

K11 /p )( lb +π =F11 , romlebic miRebulia naSromSi [11] 

mimdevrobiTi miaxloebis meTodiT: 

 

 

 

sasazRvro mrudwiruli amonaWeri konturze dabrunebis 

wertiliT. vTqvaT, sxeulis are aris naxevarsibrtye maxvili 
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sasazRvro CanaWeriT (nax. 2.45). sxeulis sazRvars parametruli 

xoy  dekartis marTkurTxa koordinatTa sistemaSi aqvs saxe: 

drekadobis Teoriis ZiriTadi sasazRvro amonacebi aseTi 

arisaTvis SeiZleba zustad iyos amoxsnili konformuli 

asaxvis meTodiT. Tu sazRvari Tavisufalia datvirTvebisagan, 

xolo usasrulobaSi moqmedebs gamWimavi Zalebi (ix. nax. 2.45, 

Q=X=Y=0), maSin Z.i.k. ganisazRvrebian formulebiT [86, 87] 

         K1 =(3 4/2 p aπ ,    K11 =0. 

rodesac CanaWeris sazRvris simetriul wertilebSi 

modebulia ori normaluri gamWimavi Seyursuli Zala Q  (ix. 

nax. 2.45; P=X=Y=0),  maSin Z.i.k. tolia [87]: 

 

rodesac sxeulis nebismier z 0 =x 0 +iy 0    wertilSi moqmedebs 

Seyursuli Zala X  da Y   gegmilebiT  (ix. nax. 3.45), maSin 

Z.i.k. mocemulia gamosaxulebiT [88]: 

sadac  



 84

amasTan 0
2

0
2
0 /36 zaiazz +− →1,  roca 0z ∞→ . 

 

 

urTierTqmedeba sasazRvro wrfiv bzarsa da wriul 

naxvrets Soris. 

vTqvaT, naxevarsibrtyeSi, romelic iWimeba usasrulobaSi, 

aris nebismierad orientirebuli sasazRvro bzari da wriuli 

naxvreti (nax. 2.46), roca 2/πα =  da  naxvretis centri imyofeba 

bzaris wirze. naxevarsibrtyis sazRvari, bzaris napirebi da 

xvrelis konturi Tavisufalia datvirTvisagan.  

Z.i.k.-is monacemebi elifsuri xvrelisa da wrfivi bzaris 

SemTxvevaSi, rodesac bzari naxevarsibrtyis sazRvridan 

gamodis marTi kuTxiT, mocemulia agreTve naSromSi [78]. 

im SemTxvevaSi, roca bzari gamodis naxevrsibrtyidan 

marTi kuTxiT da wriuli xvrelis centri ar mdebareobs 

bzaris wirze (nax. 2.47) amocana amoxsnilia naSromSi [91] 

singularuli integraluri 

gantolebebis meTodiT.  

 urTierTqmedeba naxevarsibrtyeSi 

mdebare naxevradelifsuri sasazRvro 

CanaWerisa da Siga bzars Soris. 



 85

naxevarsibrtye sasazRvro naxevradelifsuri CanaWeriT da 

simetriis RerZze mdebare Siga bzariT, iWimeba usasrulobaSi  

P  ZalebiT. naxevarsibrtyis sazRvari, amonaWeris sazRvari da 

bzaris napirebi Tavisufalia datvirTvisagan (nax. 2.48). Z.i.k. 

K1(K11 =0) mniSvnelobebi miRebulia masuri Zalebis meTodiT [31, 

78] naSromebSi. 

urTierTqmedeba naxevarsibrtyeSi mdebare Siga wrfiv 

bzars da wriul xvrels Soris. 

vTqvaT, naxevarsibrtye Sesustebulia wriuli xvreliT da 

nebismieri orientaciis wrfivi Siga bzariT. is da xvrelis 

centrebi mdebareoben naxevarsibrtyis sazRvris marTob 

wrfeze. naxevarsibrtye iWimeba usasrulobaSi, xolo misi 

sazRvari, bzaris napirebi da xvrelis konturi Tavisufalia 

datvirTvisagan. (nax. 2.49 a). amocana amoxsnilia singularul 

integraluri gantolebebis meTodiT naSromSi [90]. Sedegebi 

mocemulia nax. 2.49, b, g. 
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 xvrelebis da bzarebis perioduli sistema naxevarsibrtyeSi. 

naxevarsibrtye, romelic iWimeba  usasrulobaSi, Seicavs 

wriuli xvrelebisa da nebismierad orientirebuli Siga 

wrfivi bzarebis periodul sistemas.  

bzarebis da xvrelebis centrebi mdebareoben naxevarsibrtyis 

sazRvris marTob wrfeze. bzarebis napirebi, xvrelebis  
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konturebi da naxevarsibrtyis sazRvari 

Tavisufalia datvirTvisagan (nax. 2.50 a) 

 

Z.i.k. damokidebuleba bzaris 

orientaciis α  kuTxeze, romelic 

miRebulia singularuli integraluri 

gantolebis meTodiT naSromSi [92], mocemulia nax. 2.50 b, g, d. 

 

bzari, romelic gamodis kuTxis wverodan 

naxevarsibrtyeSi safexuriT. 

vTqvaT, naxevarsibrtyeSi, romelSic aris safexuri da 

misi sazRvris marTobulad kuTxis wverodan gamomavali 

sasazRvro bzari iWimeba usasrulobaSi P  ZalebiT. 

naxevarsibrtyis sazRvari da bzaris napirebi Tavisufalia 

datvirTvisagan (nax. 2.51).  

 

                  2.7. meore Tavis daskvnebi 

  1. gaanalizebulia bzariani firfitebi brtyeli daZabuli 

mdgomareobisas. 

  2. gaanalizebulia firfitis daZabul-deformirebuli 

mdgomareoba sasazRvro bzaris, sxvadasxva konfiguraciis Siga 

bzarebze, sasazRvro amonaWerze, xvrelebiTa da SverilebiT. 
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Tavi III. drekad-plastikuri firfitebisa da 
         garsebis zidvis unaris dadgena 

 
sainJinro TvalsazrisiT konstruqciis zRvruli 

mdgomareoba xasiaTdeba misi Tavdapirveli zomebisa da formis 

imdenad mniSvnelovani cvlilebebiT, rom konstruqciis 

Semdgomi eqspluatacia SeuZlebeli xdeba. cxadia, rom am 

mdgomareobis miRwevamde mniSvnelovnad adre konstruqciaSi 

ukve arsebobs calkeuli daqsaqsuli plastikuri areebi, 

romelTa gavlena jer kidev umniSvneloa da konstruqcia 

kvlavac SegviZlia CavTvaloT xistad. magram datvirTvis 

zrdasTan erTad iwyeba plastikuri areebis gafarToeba da 

bolos, rodesac gare Zalebi miaRweven garkveul `zRvrul 

mniSvnelobas~, romelsac konstruqciis zidvis unars 

uwodeben, konstruqcia `miedineba mTlianad~, rac aRiniSneba 

deformaciaTa siCqareebis ganusazRvreli zrdiT. 

moaxloebuli rRvevis pirobebSi plastikuri deformacia 

sagrZnoblad aRemateba drekads, ris gamoc es ukanaskneli 

SeiZleba saerTod ugulebelvyoT. amgvari ganmartebis Sedegad 

vRebulobT realuri deformadi tanis idealur plastikur-

xist models (nax. 3.1). swored es modeli gamoyenebulia zidvis 

unaris gansazRvris dros. 

 

 

 

 

 
 

nax. 3.1 
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erTRerZa daZabuli mdgomareobiT plastikuri 

deformaciis warmoqmna ganpirobebulia saTanado Zabvis mier 

masalis denadobis −sσ zRvruli mniSvnelobis miRweviT. 

filebsa da damrec garsebSi, plastikuri deformaciebis 

warmoqmna xorcieldeba xxσ , yyσ , normaluri da yx ,σ  mxebi 

Zabvebis saSualebiT. 

piroba, romelsac unda akmayofilebdnen Zabvebi 

deformadi myari tanis raime wertilSi imisaTvis, rom masSi 

warmoiqmnas plastikuri deformacia, cnobilia plastikurobis 

anu denadobis pirobis saxelwodebiT. arsebobs denadobis 

ramdenime piroba rTuli daZabuli mdgomareobis 

SemTxvevisaTvis. erT-erTi maTgani, Tanac SeiZleba iTqvas 

yvelaze martivi, cnobilia huber-mizesis pirobis 

saxelwodebiT, romelsac brtyeli daZabuli mdgomareobis 

pirobebSi aqvs Semdegi saxe [55] 

01),,()( 2

2

2

2

2

2

=−+−==
s

xy

sy

yy

sysx

yyxx

xy

xx
xyyyxxq ff

τ
σ

σ
σ

σσ
σσ

σ
σσσσσ            (3.1) 

sadac −sτ masalis denadobis zRvaria Zvris dros, sxσ , 

−xyσ denadobis zRvarTa mniSvnelobebi gaWimvisas Sesabamisad x 

da y RerZebis mimarTulebiT. 

roca 0)( <qf σ , masala miCneulia aradeformadad, xolo 

roca 0)( =qf σ , masala amJRavnebs denadobis Tvisebas. 

mxolod denadobis pirobis safuZvelze, SeuZlebelia 

plastikur-xisti tanebis meqanikuri mdgomareobis metnaklebad 

sruli daxasiaTeba. unda vicodeT agreTve dinebis Tanmxlebi 

kanonic. es ukanaskneli Cveulebrivad gulismobs denadobis 

),,( xyyyxxf σσσ  funqciaTan gaigivebuli plastikuri potencialis 

arsebobas. 
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amrigad  nagulisxmebia Semdegi tolobebis 

samarTlianoba 

xx
x

f
σ

λε
∂
∂

=& ; 
yy

y

f
σ

λε
∂
∂

=& ;  
xy

f
σ

λω
∂
∂

=&                   (3.2) 

sadac xε&, yε& da ω& aRniSnaven saTanado deformaciaTa 

siCqareebs, −λ ki, romelsac plastikurobis koeficients 

uwodeben, ganisazRvreba formuliT: 

        ( ) +
⋅

+⎢⎣
⎡ ⋅+⋅⋅⋅+⋅=

43
1 22

2222 ωτεσεεσσεσλ
&

&&& s
ysyyxsysxxxx  
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2
21
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2

4836 ⎥
⎦

⎤
⋅⋅+⋅+⋅+ χτχσχχσσχσ s

sysysxsx

h &&&& .               (3.3) 

damreci ormagi simrudis garsis SemTxvevaSi Sua 

zedapiris deformaciebis siCqareebis ganmsazRvreli 

parametrebi gamoiTvlebian formulebiT: 
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xyx

V
x
V

Ry
U

R ∂∂
∂

+
∂
∂

+
∂
∂

=
ωχ
&&& 2

21

211
. 

sainJinro nagebobaTa zidvis unaris gansazRvra 

warmoadgens samSeneblo meqanikis erT-erT ZiriTad amocanas. 

igi sakmaod rTuli da xSirad praqtikulad 

ganuxorcielebelia. amitomacaa, rom am mimarTulebiT 

damuSavebulia mravali gonebamaxviluri meTodi, romlebic 

misaReb farglebSi sakmaod amartiveben dasmuli amocanis 

gadawyvetas. erT-erTi aseTi meTodi damuSavebulia m. 

miqelaZis mier, romelic exeba nagebobis zidvis unaris 

ormxriv Sefasebas [55, 56]. am meTodis mixedviT Tu aRvniSnavT 
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sP -iT zRvruli datvirTvis intensivobis statikurad dasaSveb 

mniSvnelobas, xolo kP -Ti ki zRvruli datvirTvis 

intensivobis kinematikurad dasaSveb mniSvnelobas, maSin 

zRvruli datvirTvis WeSmariti P mniSvneloba statikurad 

dasaSvebi intensivobis udidesi da kinematikurad dasaSvebi 

umciresi mniSvnelobis tolia kst. PPP ≤≤ . [54]-is mixedviT 

garsis zidvis unari zevidan Caiwereba Semdegi saxiT 
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aris firfitis zidvis unari, romlis zomebi emTxveva garsiT 

gadaxuruli farTis geometriul zomebs. 

zidvis unari qvemodan ganisazRvreba formuliT   

2
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2
2

2

21
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3
2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++>

RRRR
hP sysysxsx

σσσσ
.                     (3.7) 

Txeli filebis drekad-plastikuri wonasworobis 

Seswavla daviwyoT idealuri konstruqciis fenovani filebis 

magaliTze. aseTi konstruqcia Sedgeba erTnairi ganapira muSa 

fenebisa da Sualeduri msubuqi Semvsebisagan (nax. 3.2). 

Semvsebis sisqis Sesaxeb igulisxmeba, rom igi sagrZnoblad 

aRemateba muSa fenebis sisqes: 

δ>>Δ , 11≈+
Δ
δ

. 

igulisxmeba, rom filis Sua sibrtyis paralelurad 

moqmedi Zabvebi ),,( yxxyyyxx σσσσ =  gadaecema muSa fenebs, xolo 
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ganivi Zalebi ki Semvsebs. analogiuri xasiaTis daSvebani 

safuZvlad udevs idealuri irtesebri kveTis koWebis 

Teoriasac (nax. 3.3). 

muSa fenebis simciris gamo damokidebuleba Zabvebsa da 

momentebs Soris gamoisaxeba Semdegi formulebis saxiT: 

Δ
±=
δ

σ x
xx

M
, 

Δ
±=
δ

σ y
yy

M
, 

Δ
±=
δ

σ xy
xy

M
,              (3.8) 

sadac `+~ niSani zeda fenas Seesabameba, `_~ - ki qvedas. 

 

 

 

 

 

 

 

        nax. 3.2.                     

                            nax. 3.2 

 
 

 

3.1. elifsuri filis zidvis unaris Sefaseba 

 
ganvixiloT konturiT Tavisuflad dayrdnobili 

orTotropuli elifsuri fila (nax. 3.4), romelic ganicdis 

Tanabrad ganawilebuli datvirTvis qmedebas. filis CaRunvaTa 

siCqareebis kinematikurad dasaSvebi veli miviRoT Semdegi 

formulis  mixedviT: 

⎟
⎠

⎞
⎜
⎝

⎛ −−=−
2

2

2

2

0
* 1

b
y

a
xww && , 

sadac 0w& ganuzRvreli mudmivi sididea. 

 

Δ

δ

h

 

δ
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nax. 3.3 

ramdenadac 
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filis zidvis unaris zeda zRvari (3.5) da (3.7) 

formulebis safuZvelze iqneba: 
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radgan elifsis farTobi da misi inerciis momentebi x da y 

RerZebis mimarT Sesabamisad tolia: 

abF π= , 
4

3
2 abdFyI

F
x
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== ∫ , 

4
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2 badFxI
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== ∫ . 

qveda zRvaris dadgenis mizniT davuSvaT, rom 

⎟⎟
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−==
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)(2 b

y
y
x

ba
bpaIMM s

yx  da 0=xyM , 

Tanac mRunavi momentebisgan moviTxovoT denadobis pirobis 

dakmayofileba maqsimalurad daZabul wertilSi: 0=x , 0=y . 

(3.5) pirobis Sesabamisad gveqneba: 
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miRebuli formulebis safuZvelze 
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3.2. wriuli filebis zidvis unari 

magaliTis saxiT ganvixiloT konturiT )( ar =  

Tavisuflad dayrdnobili, izotropuli ( )sssr σσσ ϕ ==  wriuli 

fila, romelic ganicdis Tanabrad ganawilebuli datvirTvis 

qmedebas ]),([ prq =ϕ . 

CaRunvaTa siCqareebis kinematikurad dasaSvebi veli 

miviRoT Semdegi formulis saxiT: 

)( 22
0

* raww −= & . 

Sesabamisad  

00 412
3

2 wwD s
s && σδσδ

Δ=
Δ

= . 

filis zidvis unaris zeda zRvari (3.5) formulis 

safuZvelze iqneba: 

Δ=
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Δ
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πσδσδ
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mRunavi momentebis statikurad dasaSvebi velis agebis mizniT 

gavaanalizoT (3.7), roca sssr σσσ ϕ ==  (nax. 3.5). ramdenadac orive 

mRunav moments erTnairi niSani aqvs, filis daZabul 

mdgomareobas Seesabameba elifsis mxolod is nawili, 

romelic aris pirvel kvadrantSi ,0( >rM  )0>ϕM . meti 

konkretulobisaTvis vigulisxmoT, rom datvirTvis 

mimarTuleba emTxveva z-RerZis dadebiT mimarTulebas, ris 

gamoc orive mRunavi momenti dadebiTia. amrigad, saqme gvaqvs 

elifsis nawilTan, romelic pirvel kvadrantSia moTavsebuli. 
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ufro detaluri analizi gviCvenebs, rom filaSi aRZruli 

mRunavi momentebis mniSvnelobebi warmodgenilia wertilTan 

erTobliobiT, romelic naxazze elifsis AB rkals  ekuTvnis 

(nax. 3.5). am  rkalis A wertili B(1.1) filis  centrs 

Seesabameba. rac Seexeba BA wertils, igi Seesabameba filis 

saxsrulad damagrebul konturs )( ar = , sadac rM  momenti 

nulis tolia. ramdenadac r-koordinatis zrda aRiniSneba 

radialuri mRunavi momentis klebiT, amdenad cxadia, rom AB 

rkalis raime wertili gamosaxavs filis Sualeduri wertilis 

)0( ar <<  daZabul mdgomareobas. 

 
nax. 3.4 

rogorc es naxazidan Cans, elifsis rkali ABAB, 

praqtikuli miznebisTvis sakmarisi sizustiT SeiZleba 

Seicvalos misi momWimavi qordiT, romlis gaswvrivac 1=
Δδσ
ϕ

s

M
 

(nax. 3.5) plastikur-xisti analizis TvalsazrisiT rkalidan 

qordaze gadasvla moaswavebs mRunavi momentebis WeSmariti 

velis Secvlas statikurad dasaSvebi veliT. marTlac, ori 

ganapira wertilis garda, romlebic erTdroulad zRvrul 

wirsac ekuTvnian, qordis yvela danarCeni am wiris SigniT 

mdebareobs, rogorc amas adgili unda hqondes radialuri da 
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rgoluri mRunavi momentebis uxifaTo kombinaciis SemTxvevaSi 

]1),([ <ϕMMF r  . 

sxvaTaSoris, elifsuri filisaTvis miRebuli formula 

wriuli, izotropuli filis SemTxvevaSi ( ba = , ssysx σσσ == ) 

gvaZlevs zidvis unaris zeda zRvaris imave mniSvnelobas, 

rasac axlaxan gamoyvanili formula (3.9). es gasagebicaa, 

vinaidan elifsuri filis CaRunvaTa siCqareebis kinematikurad 

dasaSvebi veli, imis gaTvaliswinebiT, rom wrisTvis ba =  da 

222 ryx =+ , emTxveva wriuli filisaTvis miRebul vels. 

igive amocana, e.i. Tanabrad datvirTuli wriuli filis 

zidvis unari, axla SeviswavloT treska-sen-venanis denadobis 

pirobisa da mis Tanmxlebi plastikuri dinebis kanonis 

safuZvelze. saTanado zRvruli damokidebuleba radialursa 

da rgolur mRunav momentebs Soris geometriuli 

TvalsazrisiT iqneba igive, rac mTavari normaluri 

ZabvebisTvis gvqonda. 

Sesabamisad, 

1 max ≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

Δ
−

Δ δσδσ
ϕ

ss

r
MM

.                       (3.10) 

ramdenadac orive mRunavi momenti dadebiTia, wriuli 

filis daZabul mdgomareobas Seesabameba zRvruli 

eqvskuTxedis (nax. 3.6) is nawili, romelic pirvel kvadrantSia 

moTavsebuli.  
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nax. 3.5 

kerZod, eqvskuTxedis AB gverdiT gaTvaliswinebuli 

reJimi. am gverdis A Bwertili Seesabameba filis mdgomareobas 

centrSi, B wertili ki gamoxatavs wriul konturze Seqmnil 

viTarebas. saTanado amonaxsni zRvruli datvirTvisaTvis 

faqtiurad ukve napovni gvaqvs; igi emTxveva statikurad 

dasaSveb amonaxsns, romelic iyo agebuli mizesis pirobis 

gamoyenebiT. 

deformaciaTa siCqareebis Sesabamisi veli iqneba: 

0
2

2

=−=
dr

wder

&
& , 01

>−=
dr
wd

r
e &
&ϕ . 

aqedan gamomdinare, cxadia, rom filis CaRunvebis siCqare 

radiusis wrfiv funqcias warmoadgens, e.i. 

)(0 raww −= && . 

 
3.3. kvadratuli firfitis zidvis unari 

 
ganvixiloT izotropuli ( )ssysx σσσ ==  Tavisuflad 

dayrdnobili kvadratuli firfita, romelic ganicdis Tanabrad 

ganawilebuli datvirTvis moqmedebas. movaTavsoT koordinatTa 

saTave firfitis simZimis centrSi, x da y RerZebi ki 

mivmarToT misi gverdebis paralelurad (nax. 3.7). 
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nax. 3.6 

firfitis zidvis unaris zeda zRvaris dadgenis mizniT 

davuSvaT, rom misi Sua sibrtye deformaciis Sedegad 

Rebulobs kvadratuli piramidis moxazulobas. 

naTqvamis Sesabamisad, Tu filis gverdebis sigrZes 

aRvniSnavT 2a-Ti, CaRunvaTa siCqareebis kinematikurad 

dasaSvebi veli warmodgenili iqneba Semdegi formulebis 

erTobliobiT: 
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sadac c – raime mudmivia. 

imis gamo, rom 2

*2

x
w

∂
∂ &

, 
2

*2

y
w

∂
∂ &

 da 
yx

w
∂∂

∂ *2 &
 warmoebulebi nulis 

tolia oTxive areSi, igi mxolod imis maniSnebelia, rom 

piramidis maxvili wiboebi unda iyos ganxiluli rogorc 

faqtiurad momrgvalebuli wiboebis zRvruli SemTxveva (nax. 

3.8). 
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                             nax. 3.7 
 

amrigad, SesaZlo gadaadgilebaTa principis safuZvelze 

gare Zalebis mier Sesrulebuli muSaobis simZlavre unda 

gavutoliT im muSaobis simZlavres, romelic sruldeba 

wiboebis gayolebiT usasrulod viwro paralelogramisebri 

zolebis SigniT. 

simetriis safuZvelze, vinaidan TiToeuli zolisaTvis 

2

*2

x
w

∂
∂ &

=
2

*2

y
w

∂
∂ &

,  0
*2

=
∂∂

∂
yx

w&
. 

(3.7) mogvcems 

2

*2

2
x
wD s ∂

∂
Δ−=

&
δσ . 

meores mxriv, rogorc naxazidan Cans (nax. 3.8), θ -kuTxis 

simciris gamo 

x
w

dx
w

∂
∂

≈
∂
∂ *

2

*2 1 &&
, 

ramdenadac 

x
w

RRx
w

∂
∂

−≈≈−≈
∂
∂ *

2

*2 1  ,1 &&
θ . 

Sesabamisad, 
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x
w

d
D s

∂
∂Δ

−=
*2 &δσ
, 

an imis gaTvaliswinebiT, Tu risi tolia 
x

w
∂
∂ *&

 I areSi 

d
cD s Δ=

δσ2
. 

simetriis safuZvelze, oTxive wibos gayolebiT 

Sesrulebuli muSaobis sruli simZlavre, e.i. viwro 

paralelogramebiT SemosazRvruli areebis SigniT 

Sesrulebuli muSaobis simZlavre, iqneba 

Δ=⋅ δσ sacaDd 84 . 

gare Zalebis mier Sesrulebuli muSaobis simZlavre 

∫
F

k dFwpI *&  

warmoadgens zRvruli datvirTvis namravls kvadratuli 

piramidis moculobaze, rac 
3

4 2 aca ⋅
-is tolia. 

sabolood, muSaobaTa simZlavreebis gatoleba mogvcems 

2

6
a

pI s
k

Δ
=

δσ
. 

mgrexi da mRunavi momentebis statikurad dasaSvebi veli 

miviRoT Semdegi saxiT: 

0=xyM , )(
4

22 xapIM s
x −= , )(

4
22 yapIM s

y −= . 

(igi akmayofilebs sasazRvro pirobebs kvadratis gverdebze 

ax ±=( , ay ±= ) da wonasworobis gantolebas, roca )pIq s= . 

zidvis unaris qveda zRvars vipoviT, Tu denadobis 

pirobas (3.2) davwerT filis centrisTvis 0( =x , )0=y , romelic 

sxva oTx wertilTan erTad, saxeldobr, ax ±= , 0=y  da 0=x , 

ay ±= , warmoadgens maqsimalurad daZabul wertils, sadac 



 101

denadobis F  ( ,xM  yM , xyM ) funqcia (3.1) Rebulobs Tavis 

udides mniSvnelobas. 

naTqvamis Sesabamisad 

a
pI s

s

Δ
=

δσ4
 da 

2
3

=
s

k

I
I

. 

 
3.4. rkinabetonis filebis zidvis unari  

 
gamoviyenoT wina paragrafSi gadmocemuli zogadi Teoria 

rkinabetonis filebis zidvis unaris gansazRvris mizniT. 

davkmayofildeT Sua sibrtyis mimarT simetriulad 

armirebuli filebis ganxilviT, Tanac vigulisxmoT, rom 

armaturis orive bade SeiZleba iyos miCneuli δ  sisqis 

orTotropul mTlian fenebad, romlebsac gadaecemaT mxolod 

mRunavi momentebis qmedeba, rac Seexeba mgrex momentebsa da 

ganiv Zalebs, maTi aTviseba xdeba betonis mier. 

magaliTis saxiT ganvixiloT Tavisuflad dayrdnobili 

marTkuTxa fila, romelic ganicdis Tanabrad ganawilebuli p 

datvirTvis qmedebas. movaTavsoT koordinatTa saTave filis 

simZimis centrSi, x da y RerZebi ki mivmarToT misi gverdebis 

paralelurad. 

mRunavi momentebis statikurad dasaSvebi veli unda 

akmayofilebdes (wonasworobis, simtkicisa da damagrebis) 

Semdeg pirobebs: 

pI
y
M

yx
M

x
M

s
yxyx −=

∂
∂

+
∂∂

∂
+

∂
∂

2

22

2

2

2 , 

1
22

≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ δσδσδσδσ sy

y

sy

y

sx

x

sx

x
MMMM

, 

0),( =± yaM x , 0),( =±bxM y , 

sadac a da b aRniSnaven filis gverdebis naxevarsigrZeebs. 
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amasTanave, rogorc vxedavT, miRebuli daSvebis 

Sesabamisad, simtkicis pirobaSi gamotovebulia mgrexi 

momentis Semcveli wevri. 

0=xyM , )(
4

22 xapIM s
x −= , )(

4
22 ybpIM s

y −= . 

Sesabamisad 

2
2

2
2 1

4

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−

Δ
=

a
b

a
ba

pI sx
s

μμ

σδ
,

sy

sx

σ
σμ = . 

axla movnaxoT kinematikurad dasaSvebi amonaxseni. 

CaRunvaTa siCqareebis veli miviRoT Semdegi formulis 

mixedviT 

b
y

a
xww

2
cos

2
cos0

* ππ&& = . 

Sesabamisad, 

*
22

02

*2

22
cos

2
cos

2
w

ab
y

a
x

a
w

x
w &&
&

⎟
⎠
⎞

⎜
⎝
⎛−=⎟

⎠
⎞

⎜
⎝
⎛−≈

∂
∂ ππππ

, 

*
22

02

*2

22
cos

2
cos

2
w

bb
y

a
x

b
w

y
w &&
&

⎟
⎠
⎞

⎜
⎝
⎛−=⎟

⎠
⎞

⎜
⎝
⎛−≈

∂
∂ ππππ

. 

ramdenadac armirebuli fenebis grexis SesaZlebloba 

Tavidanve gamovricxeT, meqanikuri energiis disipaciis siCqare 

(3.7)-is safuZvelze gamoiTvleba formuliT, sadac 

gamotovebulia grexis efeqtis amsaxveli wevri, e.i. 

=
⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

⎢
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

Δ=

212

2

*2
2

2

*2

2

*22

2

*2
2*

3
12

y
w

y
w

x
w

x
wD sysysxsx

&&&&
σσσσδ  

*

214
2

224

22223
2 ωπμππμπσδ

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛Δ

=
bbaa

sx . 

aqedan gamomdinare, (3.8) formulis safuZvelze gveqneba: 

2

4222

32
)/()/(1

a
baba

pI sx
k

μμσδπ ++Δ
= . 
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Sesabamisad 

422

4222

)/()/(138
)/()/(1
baba

baba
I
I

s

k

μμ
μμπ
+−

++
= . 

Tanabradarmirebuli (e.i. izotropuli) kvadratuli filis 

SemTxvevaSi ⎟
⎠
⎞

⎜
⎝
⎛ == 1μ

b
a

 vRebulobT: 

23,1
8

2

≈=
π

s

k

I
I

. 

axla igive formulebi warmovadginoT rkinabetonis 

filebisTvis damaxasiaTebeli parametrebis SemweobiT. 

TiToeuli RerZis mimarTulebiT plastikuri dinebis 

ganxilvis safuZvelze, SegviZlia davamyaroT Semdegi saxis 

damokidebulebani 

sjjsj fn σδσ =  ),( yxj = , 

sadac ),( yxjn j =  aRniSnavs sigrZis erTeulze mosuli 

armaturis Reroebis ricxvs, jf ),( yxj = - Reros ganivkveTis 

farTobs, xolo −sσ armaturis foladis denadobis zRvars, 

Sesabamisad, 

yy

xx

fn
fn

=μ . 

rac Seexeba zRvruli datvirTvis intensivobis statikurad da 

kinematikurad dasaSveb mniSvnelobebs, maTi ganmsazRvreli 

formulebi `rkinabetonis terminebis~ gamoyenebiT ase 

gamoiyureba: 

,

 1

4
422

2 ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

ΔΔ
=

a
b

fn
fn

a
b

fn
fna

fnpI

yy

xx

yy

xx

sxx
s

σ
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2

422
2

32

 1

a

a
b

fn
fn

a
b

fn
fnfn

pI yy

xx

yy

xx
sxx

s

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−ΔΔ

=

σπ

, 

sadac Δ  kvlavindeburad aRniSnavs Semvsebis sisqes, e.i. 

betonis Sris sisqes. 

   firfitebis zidvis unaris dakargva SesaZlebelia 

davukavSiroT aseve kritikuli datvirTvis moqmedebas, romlis 

drosac irRveva drekadi wonasworobis mdgradoba. 

organzomilebiani  firfitebis kumSvisas Sua zedapiris 

sibrtyeSi moqmedi ZalebiT kritikuli Zalis gansazRvris 

meTodika ganxilulia [*] CexeTi naSromSi. 

 
3.5. Txelkedliani sivrciTi konstruqciebis 

modelirebis Tavisebureba 
 

Txelkedlian sivrciT konstruqciebs gansakuTrebuli 

yuradReba eTmobaT, radgan isini warmoadgenen Cveulebriv 

struqturulad araerTgvarovani sistemis safuZvels. aseTi 

konstruqciebi SedarebiT maRali denadobis gamo (metnaklebad 

damyolebi arian vibraciuli zemoqmedebis dros) gansakuTrebiT 

saWiroeben specialur efeqtur saSualebebs, romlebic iwveven 

sixistis gazrdas, amasTan Seswevs unari STanTqos vibro da 

bgeriTi gamosxivebani. firfitovani da garsuli struqturebis 

modelirebisas dinamikuri analizis utyuaroba damokidebulia 

imaze, Tu ramdenad Seesabamebian modelis inerciuli da 

disipaciuri sixistis parametrebi konstruqciis realur 

fizikur-meqanikur maxasiaTeblebs. 

garsebis analizi – samSeneblo meqanikis erT-erTi 

urTulesi problemaa. didi xnis ganmavlobaSi Txelkedliani 

konstruqciebis analizisas gvxvdeba miaxloebiTi analizuri 
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gadawyvetilebebis gamoyeneba. sem-ma mogvca saSualeba agvego 

aseTi struqturebis dazustebuli angariSis algoriTmi. 

garsiTi konstruqciebis kvlevis SesaZleblobani sem-iT 

praqtikulad amouwuravia, radgan ar arseboben problemebi, 

dakavSirebulni xvrelebis arsebobasTan, cvalebad sisqesTan, 

anizotripiasTan. magram aqac gvaqvs saqme seriozul 

winaaRmdegobebTan. dm-s aRwerisaTvis garsSi saWiroa 

aRvweroT rogorc membranuli deformacia, aseve garsis 

zedapiris simrude. pirveli analogiuria deformaciisa 

samganzomilebian kontiniumSi, xolo simrudis cvalebadoba 

xasiaTdeba normaluri gadaadgilebis meore warmoebuliT da 

Tu brtyeli sistemis gamokvlevisas membranuli da mRunavi 

deformaciebi SeiZleba ganxiluli iqnas erTmaneTis 

damoukideblad, maSin garsebSi zedapiris mrudwirulobis 

gamo, isini urTierTdakavSirebulni arian da unda 

ganisazRvros erTdroulad mRunavi da brtyeli daZabuli 

elementebis Tviseba superpoziciis daxmarebiT. 

gadaadgilebisa da Zalis didi gradientebis gaTvaliswineba 

sakmaod Znelia Camagrebis maxloblobaSi, agreTve iq, sadac 

mkveTrad icvleba simrude, sixiste, anda darRveulia 

datvirTvis uwyvetoba. 

pirveli garsuli se-s SeqmnisTanave iyo aRniSnuli 

sirTuleebis Sesaxeb, deformirebadi Txelkedliani 

konstruqciebis amocanis gadawyvetis gzaze, gamowveuli 

krebadobis pirobebis Sesrulebis aucileblobiT. aseTi 

aproqsimaciis ageba Zalze gaZnelebulia brtyeli se-Tvis, 

xolo Tavisufali formis garsebisaTvis TiTqmis 

gadauwyvetel problemad iTvleba. kirxhof-liavis Teoriis 

bazaze agebulia firfitebisaTvis se, magram yvela maT aqvT 
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aproqsimaciis maRali rigi, romelnic amasTan Seicaven 

arasrul polinomebs, xolo arasruli polinomebis gamoyeneba 

ar iZleva saSualebas gamoviyenoT izoparametruli midgoma. 

firfitebisa da garsebis CaRunvisas pirveli warmoebulis 

uwyvetoba kvanZebSi ar iZleva uwyvetobis garantias kvanZebs 

Soris SualedSi. amasTan dakavSirebiT problema erToblivi 

se-s agebisa kidev ufro Zlierdeba da amis gamo firfitebisa 

da garsebis angariSisas Seqmnil iqna se-Ta mTeli simravle, 

dafuZnebuli araerTobliv aproqsimaciaze [47, 41]. 

amgvarad, garsebis deformadobis sakiTxis Sesaswavlad, 

sem-iT klasikuri Teoria naklebad gamosadegia. klasikuri 

Teoria iqna Seqmnili drekadobis Teoriis samganzomilebiani 

amocanebis organzomilebianze dayvanis gziT [5, 6, 16, 18, 22, 33, 

37, 71, 93, 114] da Cveulebrivad aigeba rogorc drekadobis 

Teoriis samganzomilebiani amocanis zRvruli SemTxveva, 

rodesac gamosakvlevi are Ω xdeba Zalian Txeli erTi 

mimarTulebiT. zRvruli gadasvlis Sedegad potencialuri 

energiis funqcionalSi SemoiReba w ganivi gadaadgilebis 

meore warmoebuli. aseTi disproporcia grZivi a, x da w ganivi 

gadaadgilebis aRwerisas – samganzomilebiani amocanis 

organzomilebianad dayvanis Taviseburi asaxvaa. amave dros 

unda gvaxsovdes, rom firfitebisa da garsebis klasikur 

TeoriaSi, organzomilebianze dayvana miRwevadia mxolod 

kirxhof-liaves hipoTezis SemoRebis Semdeg, es 

gadawyvetilebani klasikuri Teoriis safuZvelze 

samarTliania mxolod maSin, roca samarTliania es daSvebani. 

Txeli garsebis klasikur Teorias Tan axlavs rigi 

winaaRmdegobanic. 
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aseTi midgomisas funqcionalis minimizirebis 

gamosaxulebaSi imyofebian saZiebeli CaRunvis funqciis meore 

warmoebulebi. e.i. zedapiris simrudis cvalebadoba 

damokidebulia uSualod deformaciis velTan. aqedan 

gamomdinare variaciuli amocanis mTavari zRvruli pirobebi 

iqneba CaRunva da misi pirveli warmoebuli, romelic unda 

iyos uwyveti se-s Sualedur sazRvrebSi, romelic praqtikaSi 

sazogadod ararealizebadia. 

klasikuri Teoriis uaryofiTobebs mivyevarT iqamde, rom 

uamrav amocanaTa klasSi: garsebisa da araerTgvarovani 

firfitebis angariSSi koncentratorebis Tanxlebisas, 

lokaluri datvirTvebisas da gansakuTrebiT dinamikis 

amocanebisas, igi ar iZleva utyuari Sedegebis miRebis garantias 

[63]. 

efeqturobis TvalsazrisiT garsebis deformirebis 

amocanebis amoxsna, samganzomilebiani amocanis dayvanisas 

organzomilebianze, aucilebelia avagoT araumetes pirveli 

rigis warmoebulis garsTa Teoriis bazaze. metwilad 

gavrcelebuli Teoria, romelTa funqcionalebic 

gadaadgilebis pirvel warmoebulebs Seicaven, aris Teoria 

damoukidebeli normalis mobrunebis Sesaxeb. klasikuri 

Teoriis dazustebis realizacia xdeba ganivi gadaadgilebis 

deformaciis fardobiTobis CarTvis xarjze. es hipoTeza 

pirvelad Camoyalibebuli iyo s.p. timoSenkos [71], da 

gavrcelebuli iqna e. reisneris mier firfitebsa da garsebze 

[114] im gansxvavebiT, rom ZiriTadi cvladebis rangSi 

sanacvlod gamoiyeneba Zabvebi. timoSenkos TeoriaSi, 

gadaadgilebis wrfivi aproqsimacia sisqeSi bevrad ufro 

amsubuqebs SeTanxmebuli funqciis formebis proceduris 
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miRebas. Sedegad aRiniSneba se-is modelebis arseboba, 

romelic mdgomareobiT Sualeduria klasikur Teoriasa da 

timoSenkos Teorias Soris, romelTa safuZveli `kirxhofis 

diskretuli hipoTezaa~, roca kirxhof-liavis hipoTezis 

moTxovna sruldeba mxolod kvanZebSi, se-s sxva danarCen 

zedapirze dasaSvebia normalis mobruneba neitraluri 

zedapiris mimarT. 

amjerad arsebobs Zvris modelebis sxvadasxva variantebi, 

CaRunvis funqciis damoukidebeli aproqsimaciisa da 

mobrunebis kuTxeebis [89] xarjze se-Si C′ -uwyvetobis moTxovna 

Seicvalos uwyvetobis moTxovniT. Zvris deformaciis CarTva, 

afarToebs gamoyenebis ares sqel firfitebamde da garsebamde, 

sadac Zvris ugulebelyofa ares sqel firfitamde da 

garsebamde SeuZlebelia. 

ganvixiloT zusti (araklasikuri) Teoriis drekadi 

firfitebisa da garsebis zogierTi varianti. 

drekadobis wrfivi TeoriisaTvis deformaciasa da 

gadaadgilebas Soris geometriul Tanafardobebs dekartis 

koordinatTa sistemaSi aqvs saxe: 

               
x
u

x ∂
∂

=ε ; 
y
v

y ∂
∂

=ε ; 
z
w

z ∂
∂

=ε ; 

x
v

y
u

xy ∂
∂

+
∂
∂

=γ ; 
y
w

z
v

yz ∂
∂

+
∂
∂

=γ ;                         (3.11) 

              
z
u

x
w

zx ∂
∂

+
∂
∂

=γ ; 

sadac xε , yε , zε , xyγ , yzγ , −zxγ normaluri da Zvris 

deformaciebia; 

      u, v, w _gadaadgilebebi Reroebis gaswvriv. 
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kirxhof-liavis hipoTezis Sesrulebis SemTxvevaSi 

deformaciis mdgenelebi z indeqsiT zε , xzγ , yzγ , udris nuls da 

gadaadgilebis veqtori nebismier wertilSi ganisazRvreba 

neitraluri fenis gadaadgilebiT: ),(0 yxu , ),(0 yxv  da ),(0 yxw . e.i. 

sami ucnobiT 

                 
x

yxwzyxuu
∂

∂
−=

),(),( 0
0 ; 

y
yxwzyxvv

∂
∂

−=
),(),( 0

0 ;                          (3.12) 

                ),(0 yxww = . 

ganivi gadaadgilebis deformaciis gaTvaliswinebisas da 

saerTod, zogad SemTxvevaSi gadaadgilebis veqtori 

warmoadgens (x, y, z) cvladebis funqcias, romelic SeiZleba 

gaiSalos z-is xarisxis mixedviT. 

,
!2

1)0,,(),,(
0

2
2
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⎤
⎢⎣

⎡
∂
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+⎥⎦
⎤

⎢⎣
⎡
∂
∂

+=
== zz

z
z
uz

z
uyxuzyxu             (3.13) 

da gadaadgilebis umartivesi gamosaxuleba, romelic 

iTvaliswinebs ganivi gadaadgilebis efeqts, davtovebT ra 

daSlis pirvel or wevrs, e.i. 

 10 zuuu += .                             (3.14) 

mocemul SemTxvevaSi gadaadgilebis veqtori 

damokidebuli iqneba eqvs gadaadgilebaze ),(0 yxu ; ),(1 yxu ; 

),(0 yxv ; ),(1 yxv ; ),(0 yxw ;  ),(1 yxw , Tu miviRebT daSvebas, rom 

transvelsaluri Zabvebi da deformaciebi ar arseboben, maSin 

miviRebT timoSenkos hipoTezas 

            ),(),(),,( 10 yxzuyxuzyxu += ; 

),(),(),,( 20 yxzvyxvzyxv += ;                      (3.15) 

            ),(),,( 00 yxwzyxw = .  
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es gantolebebi gviCveneben, rom wrfivi elementebi 

perpendikularulia aradeformirebadi Sua zedapirisa, rCebian 

wrfivi da ar deformirdebian, magram ar inarCuneben 

perpendikularobas. aq 0u  da 0x  aRweren gaWimva – kumSvis 

deformacias, xoli funqciebi 1u , 1v  da 0w - Runvas. wminda 

Runvis SemTxvevaSi gveqneba 

1zuu = ; ;1zvv =  0ww = .                      (3.16) 

im SemTxvevaSi ki, roca 0=zε , firfitebSi warmoiqmneba 

transvelsaluri Zabvebi, magram maTi sidide mcirea xσ  da xτ  

ZabvebTan SedarebiT, amitom CavTvaloT, rom 0=zσ . Teoria, 

sadac 0== zz εσ , ar migviyvans swor Sedegamde, radganac 

irRveva samganzomilebiani fizikuri Tanafardobebi Zabvebsa 

da deformaciebs Soris [16], rac moiTxovs yx εε , -Tvis damatebiT 

SezRudvebs. es winaaRmdegoba iqneba acilebuli da Teoriis 

sizuste iqneba gazrdili, Tu gadaadgilebis komponentebs 

gavSliT mwkrivad da gaSlidan SevinarCunebT z-is mimarT 

maRali rigis wevrebs: 

                     m
n

m
m zyxuu ),(

0
∑
=

= ; 

m
n

m
m zyxvv ),(

0
∑
=

= ;                            (3.17) 

                     m
n

m
m zyxww ),(

0
∑
=

= . 

da mrudwirul koordinatebSi: 

                     m
n

m
muu ξβα ),(

0
∑
=

= ; 

m
n

m
mvv ξβα ),(

0
∑
=

= ;                           (3.18) 

                     m
n

m
m zww ),(

0
βα∑

=
= . 
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am damokidebulebis safuZvelze SeiZleba miviRoT 

modeli, romelic iTvaliswinebs ganiv gadaadgilebas da 

brunviT inercias Svidi ucnobiT 

            ),(),(),,( 10 yxzuyxuzyxu += ; 

              ),(),(),,( 10 yxzvyxvzyxv += ;                      (3.19)       

  ),(),(),,(),,( 2
2

10 yxwzyxzwzyxuzyxu ++= .  

reisneris modeli, cxra ucnobiT (roca )2=m  da modeli, 

romelic sruliad iTvaliswinebs Zvras kumSviT, TerTmetis 

odenobiT: 

),(),(),(),(),,( 3
3

2
2

10 yxuzyxuzyxzuyxuzyxu +++= ;  

),(),(),(),(),,( 3
3

2
2

10 yxuzyxvzyxzvyxvzyxv +++= ;      (3.20) 

              ),(),(),(),,( 2
2

10 yxwzyxzwyxwzyxw ++= .  

garsiTi konstruqciebis modelirebisas friad 

mosaxerxebelia samganzomilebiani izoparametruli se-s 

gamoyeneba, romelic flobs mTel rig upiratesobebs, romelic 

gansakuTrebiT mniSvnelovania mrudwiruli zedapirebisaTvis 

[41]. aRniSnuli modelebi uzrunvelyofen sakmarisad karg 

Sedegebs, rodesac se-is badis zomebis Tanafardoba 

miaxloebulia erTTan. am Tanafardobis Secvlas, magaliTad, 

Txelkedliani struqturebis angariSisas sami mimarTulebidan 

erT-erTSi bade arsebiTad gasqelebulia, xolo aseTi 

modelebis krebadobis sizuste da siCqare, 

aradamakmayofilebeli [58]. amis mizezad SeiZleba davasaxeloT 

maaproqsimirebeli funqciis rigis SeuTavsebloba se-Tan 

romelSic modelirdeba Runva da Zvra. 

miuxedavad amisa, garsiTi konstruqciebis 

warmodgenisaTvis samganzomilebiani izoparametruli se-is 
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gamoyeneba iqneba efeqturi, Tu gadaWrili iqneba Semdegi ori 

problema: 

pirveli, garsis sisqisaTvis Sualeduri kvanZebis gamoyeneba 

ignorirebas ukeTebs cnobil faqts, rom praqtikulad sqeli 

garsebis drosac Sua zedapiris normalebi deformaciis 

Semdegac rCebian wrfivebi (sworxazovani), e.i. gaumarTleblad 

Semoitaneba Tavisuflebis xarisxebis didi raodenoba. 

meore, yvela kvanZSi mxolod sami Tavisuflebis xarisxis 

arseboba iwvevs garsis sisqeSi gadaadgilebebisaTvis sixistis 

koeficientebis did zrdas, romelic warmoadgens imis mizezs, 

rom sqeli garsis gantolebaTa sistemis amonaxsnebi ar 

miiswrafian sisqis SemcirebasTan erTad Txeli garsis 

gantolebaTa amonaxsnebisaken. 

arsebobs aRniSnuli siZneleebis gadalaxvis ramdenime 

gza. maT Soris yvelaze metad aRsaniSnavia izoparametruli, 

romelic SemoTavazebulia naSromSi [61]. am se-is idea 

dafuZnebulia imaze, rom garsebis Teoriis ori hipoTeza 

(garsebis zedapiris Sua normali rCeba swori da ar icvlis 

Tavis sigrZes, (e.i. ugulebelvyoT) daiyvaneba uSualod 

samganzomilebiani tipis gantolebaze. garsebis Teoriis 

formulirebis etapis gavliT. aseTi midgoma eqvivalenturia 

garsebis zogadi Teoremis gamoyenebisa, romelic 

iTvaliswinebs normalis Zvras garsis Sua zedapirisken. imis 

gamo, rom garsis geometriul maxasiaTeblebs ar gaaCniaT 

raime SezRudvebi, aseTi tipis se SeiZleba gamoviyenoT Txeli, 

saSualo sisqis da sqeli garsebis angariSisaTvis. 

aRsaniSnavia agreTve, rom Txelkedliani konstruqciebis 

angariSis  dros Cveulebrivi integrirebis gziT deformaciis 

energiis funqcionalis yvela Sesakrebi membranuli, mRunavi da 
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ZvriT Semdgenelni) integrirdeba erTi erTis sqemiT. rasac 

mivyavarT amonaxsnebis ganSladobamde [58]. TvalsaCinoebisaTvis 

am movlenis demonstrireba gavakeToT koWis deformaciis 

energiis magaliTze: 

⎥
⎦

⎤
⎢
⎣

⎡
′⎥⎦
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⎡
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,         (3.21) 

sadac l _koWis sigrZea; 
     h _ kveTis sisqe; 
     −ϕ kveTis mobrunebis kuTxe; 

     EE, xG _ drekadobisa da Zvris modelebi; 

     −ℵ kveTis formis koeficienti; 

     −′′ wx , uganzomilebo koordinatebi da CaRunva. 

aq pirveli Sesakrebi axasiaTebs Runvis energias, meore 

Zvris energias. koWis sisqis Semcirebisas Zvris energia Runvis 

energiasTan damokidebulebaSi mcirdeba da es urTierTkavSiri 

unda iqnas gaTvaliswinebuli se-is gadaadgilebis formaSi, 

sxvagvarad yovelgvari cdomileba SemoRebuli 

maaproqsimirebeli funqciiT, gamoiwvevs meore Sesakrebis 

mkveTr gazrdas, 2)/1( h  Tanamamravlis arsebobis gamo. 

es efeqti cnobilia se-is `Caketvis~ anu `cru Zvris~ 

saxelwodebiT. sisqis SemcirebasTan erTad Zvris wevrebis 

zegavlena unda Semcirdes da amonaxsnebi miiswrafvis kirxhof-

liavis hipoTezis Sesatyvisi amonaxsnebisaken, Tumca, ricxviT 

modelSi es ar miiRweva. 

Zvris modelebSi, Runvis amocanebis gadawyvetisas 

efeqturobis gazrdis mizniT gamoiyeneba reducirebis, anu 

dayvanili integrirebis meTodi, romelic gulisxmobs se-Si 

ricxviTi integrirebis rigis Semcirebas. intuiciuri 

mosazrebebiT SemoTavazebulma reducirebuli integrirebis 

meTodma miiRo sruli maTematikuri da fizikuri 
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interpretacia. es meTodi SeiZleba CavTvaloT, rogorc se-is 

Tvisebebis koreqtireba, miRebuli sakoordinato funqciebis 

mudmivobiT da TanafardobiT elementSi Sesaferisi 

wertilebis SerCevis gziT, romelic gamoiyeneba ricxviTi 

integrirebisaTvis. amasTan, deformaciis energiaSi Zvris 

mdgenelis garda SesaZlebelia misi sxva mdgenelebis 

koreqtireba. 

cru ZvrebTan sabrZolvelad gvTavazoben amoxsnebs, 

romelic analogiuria Txeli firfitebis amoxsnebisa da 

miiReba deformaciis srul energiaSi ganivi Zvris deformaciis 

wilis Semcirebis gziT sisqis SemcirebasTan erTad. es 

miRwevadia timoSenkos modelis TiToeuli se-saTvis, 

damoukideblad agebuli CaRunvis funqciisa da mobrunebis 

kuTxeebis specialuri aproqsimaciiT. 

maRali rigis modelebis umravlesobis ageba xdeba 

gadaadgilebaTa velze sxvadasxva daSvebebis safuZvelze, 

Zvris makoreqtirebeli koeficientis SemotaniT. es modelebi 

gamoTvlebis TvalsazrisiT sakmarisad garTulebulia. 

modelebis efeqturobis gazrdis mizniT iqcevian Semdegnairad, 

moyavT normaluri gadaadgilebis mudmivi veli (normaluri 

Zabvebi mxedvelobaSi ar miiReba) da ganivi Zvris Zabvis 

paraboluri ganawilebis kanoni, rac saSualebas gvaZlevs 

gamovricxoT Zvris makoreqtirebeli koeficienti. 

arsebobs kidev sxva modeli, romelic saSualebas iZleva 

gavzardoT se-is efeqturoba mniSvnelovani garTulebis 

gareSe. es aris aproqsimirebadi funqciis uSualo SerCeva, 

mocemuli maxasiaTeblebiT se-s miRebis mizniT [41], damatebiTi 

sakvanZo ucnobebis ritcis ganusazRvreli parametrebis 

SemotaniT, maaproqsimirebeli funqciis srul polinimebze 
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dasayvanad. maT nakls warmoadgens Sromatevadobis gazrda, 

aseve SeiZleba gamovyoT ormagi aproqsimaciis xerxi, se-s 

momenturi sqema. se-s momenturi sqemis arsi daiyvaneba 

deformaciis im wevrebis minimizaciaze an Camocilebaze, 

romlebic xarisxovan mwkrivSi, reagireben gadaadgilebebze. 

amasTan, am dros irRveva zusti Tanafardoba gadaadgilebebsa 

da deformaciebs Soris. 

bolo dros didi yuradReba eTmoba Zvris deformaciis 

zust aRweras Sereuli midgomis gamoyenebis gziT. ZvrasTan 

dakavSirebulma siZneleebma gaaRviva interesi garsiTi se-s 

formulirebisadmi, romelic dafuZnebulia variaciuli 

principebis gamoyenebaze. muSavdeba Zvris deformaciis pirveli 

da mesame rigis Teoriebi, romlebic ar saWiroeben Zvris 

makoreqtirebeli koeficientebis SemoRebas. deformirebuli 

firfitisa da garsebis rigi amocanebis gadawyveta xdeba sem-is 

hibriduli sqemis safuZvelze. bolo wlebSi didi yuradReba 

eTmoba im modelebis damuSavebas, romelic saSualebas 

gvaZlevs movaxdinoT rogorc Zvris deformaciis, aseve ganivi 

normaluri deformaciebis adekvaturi prognozireba. 

mizanSewonilia organzomilebiani se-s ageba araklasikuri 

Teoriis zogadi midgomebis safuZvelze, romelic 

iTvaliswinebs sisqeSi Zvris transversaluri gadaadgilebis 

ganawilebas uban-uban wrfivi an arawrfivi kanoniT. 

garsuli da firfitovani sistemis SemTxvevaSi, Cveulebriv 

gamoyofen Txeli da sqeli garsebis modelebs. mocemuli 

dayofa friad pirobiTia da ZiriTadad ganpirobebulia ddm-s 

ama Tu im Taviseburebebis gaTvaliswinebis aucileblobiT. 

Txel garsebSi aRZruli deformaciebis 

prognozirebisaTvis, saWiroa dadgenil iqnas rogorc 
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tangencialuri (membranuli) deformaciebis, aseve misi 

zedapiris simrudis cvalebadoba. deformaciis orive saxe 

zedapiris simrudis gamo urTierTdamokidebulebaSi imyofebian 

da angariSSi erTdroulad ganisazRvreba mRunavi da brtyeli 

daZabuli elementebis Tvisebebis superpozicia. brtyeli 

firfitebis gamokvlevisas es angariSebi erTmaneTisadmi 

damoukidebeli xdebian. SeiZleba gamovyoT msgavsi se-s ori 

ZiriTadi mimarTuleba ganviTarebis tipisa [41]; pirveli 

mimarTuleba xasiaTdeba imiT, rom yoveli se-s garsis 

saangariSo sqema zustad imeorebs garsis geometriul formas, 

meore mimarTuleba gamoiyeneba brtyeli se-s angariSisaTvis, 

amasTan wminda geometriuli Secdomebis SemcirebisaTvis se-s 

bade unda iyos sakmarisad xSiri, (sqeli). aseTi se-s 

gamoTvlisas calke gamoiyeneba drekadobis Teoriis brtyeli 

amocanebis gantolebebi da firfitebis Runvis gantolebebi. 

upiratesoba eniWeba im Teorias, romelic amartivebs kirxhof-

liavis hipoTezas. SemoTavazebuli iyo ganivi Zvris daSveba, 

e.i. gadaadgilebis da mobrunebis kuTxis faqtiuri 

damoukidebloba se-s sazRvrebSi, magram am ZvriT gamowveuli 

deformaciis energiis ukugdeba da kirxhof-liavis hipoTezis 

zeddeba SesaZlebelia mxolod badis kvanZebSi. am sqemaSi se-is 

normalebis mobrunebis kuTxeebi gamoiyeneba Runvis energiis 

gansazRvrisaTvis, xolo kvanZebis wertilebSi mobrunebis 

kuTxeebis mniSvneloba ganisazRvreba zedapiris deformaciiT, 

e.i. ise, rogorc klasikur SemTxvevaSi. mkacrad rom vTqvaT, se-

is SigniT, sadac Zvris deformacia aranulovania, ganivi Zvris 

energia unda iqnas SenarCunebuli, magram gamokvlevebma 

gviCvena, rom aseTi se-is daxmarebiT miRebuli amonaxsnebi 
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daiyvaneba kirxhof-liavis amoxsnebze da amis gamo Zvris 

energia iqneba ugulebelyofili. 

aRwerili modeli warmoadgens sivrciT oTxkvanZian se-s, 

Sedgenils oTxi samkuTxedisagan, sadac TiToeuli Sedgeba 

sami qvesamkuTxedisagan. gverdebis Sua kvanZebi gamoiyeneba 

Sida mxareebze da SemoisazRvreba oTx Sida kvanZze 

iseTnairad, rom uzrunvelyos Sida kvanZebis Tanamimdevruli 

kondensacia; aseTi rekonstruqcia arsebiTad warmoadgens 

rTul se-s. gansxvavebiT Cveulebrivi se-sgan, aq ucnobi 

aproqsimirdeba ara formis gluvi funqciebiT, aramed uban-

uban gluvi funqciebis nakrebiT. amas mivyavarT ramdenamde 

uares aproqsimaciaze, samagierod iZleva uflebas SevamciroT 

dro da mosaxerxebelia rTuli amocanebis amoxsnis 

SemTxvevaSi, gansakuTrebiT maSin, roca gansaxilveli are aris 

regularuli. aseTi midgoma SemoTavazebuli iyo grinis mier 

[41]. savaraudoa, rom uwyveti mrudwiruli zedapiris yofaqceva 

sakmarisad zustad aRiwereba meore brtyeli firfitebiT 

Sedgenili zedapiris yofaqceviT. fizikuri mosazrebidan 

aSkaraa, rom firfitebis zomebis SemcirebasTan erTad 

amonaxsnebi unda iyvnen krebadni da rogorc ricxviTma 

analizma gviCvena aseTi krebadoba SesamCnevia. cnobilia, rom 

rTuli se-is gamoyeneba, romlebic samkuTxedebisaganaa 

Sedgenili, mivyavarT ukeTes Sedegebamde, vidre ubralo 

samkuTxa elementebis an oTxkuTxa elementebis gamoyenebas da 

iZleva saSualebas maTze ukeTesad aRweros rTuli 

konstruqcia. se warmodgenilia nax. 3.9-ze. se-s globaluri sm 

24-e rigisaa. e.i. yovel kvanZSi se-s aqvs eqvsi Tavisuflebis 

xarisxi (sami gadaadgileba da sami mobruneba), 

gaTvaliswinebulia masalis anizotropuloba. 
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nax. 3.8 

mizanSewonilia aseTi tipis se-s gamoyeneba Txelkedliani 

firfitovani da garsiTi sistemis angariSisas. Caketili 

struqturebis aRwerisas. wriuli mimarTulebiT dayofisas 

sasurvelia konstruqcia daiyos ara naklebi 24 se 

raodenobisa da se-bis es raodenoba uzrunvelyofs praqtikul 

sizustes. Catarebul iqna testuri angariSebi xistad 

Camagrebuli cilindruli garsisaTvis) da mas SeuZlia 15 

gradusiani centraluri kuTxis mqone wriuli seqtoris 

modelireba. amis garda mocemuli se-bi SeiZleba gamoyenebul 

iqnas fenovani konstruqciis mzidi fenis aRwerisTvis. 

analizis procesSi se-s centrSi ganisazRvreba rogorc 

membranuli Zabvebi, aseve mRunavi momentebis ganawileba. 

sqeli garsebis deformaciebis aRwerisas, romlebSic ar 

SeiZleba Zvris da ganivi deformaciebis zegavlenis 

ugulebelyofa (es SeiZleba iyos agreTve fardobiTad Txeli 

polimeruli SuaSreebi sendviCSi), gamoyenebulia 16-kvanZiani 

izoparametruli se Tavisuflebis sami xarisxiT kvanZSi 

(gadaadgilebebi) da masalis izotropuli TvisebebiT. yvela 
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se-s centrSi gamoiTvleba mTavari da zedapiruli Zabvebi. se 

gamosaxulia nax. 3.10-ze. mocemuli elementi miRebulia 

samganzomilebiani izoparametruli elementebis gardaqmnis 

Sedegad. angariSis ekonomiurobis gazrdis mizniT Semoitaneba 

pirdapiri normalebis hipoTeza. es daSvebani warmoadgenen 

Cveulebrivi daSvebis nawils garsTa TeoriaSi. aseTi saxiT 

vRebulobT Sualedur models samganzomilebiansa da 

organzomilebians Soris, romelic warmatebiT gamoiyeneba 

sqeli garsebis analizis dros [37], gaiTvaliswineba 

erTdroulad zegavlena ara marto Zvris, aramed 

transversaluri deformaciebisac. `Caketvis~ efeqtis Tavidan 

acilebis mizniT da ramdenadme sixistis SemcirebiT 

normaluri mimarTulebiT aRweril se-Si sixistis matricis 

funqciisa elements SigniT deformaciis aRwerisaTvis 

gamoyenebulia xuTi sainterpolacio funqcia, romlebic 

Rebuloben nulovan mniSvnelobebs kvanZebSi da araTavsebadia 

elementis Sida sazRvris gaswvriv. Tavis mxriv isini 

warmoadgenen im sajarimo wevrebs, romlebic uzrunvelyofen 

kirxhof-liavis hipoTezis Sesrulebas Txeli sisqeebis 

SemTxvevaSi. sqeli garsis se-s SeiZleba hqondes cvalebadi 

sisqe, xolo misi gverdiTi sazRvrebi araa aucilebeli 

urTierTperpendikularuli iyos garsis Suazedapirisa. 

sxvadasxva tipis se-is gamoyenebis gamokvleva, warmodgenilia 

marTkuTxa firfitebisaTvis [6, 8, 10, 46, 102], naSromebi da 

Catarebuli gamokvlevebi cilindruli garsebisaTvis 

amtkiceben, rom sqeli garsis 16 kvanZiani izoparametruli se 

warmatebiT SeiZleba iqnas gamoyenebuli erTi da 

mravalfeniani garsebis modelirebisaTvis sisqiT 0,01 m da 

meti. 
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nax. 3.9 

 
brtyeli masivebis aRwerisaTvis gamoiyeneba mrudwiruli 

orTotropuli izoparametruli sasruli elementi, kvanZebis 

cvladi ricxviT (magaliTad 8-21 kvanZi) da kvanZSi sami 

Tavisuflebis xarisxiT. aseTi saxis sasruli elementi 

mocemulia nax. 3.11.  

 
nax. 3.10 

3.1 cxrilSi mocemulia gamoyenebuli se-s sizustis 

SedarebiTi SefasebisaTvis ganzogadebuli sakuTari 

problemebis amoxsnaTa Sedegebi, boloebiT xistad 

Camagrebuli cilindruli garsebisaTvis (radiusis 0,4m, 

msaxvelis sigrZe – 1.0 m, sisqe 0,1 m) oTxkvanZiani Txeli garsis 
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se da 16 kvanZiani sqel garsiani se (f-sakuTari rxevis sixSire, 

hc; m-rxevis kvanZuri formis nomeri) mocemulia sixSireebi, 

saTanado sakuTari rxevebi simetriuli formebisaTvis. pirvel 

SemTxvevaSi konstruqcia danawevrebulia  600 se-Ti, rac 

Seesabameba sistemas 6800 Tavisuflebis xarisxiT, xolo meore 

SemTxvevaSi – 36- se-ad. rac Seesabameba sistemas 6000 

Tavisuflebis xarisxiT. rogorc cxrilidan Cans, 16 kvanZiani 

se-ebi iZlevian sizustis mixedviT damakmayofilebel Sedegebs, 

ukve 0.01m da meti sisqisas e.i. garsebisaTvis, romlebic yvela 

parametrebiT miekuTvnebian Txelkedlianebs. 

 
cxrili 3.1 

se Txelkedliani garsisaTvis 
1 2 3 

sisqe 
m. 

I m I m I m 
0.001 
0.003 
0.006 
0,01 
0.03 

524 
860 
1150 
1435 
2221 

6 
5 
4 
3 
2 

534 
907 
1300 
1580 
2570 

7 
4 
3 
4 
3 

610 
1019 
1400 
1970 
3350 

8 
6 
5 
2 
1 

se sqelkedliani garsisaTvis 
1 2 3 4 5 

sisqe 
m. 

I m I m I m I m I m 
0.001 
0.003 
0.006 
0,01 
0.03 
0.006 
0.01 

737 
1100 
1440 
1600 
2275 
2836 
3610 

6 
6 
3 
3 
2 
2 
1 

1010 
1240 
1520 
1920 
2690 
3460 
3660 

5 
5 
4 
4 
3 
1 
2 

1218 
1295 
1770 
2010 
3360 
4470 
6400 

4 
4 
5 
2 
1 
3 
3 

1329 
1360 
1845 
2550 
4290 
7345 
8550 

3 
3 
6 
5 
5 
5 
0 

1927 
1940 
1970 
2900 
6390 
8285 
9930 

2 
2 
2 
6 
5 
2 
1 

 

 

 

   sixistis wiboebiT gamagrebuli marTkuTxa firfitebis 

daZabul-deformirebuli mdgomareoba bubnov – galiorkinis 
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meTodis gamoyenebiT ganxilulia [*]  inteleqtuali, 2, 2006, gv. 

70-74 

   Cvens mier [3] naSromSi ganxilulia Termodrekadobis 

amocanis amoxsnis meTodebi firfitebisaTvis, sadac 

dadgenilia, rom Termodrekadobis amocanis amoxsna yovelTvis 

SeiZleba miRebul iqnas ramdenime izoTermuli Sesabamisi 

amocanis amoxsnaTa jamis saxiT.   

 
 
 

           3.6. RerZulsimetriuli cilindruli garsis 
Runva sasruli datvirTvisas 

 
sasrul elementTa meTodis safuZvelze Cvens mier 

wamoyenebuli Teoriis sizuste SeviswavloT cilindruli 

garsebisaTvis. pirveli problema gamokvlevisas mdgomareobda 

imaSi, rom adgili hqonda izotropuli cilindruli garsis 

asimetriul gamrudebas da datvirTvebisas – ganiv 

deformaciebs. 

garsis centraluri simetria iZleva saSualebas modelad 

warmovadginoT naxevari garsi. 

nax. 3.12-ze naCvenebia se-is modeli cindruli garsisaTvis. 

 
nax. 3.11 

amrigad, garsebis nawili sigrZiT  saerTo sigrZis 1/2-isa 

da siganiT 2,5 sm iyo dayofili sasrul elementebad nax. 3.13-is 
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mixedviT. krebadobis  damtkicebis  mizniT  elementTa ricxvi 

da zomebi icvleboda.  

 
 

 

 

 
 

nax. 3.12 

zogierT SemTxvevaSi elementis zomebi iyo erTnairebi. sxva 

SemTxvevaSi nawili garsebisa, ganlagebuli datvirTebTan 

axlos, dayofil iqna mcire elementebad, maSin rodesac 

danarCeni nawili, ganlagebuli centrTan axlos dayofil iqna 

mozrdil elementebad. mocemul angariSebSi gantolebebis 

maqsimaluri raodenoba Semoifargla – 500-iT. garsisaTvis 

masalad aRebul iqna izotropuli 1000-is toli iungis 

moduliT da puasonis koeficientebiT toli 0,3-is masala. 

ganivi Zvris modulad aRebulia 100. garsis sisqe Seadgenda 

2,5sm. Sida radiusi ki icvleboda 5-dan 100 sm-mde. garsis sisqe 

sigrZesTan icvleboda ise, rom gvqonoda sidide – 

RH
LVI ⋅− )(3 2 , toli 6,5-is. asimetriuli gamoTvlebi, 

gamowveuli moTxovniT, raTa gadaadgileba 0U  toli iyos 

nulis yvelgan, radgdn xU  da W ar unda iyvnen damokidebulni 

periferiuli mdebareobisagan. simetriis sasazRvro pirobebs 

cilindris centrTan axlos adgili hqonda, ris Sedegadac 

gadaadgileba xU  da ganivi gamWoli Zala tolia nulis. 

datvirTul boloze RerZuli Zala dayvanil iqna 0-mde, maSin 

rodesac radialuri ganivi Zala Senarunebuli iqna mudmivad 

yvela garsebisaTvis. unda aRiniSnos, rom rac ufro sqelia 
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garsi, miT naklebi elementebia saWiro, rom miviRoT zusti 

amoxsnebi. amoxsnebi Sedarebulia analizur amoxsnebTan. 

sasruli elementebis Sedegebis analizma gviCvena, rom 

fardobiTad ararTulma modelma SeiZleba mogvces sasurveli 

Sedegi.  

 

 

3.7. mesame Tavis daskvnebi 

1. damuSavebulia anakrebi konstruqciis wyvetili amoxsnebis 

gamoyenebis variantebi. gaanalizebulia sruli da arasruli 

saxsrebis gavlena anakrebi konstruqciis daZabul-

deformirebul mdgomareobaze. 

2. Seswavlilia anakrebi konstruqciis zidvis unaris 

damokidebuleba konstruqciis Semadgeneli elementebis 

ricxvze. 

3.  damuSavebulia kvadratuli da elifsuri filis Runvaze     

   gaangariSebis praqtikuli meTodi sxvadasxva saxis  sasa-   

   zRvro pirobebisa da datvirTvis mravalsaxeobis  gaTvali-  

   swinebiT. 
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Tavi IV. algoriTmebi manqana-danadgarebis         

   korpusebis daZabul-deformirebuli       

    mdgomareobis gamokvlevisaTvis 

am TavSi warmodgenilia Sedgenili konstruqciebisa da 

misi calkeuli elementebis simtkicis, mdgradobis da rxevebis 

kvlevis algoriTmebi. es algoriTmebi warmoadgenen Semdgom 

modifikaciebs adre Seqmnili algoriTmebisa, romelTa sawyisi 

monacemebi ganTavsebulia personaluri kompiuteris 

vinCesterze. algoriTmebi Sedgenilia MATLAB-6-1 enaze. 

algoriTmi gansazRvravs konstruqciis kvanZTa gadaadgilebebs 

wrfiv amocanaSi araRerZulsimetriuli datvirTvis dros da 

RerZulsimetriul amocanaSi geometriuli arawrfivobis 

gaTvaliswinebiT. am algoriTmTa Sedegebs aqvT rogorc 

damoukidebeli mniSvneloba, aseve warmoadgenen sawyis 

informaciebs sxva procedurebisaTvis. konstruqciis 

calkeuli elemenetebis simtkicis analizis algoriTmebi 

SeiZleba iyos gamoyenebuli damoukideblad da winamdebare 

algoriTmebis kompleqsSi imave simtkicis amocanebSi.  

simetriulad datvirTuli garsebis mdgradobis da 

rxevebis gamokvlevisaTvis gankuTvnilia algoriTmebi, 

(RerZul-simetriuli) romlebic iyeneben RerZul-simetriuli 

datvirTvis dros konstruqciebis kvanZTa gadaadgilebis 

ganmsazRvrel algoriTmis Sedegebs da romelic gamoiyeneba 

kritikulamde daZabul-deformirebul mdgomareobis aRmweri 

funqciis mniSvnelobis gansazRvrisaTvis, yvela CamoTvlili 

algoriTmebi SeiZleba iqnes gamoyenebuli im konstruqciebze, 

romelTa elementebis Tvisebebi SeiZleba aRiweros geometia-s 

da mesh-is Sesatyvisi procedurebiT. 
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       4.1. sixistis matricis gaangariSeba konstruqciis      
             daproeqtebis optimizaciis variantiT 
 

   optimizaciis rTuli amocanebis efeqturi amoxsnisaTvis Za-

lze mniSvnelovania dasamuSavebeli proeqtebisa da proeqtebSi 

konstruqciuli cvlilebebis Sesaxeb arsebuli informaciis 

gacnoba. aseve saTanado mniSvneloba eniWeba informaciis aras-

rulyofili damzadebisa da sxva faqtorebisagan gamowveuli 

Sinagani zemoqmedebis Sesaxeb, romelTac determinirebuli xa-

siaTi aqvT, Tumca realuri konstruqciebisaTvis amgvari in-

formaciis miReba efeqturi meTodebis gamoyenebasTan aris da-

kavSirebuli. 

   erT-erTi aseTi midgomis formaa daproeqtebis mgrZnobia-

robis analizi. es meTodi warmoadgens im meTodebis safuZ-

vels, romlebic emyareba konstruqciis optimalurobasa da 

iteraciuli meTodebis pirobebs. konstruqciis daproeqtebis 

yvelaze zogadi meTodi moicavs im gadawyvetilebebs, romleb-

sac damproeqtebeli iRebs daproeqtebis procesSi. es sazoga-

dod miRebuli meTodi SesaZlebelia arsebiTad gaumjobesdes, 

Tu damproeqtebeli flobs informacias proeqtis mgrZnobiaro-

bis Sesaxeb. 

   am SemTxvevaSi mas saSualeba eZleva sistematurad Caataros 

konstruqciis analizi da gaaumjobesos Tavisi proeqti. es in-

formacia man SesaZlebelia miiRos im meTodebis daxmarebiT, 

romlebic sasrul elementTa formulirebazea damyarebuli. 

daproeqtebaSi mgrZnobiarobis analizis gamotvliTi efeqtia-

noba damokidebulia elementTa warmodgenaze (Cvens SemTxveva-

Si ,,Spangautebi~ da mbrunavi garsebi). amasTan, dialoguri gra-

fikuli meTodebisa da operaciuli sistemebis arseboba imis 

saSualebas iZleva, rom daproeqteba ganxorcieldes dialogu-
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ri kompiuterebis daxmarebiT. daproeqtebis mgrZnobiarobis Se-

saxeb informaciisa da romelime did ricxvTa optimizaciis 

Tanamedrove meTodebis gamoyenebiT. 

   Cveulebriv, daproeqtebis cvladebad miiReba RerZuli ele-

mentebis ganivi kveTis maxasiaTeblebi, garsiani elementebis ge-

ometriuli parametrebi da maTi meqanikuri da drekadi Tvisebe-

bi. amitom sixistis globaluri matrica K da zemoqmedebis gan-

zogadebuli veqtori F warmoadgenen daproeqtebis cvladebis 

funqciebs, e.i. 

                K=K(b),     F=F(b),                                                         (4.1) 

sadac b=[b1 ...b n ] T  proeqtis cvladebis veqtoria, romelic dama-

xasiaTebelia konstruqciis elementebis zomebisa da meqaniku-

ri TvisebebisaTvis, agreTve im cvladebisaTvis, romlebic ele-

mentebis calkeul kvanZebs gansazRvraven. aq  ganixileba is Se-

mTxveva, roca sasazRvro pirobebi aSkarad araa damokidebuli 

daproeqtebis cvladebze. sakiTxis amgvari dasmis SemTxvevaSi 

SesaZlebelia im meTodebis gamoyeneba, sadac optimizaciis 

procesi agebulia konstruqciis mgrZnobiarobis analizze. 

   meTodis arsi iTvaliswinebs Semdegs: radgan sixistis glo-

baluri matrica da datvirTvis veqtori damokidebulia dapro-

eqtebis cvladebze, amitom xazovani da bixazovani formebic 

damokidebulia daproeqtebis cvladebze: 

                  a b (
→

zz, )=
→
Tz k(b)z 

                                    b b (z)=
→
Tz F(b).                                                       (4.2) 

radgan (4.2) gantoleba aSkarad daproeqtebis cvladebzea damo-

kidebuli, cxadia, z-ic maTze iqneba damokidebuli: 

                   z=z(b).                                                                    (4.3) 
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   konstruqciis optimaluri daproeqtebis amocanaSi unda mo-

xdes an funqciis minimizacia, an miznis funqciis maqsimizacia. 

amavdroulad anda dakmayofildes zRvruli daZabuloba, gada-

adgileba da daproeqtebis cvladebi, rac Semdegnairad 

Caiwereba: 

                      )).(,( bzbΨ=Ψ                           (4.4) 

   es funqcia SesaZlebelia warmoadgendes konstruqciis opti-

maluri daproeqtebis nebismier kriteriums. z mdgomareobis ga-

ntolebis amoxsnis Semdeg funqciis damokidebuleba daproe-

qtebis cvladebze SeiZleba iyos cxadi an aracxadi. daproeq-

tebis dros mgrZnobiarobis analizis mizani gansazRvravs swo-

red aseTi funqciebis srul damokidebulebas daproeqtebis 

cvladebze, e.i. ./ dbdΨ  

   damokidebuli cvladebi aRiricxeba Semdegi sasazRvro pi-

robebis daxmarebiT: 

                     K=b(z)=F(b),                                                      (4.5) 

sadac K(b) sixistis globaluri matricaa, xolo F(b) – datvir-

Tva. Tuki K(b) matrica, rogorc misi agebulebidan Cans, dadebi-

Tadaa gansazRvruli, maSin SeiZleba vivaraudoT, rom yvela 

sidide, romlebic Sedis K(b)-sa da F(b)-Si, S daproeqtebis 

cvladebiT erTxel uwyvetad diferencirebadia, e.i. am SemTx-

vevaSi z=z(b), (4.5) gantoleba da S erTxel uwyvetad diferencir-

deba. 

   Tu gamoviyenebT rTuli funqciis diferencirebis wessa da 

matriculi gaangariSebis aRweras, SesaZlebelia gamoviTvaloT 

Ψ warmoebuli: 

                 
db
dz

zbdb
d .

∂
∂

+
∂
∂

=
Ψ ϕϕ

.                               (4.6) 

   (4.5) gantolebis orive mxare diferencirdeba, xolo Semdeg 

gantolebaSi: 
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                 K(b)
db
dz = - 

b∂
∂ (K(b)z)+

b
bE

∂
∂ )( .                                           (4.7) 

sadac z aRniSnavs cvlads da nawilobrivi diferencirebis 

procesSi mudmivi unda darCes. vinaidan K(b) matrica aragada-

gvarebadia, (4.7) gantoleba gamoiangariSeba dz/db-is mimarT: 

                
db
dz =K 1− (b) ⎥⎦

⎤
⎢⎣
⎡

∂
∂

−
∂

∂ ))(()( zbK
bb

bF .                                           (4.8) 

   Tu am Sedegs CavsvamT (4.6) gantolebaSi, miviRebT: 

        
db
dΨ =

b∂
Ψ∂ +

z∂
Ψ∂ K 1− (b)

db
dz

b
.

∂
∂ =K 1− (b)[ )(bF∂ -(K(b)z)].                          (4.9) 

   K sixistis globaluri matricis agebidan da moyvanili F veq-

toridan Cans, rom isini damokidebuli arian konstruqciis 

elementTa geometriul da meqanikur parametrebze, rac saSua-

lebas iZleva ufro meti efeqturobiT gamoviyenoT zemoT moy-

vanili wrfivi diferencirebis meTodi da masTan erTad opti-

maluri daproeqtebis meTodi. 

   aq ar ganvixilavT am meTodis gamoyenebas konstruqciis op-

timizaciis konkretuli meTodis amoxsnisas, vinaidan es scil-

deba Cvens samuSao Temas. 

   kompiuterze organizebuli yoveli gamoTvliTi procesi 

srulad gansazRvruli iseTi parametrebiT xasiaTdeba, rogo-

ricaa operatiuli da dinamikuri mexsiereba. Cvens SemTxvevaSi 

Sedarebas eqvemdebareba ara marto konstruqciis gaangariSebis 

mTeli procesi, aramed misi is nawili, romelic exeba garsuli 

elementis sixistis matricis gansazRvras. vinaidan optimalu-

ri daproeqtebisas, sadac algoriTms safuZvlad unda daedos 

mTeli konstruqciis sixistis globaluri K marticisa da F 

veqtoris gamoTvla, ZiriTadi dro daeTmoba konstruqciis 

SedgenilobaSi Semavali brunvadi garsis SemadgenlobaSi si-

xistis matricis gamoTvlas. zust amonaxsnSi sixistis matri-
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cis gansazRvra agebulia pirveli rigis diferencialuri gan-

tolebis ricxviTi integrirebis sistemaze, xolo miaxloebiTi 

meTodi elementaruli funqciebiT sixistis matricis koefici-

entebis cxad Canawers iZleva. pirvel SemTxvevaSi statistiku-

ri mexsierebis garda, saWiroa dinamikuric, romelic orTogo-

nalizaciis aucilebel wertilebzea damokidebuli garsis 

mTel sigrZeze, xolo miaxloebiTi meTodebisaTvis mxolod 

statistikuria saWiro. aRniSnulma Sedarebebma cxadyo, rom sa-

Wiro mexsierebis Tanafardobas unda hqondes Semdegi mniSvne-

loba: 

                 W T /W n =1,07.m.0,035                                                    (4.10) 

sadac W T    aris jamuri mexsiereba ricxviTi integrirebis 

dros, W n  - mexsiereba, romelic saWiroa miaxloebiTi meTode-

bisaTvis, xolo m – orTogonalizaciis wertilTa raodenoba.  

   (4.10) damokidebulebiT cxadia, rom, roca garsebi saSualo 

sigrZisaa, maSin gamoyenebuli meTodis miuxedavad, saWiro mex-

siereba praqtikulad ar icvleba. garsebis sigZisaTvis (m≥40) 

saWiro moculoba zusti meTodebisaTvis miaxloebiTTan Seda-

rebiT 2,5 – jer matulobs da udris 2,5 kbaits. cxadia, es mo-

culoba arc Tu ise mniSvnelovania im egm-ebisTvi, romelTa me-

xsiereba rigiT 1÷5 baitia; Tumca xandaxan aseTi moculobebi 

sxva programul produqtebTan kompleqsSi saeWvos xdian das-

muli amocanis amoxsnas. 

   zusti da miaxloebiTi meTodebis gamoyenebiT brunvis gar-

sebis sixistis matricis gamoTvlisas manqanuri drois dana-

xarjebis analizi tardeba parametrebis farTo diapazonSi. Se-

degad miiReba Semdegi Tanafardoba: 

               ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

mt
t =25.m ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

kont
t =13.m

cfmt
t
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ =4m,                                  (4.11) 
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sadac t aris dro, romelic saWiroa zusti meTodis gamoyene-

bisas da praqtikulad damokidebuli araa garsis tipze. t m 

aris dro, romelic saWiroa miaxloebiTi meTodebis gamoyene-

bisas, xolo m – zusti meTodis gamoyenebis dros ricxviTi in-

tegrebisas orTogonalizaciis wertilTa raodenoba. 

   (4.11) –Si miRebuli Tanafardobebi aRniSnavs miaxloebiTi 

meTodis gamoyenebisas drois mniSvnelovan mogebas (miaxloe-

biT 100-jer garsis saWiro sigrZisa, roca m>20), rasac konst-

ruqciis mravalvariantuli daproeqtebisas didi mniSvneloba 

eniWeba. 

   amrigad, SeiZleba iTqvas, rom miaxloebiTi meTodebis gamo-

yeneba brunvis garsis sixistis matricis gamoTvlis damakmayo-

filebel sizustes iZleva da bevrad ufro efeqturia zust me-

TodTan SedarebiT rogorc sixistis matricis cxadi Canaweri-

sas operatiuli mexsierebis moculobiT, aseve gamoTvlebis Ca-

tarebis siswrafiT. es garemoeba naTlad cxadyofs miaxloebi-

Ti meTodis upiratesobas. 

 

 
       4.2. Sedgenili konstruqciebis kvanZebis wrfivi       
            araRerZulisimetriuli deformaciebis  

             gansazRvris algoriTmi 
Sedgenili konstruqciis deformirebuli mdgomareobis 

gamokvlevisas elementebze zedapiruli da datvirTis 

araRerZulsimetriuli komponentebis moqmedebis dros da 

rgoluri datvirTvis dros, romelic moqmedebs rgolis 

simZimis centris wrfeebze, ganixileba mxolod wrfivi 

amocana. 

algoriTmTa SedgenisaTvis gamoyenebuli iqna meore TavSi 

warmodgenili Tanafardobebi. wrfiv SemTxvevaSi, 
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gamosaxulebis gancalebadi cvladebis meTodis gamoyenebiT 

miiyvaneba erT damoukidebel cvladamde α1 da n harmonikis 

nomramde.  

zogadad datvirTvis zogad SemTxvevaSi yvela funqcia, 

romelic aRwers konstruqciis daZabul-deformirebul 

mdgomareobas, garegani datvirTvebi warmodgenilia furies 

mwkrivis saxiT α2 rgoluri koordinatis mimarT, 

RerZulsimetriuli konstruqciebis SemTxvevaSi. mocemuli 

sidideebi dakavSirebulia TanafardobebTan  

x={(U,W,ϕ,ε,xk,xr,T,Mx,M,)i(U,W,θ1,M11,M22,T11,T22,E11,E22,k11,k22,Q11)ijs}, (4.12) 

y={υ,x,M,Qx,Qr)i,( υ,θ2,S,H,Q22,E12,k12)ijs} 

mTliani amonaxsni amocanebisa iqneba sasruli furies 

mwkrivebis Sejamebis saxiT. 

algoriTmTa sawyis monacemebs mravladbmuli 

konstruqciis kvanZTa gadaadgilebebis gansazRvrisaTvis 

warmoadgenen   parametrebi: 

                      nsk, msh, ha, hk, eps, mx, my,  

                                     mz, mh.                                                              (4.13) 

da masivebi  

bn, nq, qm, qn, xnk, ynk, znk, xxk, xyk, xzk, xnk, nnk, cn,                  (4.14)  

romlebic nawilobriv warmoadgenen algoriTmis 

formalur parametrebs, xolo danarCenebi Cawerilia Sesabamis 

diskur mexsierebaze.  

mravladbmuli konstruqciis kvanZTa gadaadgilebis 

gansazRvris algoriTmi araRerRulsimetriuli datvirTvis 

dros wrfiv dasmaSi realizebulia procedurebis saxiT Iinear 

de formation  

procedurasTan muSaobis dros aucilebelia mTeli 

konstruqciis da misi calkeuli elementebis mTliani 
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geometriis codna, Tanaxmad saWiro sawyisi monacemebisa da 

yvela datvirTvebis harmonikis mocemuli speqtris 

amplitudaTa mniSvneloba, romlebic moqmedeben konstruqciis 

elementebze. 

procedurebis muSaobis Sedegebi Caiwereba ℓk [1:4*nsh, 1:nk] 

masivSi. am masivis elemenetebi gansazRvraven konstruqciis 

kvanZTa gadadgilebebis komponentebs.  

konkretuli harmonikisaTvis ng[i]-uri rgolis Sesabamisi 

gadaadgilebeba iqneba. 

U1=fk[4xi-3,i],   Wi= fk[4xi-2,i],   ϕ1=fk[4xi-1,i],   υi= fk[4xi,j]                         (4.15). 
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                          nax. 4.1 

  

proceduris areSi Sesvlisas xdeba nulebis miniWeba amoxsnis 

veqtoris Fk yvela elementebTan. Semdeg iwyeba cikli 

harmonikaze. yoveli harmonikisaTvis gamoZaxebulia informacia 

datvirTvebze mexsierebidan, romelic moqmedebs konstruqciis 

elementebze da mowmdeba trivialuri SemTxveva. Tu 

gansaxilveli harmonikis datvirTvis yvela amplitudebi nulis 

tolia, maSin xdeba sxva harmonikaze gadasvla. aseTi 

SemTxvevis ararsebobis SemTxvevaSi algoriTmi gadis P 

matricis da T veqtoris ganulebaze,  amis Semdeg warmoiqmneba 

gansazRvra kvanZTa sixistis paramatrebsa da masTan 

SekavSirebul SeerTebebze (Gkni, kijs), formireba qvematricisa Pij 

da Ti (i j) veqtorisa, romlebic Semdeg gadaigzavneba PT 

matricis Sesatyvis adgilebSi. rogorc ki ganisazRvreba 

amosaxsneli gantolebis  komponentebi. algoriTmis moqmedeba 

gadadis am gantolebis gardaqmnaze, geometriuli SezRudvebis 

gaTvaliswinebiT, mocemuli na parametriTa da bn masiviT. 

n

      n 

ε(U,W,ϕ,υ,Mr,Mx,

      n 

           fk 

Pij              P, Ti              T 
(i j) 

     j 

   i 
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gardaqmnili gantolebis amonaxsni gansazRvravs Δ-as 

gansaxilveli harmonikisaTvis, romlis mniSvnelobebic 

gadaigzavneba Fk masivis Sesatyvis adgilebSi. radgan furies 

mwkrivis funqciebi, romlebic gansazRvraven daZabul-

deformirebul mdgomareobas, mniSvnelovnad swrafad krebadia, 

vidre datvirTvebis aRmweri funqciis mwkrivebi. sanam 

gadavidodeT momdevno harmonikis ganxilvaze xdeba 

datvirTvebze funqciis saboloo mniSvnelobis bolo 

harmonikis Sefaseba, romelic gansazRvravs rgolis daZabul-

deformirebul mdgomareobas. 

 

 

4.3. Sedgenili konstruqciis kvanZis geometriulad 

arawrfivi RerZulsimetriuli deformacia 

 

Sedgenili kontruqciis drekadi qmedebis gamokvlevis 

dros calkeul faqtorTa daZabul-deformirebuli 

mdgomareobis geometriuli arawrfivobis gaTvaliswinebiT 

ganixileba mxolod RerZulsimetriuli amocana. am SemTxvevaSi 

yvela garegani datvirTvebi, Sinagani Zalebi da konstruqciis 

elementTa deformaciebi damokidebulni arian α2 

koordinataze da warmoadgenen mxolod  α2 koordinatis 

funqciebs.  

algoriTmis asagebad gamoiyeneboda nivoJilovis [57] 

arawrfivi Teoriis yvelaze martivi varianti konstruqciis 

garkveul kvanZebSi gadaadgilebis SezRudvis garda SeiZleba 

davadoT geometriuli SezRudvebi am formis matricas 

adareben na da nb masivs. 
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arawrfivi amocanis amoxsna xdeba niuton-kantoroviCis 

iteraciuli meTodiT, roca iteraciis yovel bijze ixsneba 

wrfivi amocana. amasTan nebismieri ori mezobeli miaxloeba 

dakavSirebulia rekurentuli TanafardobebiT. 

winamdebare miaxloebis amonaxsni Sedis ara marto 

Tavisufal wevrebSi (fiqtiuri datvirTva), aramed erTgvarovan 

nawilSic rac aracxadliv moqmedebs konstruqciis elementTa 

xist maxasiaTeblebze. TandaTanobis miaxloebis procesi 

grZeldeba manam, sanam Sedgenili konstruqciis yvela kvanZze, 

gadaadgilebis veqtoris yvela komponentze ori momdevno 

miaxloebis Sedegis maqsimaluri SefardebiTi daSoreba 

aRmoCndeba mocemul sidideze eps naklebi. rogorc samuSaos 

Sedegebma gviCvena [93, 105], amorCeuli procesi ricxviTi 

amonaxsnisa, nebas gvaZlevs miviRoT maRali rigis sizustis 

amonaxsni romelsac aqvs kargi krebadoba. 

radgan ganixileba mxolod RerZulsimetriuli amocana, 

am SemTxvevaSi datvirTvebi, romlebic moqmedebs garsisebr 

elementebze, mocemulia organzomilebiani masivebis saxiT, rac 

saSualebas gvaZlevs mniSvnelovnad SevamciroT personalur 

kompiuterze gamoTvlis dro. datvirTvis masivobis gardaqmna 

[nk=I am SemTxvevaSi] SeiZleba warmovadginoT am saxiT: 

                               xnk[1:mx; 1:1]  → xnk[1:mx;], 

                             ynk[1:my; 1:1]→ynk[1:my;],                                     (4.16) 

                               znk[1:mz; 1:1]  → znk[1:mz;].                                         

datvirTvebisTvis, romlebic moqmedeben konstruqciis 

kvanZebze, sawyis monacemTa masivi Fsh gardaiqmneba 

samganzomilebianidan organzomilebianSi.  

                Fsh [1:6, 1:1, 1:hsh] → Fsh [1:6, 1:hsh]                            (4.17) 



 137

 amgvarad gansaxilveli algoriTmebis sawyis monacemebad (2.1) 

da (2.2)_is gaTvaliswinebiT ganixileba parametrebi  

            (msh, msn, ha, hl, eps, mx, my, mz, mh)                                   (4.18) 

da masivebi  

             bn, gm, gn, xxk, xyk, xzk, xzk, xhk, hhk, cn.                         (4.19). 

romelTa nawilic warmoadgens algoriTmis normalur 

parametrebs, xolo danarCenebi Cawerilia Sesabamis xist 

diskze (vinCesterze).  

Sedgenili konstruqciis kvanZTa gadaadgilebis 

gansazRvris algoriTmi RerZulsimetriuli datvirTvis dros, 

geometriuli arawrfivobis gaTvalsiwinebiT, realizebulia 

procedurebis saxiT. NonIinear defonmation. procedurebis 

samuSaoebis Sedegebi Caiwereba masivebSi  Fk[1:4xnsh], hor[1:5,1:m] 

da fzk da xasiaTdeba cor parametriT. gadaadgilebis veqtorTa 

komponentebisaTvis Δ miRebulia Semdegi Sesabamisobani. 

Ui→Fk[4xi-3];    Wi→Fk[4xi-2]; 

ϕi→fk[4xi-1] υi→fk[4xi];                                                                            (4.20) 

noF masivSi Tavmoyrilia funqciebis mniSvnelobebi θ1, θ2, 

T11, T22 da S iteraciis ukanasknel bijze orTogonalizaciis 

orTogonalur marTkuTxa wertilebSi konstruqciis yvela 

garsisebri elementisaTvis t2k masivi Seicavs rgolur ZalTa 

mniSvnelobebs, konstruqciis T kvanZebSi, iteraciis ukanasknel 

bijzec. parametri cor miiRebs WeSmarit mniSvnelobas, Tu 

proceduris damTavrebisas miRweuli iqna mocemuli 

fardobiTi sizuste, winaaRmdeg SemTxvevaSi mcdars. 

amas garda am proceduris Sedegebi warmoadgenen sawyis 

monacemebs konstruqciis calkeul elementTa simtkicis 

analizisaTvis da konstruqciis mdgradobisa da rxevebis 

gamoklebisaTvis. 
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naxazze 4.2. moTavsebulia algoriTmis blok-sqema. 

proceduris areSi Sesvlis dros xdeba gadaadgilebis 

veqtorTan ganuleba Δ nulovan pirvel miaxloebaSi (fk
0, fk

’). 

Semdeg xdeba gadasvla miaxloeba ciklTan. miaxloebaTa 

yovel bijze pirvel rigSi xdeba vinCesteridan gamoZaxeba 

datvirTvebisa, Semdeg iqmneba p matrica T veqtori. SemdgomSi 

ganisazRvreba konstruqciis elementTa sixistis parametrebi 

[qpi
k, Kijs

k  da a.S.]. winamdebare iteraciis Sedegis 
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                   nax. 4.2 

 

Semdeg xdeba gadasvla miaxloebis ciklTan. miaxloebaTa 

yovel bijze pirvel rigSi xdeba vinCesteridan gamoZaxeba 

datvirTvebisa, Semdeg iqmneba p matrica da T veqtori. 

SemdgomSi ganisazRvreba konstruqciis elementTa sixistis 

parametrebi [qpi
k, Kijs

k  da a.S.]. winamdebare iteraciis Sedegis 

gaTvaliswinebiT, romlisTvisac gamoangariSebulia zogierTi 

funqciebi, romlebic gansazRvraven daZabul-deformirebul 

mdgomareobas [O1
k-1, O2

k-1, T2
k-1, Sk-1] yvela garsisebri 

elementebisaTvis da konstruqciis yvela kvanZTa rgoluri T 

ZalebisaTvis. gansazRvruli sixistis parametrebi gamoiyeneba 

qvematricis Pij
k veqtor Ti

k (i j)-is gansazRvrisaTvis, romlebic 

formirebas ukeTeben amosaxsnel gantolebas k-uri iteraciiT. 

amosaxsneli gantoleba rogorc ki formirdeba algoriTmSi, 

xdeba misi gardaqmna mocemuli SezRudvis gaTvaliswinebiT, 

ganmsazRvreli parametrebis na da bn masivebis zogierT kvanZTa 

gaddagilebis veqtori iteraciis k-ur bijze. 

cikls asrulebs ori mezobeli miaxloebis Sedareba. Tu 

am miaxloebebis fardobiTi cTomileba konstruqciis kvanZTa 

k

      k                   

ε(Δk, Δk-1 ) 

      k 

           fk, 

P kij             P, T ki            T 
i j) 

     j 

   i 
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gadaadgilebisaTvis naklebia eps-ze, maSin cikli 

damTavrebulia. Tu ara da moxdeba gadasvla momdevno 

miaxloebaze. es procesi gagrZeldeba mocemuli fardobiTi 

sizustis miRwevamde anda miaxloebis nI minimaluri ricxvis 

amowurvamde.     

 4..4. Sedgenili konstruqciis mdgradoba da rxevebi. 

   simetriulad datvirTuli mravladbmuli  konstruqciis 

mdgradobisa da rxevebis gamokvleva igeba  [4,5] Sromebis 

winamZRvrebiTa da TanafardobiT. am TanafardobebSi 

igulisxmeba, rom konstruqciis daZabul-deformirebuli 

mdgomareoba datvirTvaTa gansazRvruli mniSvnelobebisaTvis 

cnobilia. mdgradobisa da rxevebis algoriTmebi igeboda im 

pirobiT, rom es informacia algoriTmis samuSaos Semdeg 

miRebuli Nonlinear deformation vinCesteridan gacvlis gziT 

miRebuli ganlagdeba operatiuli mexsierebis gansazRvrul 

adgilSi. funqciebis mniSvneloba Q1, Q2,T11, T22, S. yvela 

garsisebri elementisTvis orTogonalizaciis wertilebi 

ganlagdebian masivebSi  nof [1:5, 1:m], sadac ml ganisazRvreba, 

xolo rgoluri elementebis ZalTa mniSvneloba  t2k [1:nsh] 

masivSi. es masivebi gamoiyeneba funqciis kritikul 

mniSvnelobamde gansazRvrisaTvis, romelic aRwers daZabul-

deformirebul mdgomareobas, konstruqciis daZabuli 

mdgomareobisa da mdgradobis gamokvlevis dros, sakuTari 

sixSireebis gamokvlevisas. 

am funqciis mniSvnelobis ganmsazRvrelad Sedgenilia 

procedura prebuckI, romelSic SemoTavazebulia, rom       

saZiebeli funqciebi wrfivadaa damokidebuli datvirTvis 

parametris sidideze.  
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principSi  sirTules ar warmoadgens  algoriTmis Seqmna, 

romelic iTvaliswinebs yofaqcevis arawrfivobas anda 

datvirTvebis mravalparametrul damokidebulebas Zalebis 

mimarT. proceduris teqsti prebuck, romelSic q-s aqvs  

datvirTvis parametris mniSvneloba, miiRebs Semdeg saxes: 

procedure prebuck (q) 

read  (k,1,1,0,14); 

read (a, 2, 3,  1, 0),  read (f, 2, 3, 0, 0 ); 

For  i:=1,2,3,4,5 do 

For  j:=1step  1antiI   k do  a[i,j]: =a[i,j]xg; 

For i:=1step  1antiI    nsh  do t[i]=t[i]xg; 

wraite   (a,1,3,1,0); wraite (t,1,3,0,0) 

end 

end prebuckI: 

mdgradobisa da rxevis gamokvlevebis algoriTmebs 

erTmaneTTan bevri saerTo aqvT. orive algoriTmSi datvirTvis 

parametris yoveli mniSvnelobisaTvis X  an W sixSirisaTvis 

saWiroa Sedges mTeli konstruqciis sixistis matrica.        

matricis elementTa gansazRvra ar aris damokidebuli 

imaze, Tu rogori amocana ganixileba, amitom matriculi 

gantolebis gamoangariSebis bloki  gamoyofilia calkeuli 

procedurebis saxiT  detpolgcons. gantolebis sakuTari 

mniSvnelobis Zieba xdeba bijis meTodiT. mdgradobis 

amocanaSi SesaZlebelia  ori mimarTuleba, romelTagan 

TiToeuls aqvs Tavisi indeqsi  (Ip=I an Ip=2).  sakuTari rxevebi 

ganixileba  erTi meTodiT, romelic Seesabameba mdgradobis 

amocanaSi (Ip=I ) I meTodis zogierTi cvlilebebiT. am 

algoriTmuli samuSaoebis erT-erT ZiriTad  Sedegs 
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warmoadgens konstruqciis mdgradobis   dakargvis formebis 

da  sakuTari rxevebis formaTa gansazRvra. 

saerTo formebis Ziebis procesi am amocanebisaTvis 

aRwerilia Semdegi gamosaxulebiT:  

        ( ) ( ) ( )1 1 1' , , , , , , *,y F n y F n y F yλ ωα α λ α ω= + +  

 amitom Seqmnili iyo specialurad am procedurisaTvis Form. 

es damxmaare procedurebi udevs safuZvlad konstruqciis 

mdgradobisa da sakuTari rxevebis algoriTmul gamokvlevebs, 

romlis teqstsac aRwers esa Tu is bijis meTodi sakuTari 

mniSvnelobis Ziebisas. 

sawyisi monacemebi am algoriTmebisaTvis aris Semdegi 

parametrebi, 

ha, hsh, msh, mI,                                        (4.21) 

da masivebi  

an,bn, gm, gn, xnk, hnk, not, t2k,                                                            (4.22) 

romelTa  nawilic Sedis algoriTmTa formalur parametrebSi, 

xolo danarCenebi Caiwereba vinCesterze. cn masivis  

elementebidan mxolod mdgradobis amocanebs miekuTvneba     

parametrebi  

                   q1, q2, dq, n2, da  n3.  QE                      (4.23) 

xolo sakuTari rxevebis amocanebs miekuTvneba parametrebi  

                      om1, om2, dom, nom, q.                                                (4.24) 

mdgradobisa da sakuTari rxevebis algoriTmebis 

gamokvlevebi realizebulia MATLAB 6.5-is enaze bucking 

holyconstrucfur  da oscillation procedurebis saxiT. pirveli 

proceduris samuSaos Sedegebi ganisazRvreba ori parametriTa 

mm, gm da Fk [1:4, 1:m]  masiviT. Fk masivis elementebi, rogorc 

zemoT ukve iTqva, gansazRvraven mdgradobis formis dakargvas 
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an konstruqciis sakuTar rxevebs. nm parametri mdgradobis 

amocanaSi gansazRvravs talRebis ricxvis mniSvnelobas 

rgoluri mimarTulebiT, datvirTvis kritikuli mniSvnelobis 

dros, romelic ganisazRvreba gm sididiT. sidide om 

gansazRvravs konstruqciis sakuTari rxevebis sidides. 

mdgradobisa da sakuTari rxevebis algoriTmebis 

gamokvlevebis blok-sqemebi warmodgenilia nax. 4.3 da 4.4-ze, 

magram, sanam dawvrilebiT ganvixilavT mas, aRvweroT saerTo 

moqmedeba am algoriTmTa procedurebisaTvis detpoycons da Form, 

am procedurebidan pirvelis blok-sqema mocemulia nax.4.3. 

proceduraTa SesavalSi mocemulia harmonikis nomeri 

rgoluri mimarTulebiT, datvirTvis parametri q, romlis  
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drosac ganisazRvreba amosaxsneli matricis determinanti, 

globalur procedurasTan mimarTebaSi. proceduris moqmedeba 

iwyeba rgolebSi ZalTa informaciis daangariSebiT da  

saZiebeli p matricis  elementebisaTvis nulovani 

mniSvnelobebis miniWebiT. SemdgomSi organizdeba cikli 

konstruqciis kvanZebze (1≤i≤nsh). am ciklSi pirvel rigSi 

gaanixileba Gkn  rgolis sixistis qvematricis elementebi. amis 

Semdeg iwyeba garsiT elementTa ganxilva, amisTvis 

organizdeba Siga cikli (1≤j≤ski). romelic iwyeba geometriaze 

meqanikur Tvisebebze da daZabul-deformaciul mdgomareobaze 

informaciis    gaamoZaxebiT. es informacia gamoiyeneba garsis 

sixistis matricis ricxviTi integrirebiT  gansasazRvravad. 

miRebuli Sedegebi gadaigzavneba qvematricaSi pij-Si, 

romelic nawilobriv aformirebs p matricas. 

      Pij 

        Pij→P 

i

     j 

   i 

         (U,ω,θ,υ)j

j

        ⏐P⏐ 

d, dp 

     W/Wmax 

            fk 

nax. 4.3 nax. 4.4



 145

garsebsa da konstruqciis kvanZebze Sesrulebuli 

samuSaos ciklis damTavrebiT sruldeba P matricis formireba. 

am matricis gansazRvra xdeba detop proceduris daxmarebiT. 

samuSaos detpolycons Sedegi gamoixateba ori ricxvis saxiT, 

romlebic gansazRvraven P matricis determinantis 

mniSvnelobas formuliT. 

            ⏐P⏐=dx10dp                                                             (4.25)  

 radgan  konstruqciis simtkicis amocanebSi dp parametri 

Cveulebriv warmoadgens erTze bevrad did sidides, amitom 

gansaxilvel algoriTmebSi samuSaos Sedegi normalizdeba. 

Form proceduris blok-sqema moyvanilia naxazze 4.4. aq 

SesasvlelSi mocemulia kritikuli parametrebi  q an om       

da harmonikis nomeri n . imisTvis, rom ganvsazRvroT 

konstruqciis kritikuli forma, aucilebelia vicodeT  P   
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matrica. es matrica SeiZleba ganvsazRvroT detpolycons 

proceduris daxmarebiT. mocemul SemTxvevaSi es 

organizebulia vinCesteris daxmarebiT. Semdeg romelime 

kvanZis gaadaadgilebis veqtoris zogierT komponents 

utoleben 1-s da Semodis gardaqmnis matrica. im SemTxvevaSi 

Tu gardaqmnis matricis amonaxsni ar  iZleva 

damakmayofilebel Sedegs, maSin erTianis mniSvneloba 

mieniWeba gadaadgilebis sxva komponents da gadaadgilebis 

procesi meordeba. rogorc sxva algoriTmebSi  formis 

gansazRvra iwyeba garsebidan, romlebic mierTebulia pirvel 

SpangoutTan. formis agebis procesi iwyeba geometriis 

informaciis meqanikuri Tvisebebis da daZabul- 

deformirebuli mdgomareobis aRmweri funqciis mniSvnelobaTa 

gamoZaxebiT da  garsTan sasazRvro  gadaadgilebis 

gansazvriT.  

q

q-dom→om, qm-
q→eq

detpolycons(n,d0

q

form(1,om,n,

om, fk

nax. 4.5 
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sasazRvro amocanis amonaxsniT ganisazRvreba garsis 

gadaadgilebis yvela funqcia. es informacia Caiwereba Fk  

masivis gansazRvrul adgilSi gansaxilveli garsisTvis. mas 

Semdeg, rac funqciebi, romlebic aRweren garsisebri 

elementebis gadaadgilebas iqneba gansazRvruli, 

ganxorcieldeba maTi normalizacia maqsimalur 

gadaadgilebasTan SedarebiT. am saxiT Sedegebi moicema 

algoriTmebSi  detpolycons da  Form.  

            ( )T
ijs ijs iW i jη Δ= Ђ ,                                   (4.26) 

sasazRvro pirobebi: 

       

( )
( )
( )
( )

( )
( )
( )
( )

1 1

2 2

, ,

3 3

4 4

ijs jis
i ijs

ijs jis
i ijs

ijs jisijs jis
i i

ijs jis
i i

y y

y y
W W

y y

y y

α α

α α

α α

α α

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

                         (4.27) 

algoriTmis samuSao buckling SeiZleba aRvweroT blok-

sqemiT, romelic mocemulia naxazze 4.5. mocemuli sawyisi 

monacemiT, romelic Sedis algoriTmis formalur parametrSi 

da moTavsebulia vinCesterze. warmoebs konstruqciis 

kritikuli parametrebis Zieba (nm, gm, Fk). Zieba mimdinareobs 

im mimarTulebiT romelic ganisazRvreba Ip parametris 

mniSvnelobiT. 

roca 1p=1 kritikuli datvirTvis Zieba midis ciklSi 

n(n2≤n≤n3) n-is yoveli mniSvnelobisaTvis moiZebneba datvirTvis 

parametris kritikuli mniSvneloba q2≤q≤q3 diapazonSi prebusk 

da detpolycons proceduris gamoyenebiT. rogorc ki iqneba 

gansazRvruli parametris kritikuli mniSvneloba. xdeba n-is 

axal mniSvnelobaze gadasvla. kritikuli parametris miRebuli 

yoveli axali mniSvneloba Seedareba winamdebares da yvelaze 

mcire maT Soris talRebis ricxvis Sesatyvis mniSvnelobiT 



 148

daimaxsovreba qm, nm parametrebiT. am saxiT, ciklis samuSaos 

Semdeg n-is mixedviT. qm, nm parametrebi gansazRvraven 

kritikuli datvirTvis parametrTa yvelaze mcire kritikul 

mniSvnelobas da talRebis ricxvis masTan Sesatyvis 

mniSvnelobas nm rgolur mimarTulebaSi. im SemTxvevaSi Tu 

minimumi ar iqneba miRweuli, xdeba sazRvrebis gafarToeba n-ze 

(zeda sazRvari n3 izrdeba erTiT) manam, sanam ar iqneba napovni 

es minimumi, Tu is saerTod arsebobs mocemuli datvirTvis 

parametris diapazonze. amiT samuSao pirveli mimarTulebiT 

damTavrebulia. gamokvleva meore mimarTulebiT (1p=2) midis 

ciklSi datvirTvis parametriT (q1,q2) diapazonSi. q-s 

konkretuli mniSvnelobiT ganisazRvreba kritikulobamde 

daZabuli mdgomareobis funqciebi (masivi nif), SemdgomSi yvela 

n-isTvis (n2≤n≤n3) ganisazRvreba amoxsnadi gantolebis martivi  

determinantis mniSvneloba, romelTa damaxsovreba xdeba 

masivebSi d0 da d2 [n2:n3] ciklidan gamosvlisas n-iT masivebis d 

da d2 elementTa mniSvneloba gadaadgileba d1 da d3 masivSi. 

imave ganzomilebiT SeiZleba TvalTvali, Tu rogorc icvleba 

es informacia datvirTvis momdevno mniSvnelobebze. 

kritikuli datvirTva ganisazRvreba Sedarebis dros p 

matricis determinatis mniSvnelobis niSnis SecvliT 

datvirTvis mezobeli mniSvnelobebis dros. rogorc ki 

warmoiqmneba aseTi situacia, xdeba am datvirTvisa da 

harmoniis Sesatyvisi nomris qm da nm parametrebSi 

damaxsovreba. kritikuli datvirTvebis gansazRvra orive arxze 

midis bijis meTodiT, rac gvaZlevs kritikuli datvirTvebis 

sakmaod miaxloebul mniSvnelobas, amitom, rogorc ki 

damTavrdeba romelime arCeuli arxis samuSao, marTva 

gadaicema Sedegis dasazusteblad qordis meTodiT. amisTvis 
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formirdeba datvirTvis parametrebis axali zRvruli 

mniSvnelobebi da bijebi, xolo talRebis ricxvi rgolur 

mimarTulebaSi nm-is tolia. dazustebis procesi, romlis 

sqemac dawvrilebiTaa mocemuli 4.5 naxazis Sua nawilSi. 

grZeldeba manam, sanam ar iqneba miRweuli mocemuli 

fardobiTi sizuste eps algoriTmis. 

samuSaos amTavrebs konstruqciis formaTa Zieba, romelic 

mimdinareobs kritikul mdgomareobaSi Form procedurebis 

meSveobiT, qm, nm-isTvis. konstruqciis mdgomareobis 

gamokvlevis algoriTmis gamosavalze Sedegi aris kritikuli 

datvirTva q da misi Sesatyvisi talRebis ricxvi nm rgolur 

mimarTulebaSi da Fk garsiT elementebis mdgradobis dakargvis 

forma.  

konstruqciis sakuTari rxevebis gansazRvris algoriTmi 

bevrad martivia. mis muSaobas SeiZleba Tvalyuri vadevnoT 

blok-sqemiT, romelic warmodgenilia nax. 4.6. sawyisi 

monacemiT, romelic Seyvanilia formaluri parametrebiT  da 

vinCesterze iwyeba formireba algoriTmis sawyisi pirobis da 

organizdeba cikli om (om1, om2) diapazoniT. yoveli 

rxevisaTvis, romelic mezoblisagan gansxvavdeba dom bijiT, 

aigeba amosaxsneli gantolebis P matrica da iZebneba misi 

detpolycons proceduris daxmarebiT.  

sakuTari sixSiris romelime mocemuli fardobiTi 

sizustiT gansazRvrisTvis, rogorc konstruqciis mdgradobis 

gamokvlevis algoriTmSi, arsebobs sizustis bloki. sanam mas 

mivmarTavT formirdeba sawyisi monacemebi da gamoiTvleba 

maTTvis P matrica. sixSiris ubnebi om da eq gansazRvruli 

parametrebia, sadac moxda P matricis niSnis Secvla, iyofa 

qordis meTodiT manam, sanam kritikuli parametris om 
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mniSvneloba ar iqneba gansazRvruli mocemuli fardobiTi 

sizustiT. sakuTari sixSiris dazustebis Semdeg marTvaSi 

gadaecema konstruqciaSi garsirebri elementebi, sakuTari 

rxevis formis gansazRvraze, romelic datvirTulia 

RerZulsimetriuli datvirTvebiT rgolur mimarTulebaSi 

mocemuli rxevaTa ricxvis dros. rxevis forma iZebneba Form 

proceduris daxmarebiT napovni sakuTari sixSiriT, rgolur 

mimarTulebaSi mocemuli talRebis ricxviT da datvirTvis 

parametriT, romelic erTis tolia da aucilebelia 

gaviTvaliswinoT algoriTmTan muSaobis dros. proceduridan 

gamosvlisas viRebT om-s sakuTari sixSiris mniSvnelobis da 

rxevis formas romelic ganisazRvreba Fk masiviT. 

aucileblobis SemTxvevaSi Ziebis blokis, rogorc ZalTa 

datvirTvis kritikuli mniSvnelobebis, aseve sakuTari 

sixSiris mniSvnelobebis Secvla advilia algoriTmis MATLAB 

6.5 -is daxmarebiT Caweris gamo.     

 

4.5. konstruqciis elementebis 
daZabul-deformirebuli mdgomareoba 

 

zemoTmoyvanili procedurebi ar gvaZleven srul 

informacias mTliani konstruqciis, misi calkeuli 

elementebis daZabul-deformirebuli mdgomareobis Sesaxeb.  

konstruqciis calkeuli elementebis kvlevisaTvis Sedgenilia 

nonlinear deFormation da Linear deFormation procedurebi. miRebuli 

gamosaxulebebis Tanaxmad es Sedegebi adgenen sasazRvro 

pirobebs sasazRvro amocanebisaTvis garsirebri elementebis 

analizis dros. am Tanafardobebis gaTvaliswinebiT 

garsirebri elementebis gamokvlevas safuZvlad udevs 

sasazRvro amocanis amoxsnis ricxviTi meTodi, 
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ganzogadebisTvis mosaxerxebelia erT algoriTmSi movaTavsoT 

geometriuli arawrfivi amocanis analizi  RerZulsimetriuli 

datvirTvis dros da wrfivi amocana harmonikisTvis nulisgan 

gansxvavebuli nomrebiT. wrfivi amocanis amoxsnisTvis 

gamoiyeneba niuton-kantoroviCis meTodi. miaxloebis procesi 

mTavrdeba maSin roca miRweulia eps fardobiTi sizuste an nl 

miaxloebis mocemuli maqsimaluri ricxvi. amasTan algoriTmSi 

pirvel miaxloebaze gamoiyeneba bolo iteraciis Nonlinear 

deFormation funqciis miRebuli mniSvnelobebi Q1, Q2, T11, T22, S. 

algoriTmis samuSaos SedegiT ganisazRvreba (I-I)-is yvela 

funqcia romelic exeba garsebs. am funqciebs aqvT konkretuli 

informacia garsis yofaqcevaze, romelic SeiZleba iyos 

gamoyenebuli Semdgom gamokvlevebSi da rgolebis simkvrivis 

analizisTvis, radgan sasazRvro funqciebis mniSvnelobebi 

gamoiyeneba sawyisi monacemebis saxiT:                                

konstruqciis kvanZTa gamokvlevebis dros ZiriTad sawyis 

monacemebad iTvleba samuSaoebi Nonlinear deFormation an linear 

deFormation da funqciis sasazRvro mniSvnelobebi, romliTac 

vsazRvravT ZalTa zust mniSvnelobebs, romelic modis 

rgolze  Sida Zalebs da deformaciebs.  

garsisebri elementebis simtkicis algoriTmis analizi 

mocemulia sleell element proceduris saxiT, romelic 

gankuTvnilia gansazRvruli harmonikis n-uri zedapiris 

moqmedebis qveS myofi, daZabul-deformaciuli garsis 

mdgomareobis ganmsazRvreli funqciis gansazRvrisaTvis an 

sasazRvro datvirTvisaTvis, romlebic gaSlilia furies 

mwkrivad, trigonometriuli funqciebiT  analizi mimdinareobs 

gansazRvruli sasazRvro pirobebiT, romlebic SeiZleba 

mocemuli iyos n harmonikis  amplitudebiT, rogorc 
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gadaadgilebebi ise Zalebi. roca n=0,  nl>0, sadac nl aris 

iteraciis ricxvi, amoixsneba arawrfivi geometriuli amocana, 

am parametrTa sxva mniSvnelobebisaTvis ganixileba wrfivi 

amocana. amoxsnis procesSi saWiroa fardobiTi sizustis 

miRweva. datvirTvis harmonikebi, sixistis parametrebi da 

sasazRvro gadaadgilebebi mocemulia xx, xy, xz, xh, hh, xn, yx, zh, 

gm, fk  masivebiT da mniSvnelobiT emTxveva mxolod im nawilSi, 

romelic miekuTvneba calkeuli garss da gansazRvrul 

harmoniks, anu am masivebis sazRvrebis farglebi ganisazRvreba 

gm masivis elementebiT.   

               mx=gm [27],       mg=gm [28].  

                               mz=gm [29],      mh=gm 30].                  (4.28) 

 nf[1:5.1+gm[i]] masivSi romelSic Caiwereba funqciis 

mniSvnelobebi Q1, θ2, Τ11, Τ22, S algoriTmSi Sesvlisas da 

iteraciis yovel bijze moicema mxolod arawrfivi amocanis 

amonaxsni. kombinaciaSi Nonlinear defor mafion masivSi Caiwereba am 

funqciebis mniSvnelobebi iteraciis bolo bijze, 

konstruqciis kvanZTa gadaadgilebebis gansazRvris dros.  

masivebi bn, bc [1:8]-sasazRvro pirobebis formirebis sve-

tebia. bn, bc masivebi pirveli oTxi elementi miekuTvneba gm[3] 

sawyisi koordinantis sazRvars, danarCenebi ki miekuTvne-

ba_gm[4]. amasTan elementebi bn masivis meoTxedebSi, romelic 

formirdeba mTeli ricxviT, ganlagebulia zrdianobis mixed-

viT, xolo bc masivis elementebi iReben Sesabamisi funqciis 

mniSvnelobas. mTeli ricxvebis sasazRvro funqciebTan Tana-

fardoba warmodgenilia ase  

                 Υ∏1,  Ω∏2,  θ1∏3,  V∏4, 

    T11∏5,  Q11
n

A
H

2

6→ , M M11∏7,   S+2k2H∏8.               (4.29) 
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konstruqciis garsisebri elementebis analizis dros 

sasazRvro pirobebi (masivebi bn, bc) formirdeba  algoriTmis 

SedegSi shell element proceduridan gamosvlisas masivSi ys[0:m, 

1:8]  (m=gm[i]) iqneba Υ, Ω, θ, V, T1, ZiriTadi  funqciebis n-uri 

harmonikis amplitudis mniSvnelobebi, θ11
2

11±
n

A
H M, , S+2k2H 

orTogonalizaciis  wertilebSi F [1:6,0:m] masivi Seicavs T22,  

M22, θ11, Q22, S, H funqciebis mniSvnelobebs, xolo diF 1:6, o:m 

masivi Seicavs E11, E22, K11, K22, E12, K12 deformaciis mniSvnelobas. 

parametri rep wrfivi analizis dros miiRebs treie mniSvnelobas, 

xolo ara wrfivis dros WeSmarit mniSvnelobas mxolod maSin 

miiRebs, roca ar SeirCeva fardobiTi sizuste.  

funqciis harmonikis amplitudis gasazRvruli algoriT-

mebi, romlebic gansazRraven rgolis daZabul-deformirebul 

mdgomareobas realizebuli proceduris saxiT ring element. 

sawyis monacemad iTvleba sin, nk parametrebi da ng[1:nk] masivebi 

da gn[1:10]. sig proceduris mniSvnelobaze damokidebulebiT 

proceduram SeiZleba sxvadasxvanairad imuSaos.  

roca sig=1iTvleba, rom yvela cnobil rgolze moqmedi 

Zalebi romlebic aris ganmsazRvreli yvela Sida faqtorebisa 

warmoebs gadaadgilebis gansazRvris xarjze. Tu cnobilia 

rgolis gadaadgilebebi, sig=2 da funqciebi, ganmsazRvreli 

daZabul-deformirebuli mdgomareoba, ganisazRvreba moqmedi 

Zalebis dazustebiT (am SemTxvevaSi proceduraSi SesvlisTvis 

saWiroa mxolod mx da mr mniSvnelobis gansazRvra). parametri 

nk da masivi ng gansazRvraven harmonikis ricxvis da maT 

Sesatyvis mniSvnelobebs, romelTaTvisac tardeba anlizi, 

mxolod arawrfivi amocanis RerZulsimetriuli datvirTvis 

amoxsnis dros (nk=1, ng[i]=0) hl mocemulia 0-isagan 
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gansxvavebuli ricxviT. rgolis geometriuli da meqanikuri 

parametrebi mocemulia gm marTviT proceduris sawyis 

monacemebs miekuTvneba aseve masivebi w[1:4, 1:nk] da F[1:6; 1:nk], 

romlebic Seicavs rgolis gadaadgilebisa da Zalis 

harmonikis amplitudis mniSvnelobebs masze moqmedeben Zalebi 

an nuli, sig parametris mniSvnelobis mixedviT. 

konstruqciis kvanZTa simtkicis analizis dros sig=2er-

Tad W masivebi elementebis gansazRvra warmoebs Fk masivis Se-

satyvisi elementebis xarjze, konstruqciis kvanZTa gadaadgi-

lebis ganmsazRvreli romelime proceduris SedegiT. amis gar-

da garsisebr elementTa winamdebare analiziT ganisazRvreba 

Mx da Mr  Siga momentebis mniSvnelobebi proceduris SedegiT. 

roca Sig=2 zustdeba Zalebi, romlebic moqmedebs rgolze, 

roca Sig=1 ganisazRvreba rgolis gadaadgilebebi, romelTa 

mniSvnelobebic Caiwereba W masivebSi. 

Sig parametris mniSvnelobisagan damoukideblad proce-

duris SedegiT gansazRvruli iqneba Xx, Xr, ε, X, Mx, Mr, T, M, Qx, θr, 

funqciis harmonikis amplitudis mniSvnelobebi, romlebic 

formirdeba dF masivSi, mF[1:4, 1:nk] da gn[1:2, 1:nk] TanafardobiT. 

Shell dlement da Sing element procedurebi imdenad martivia, 

rom ar aris moyvanili blok-sqema. algoriTmis muSaobas 

SeiZleba Tvalyuri gavadevnoT teqstis mixedviT. 

 

4.6. konstruqciis calkeuli elementebis daZabul-

deformirebuli mdgomareobis simtkicis analizis programebi 

   konstruqciis elementebis daZabul-deformirebuli mdgoma-

reobis funqciis ganmsazRvreli programebi Sedgenilia 

maTematikuri uzrunvelyofis procedurebis mTliani krebulis 

an misi nawilis gamoyenebiT, romlebic gamoiyeneba momdevno 
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programebSi da sam damatebiT algoriTmSi deFequorto, da ring 

element.  

garsebis elementebis daZabul-deformirebuli 

mdgradobis gamokvlevis programebSi logika Sedgenilia 

konstruqciis  gadaadgilebis gansazRvris algoriTmebiT, 

amoxsnadi gantolebis magaliTis mixedviT. anu jer ganixileba 

garsebi, pirvel SpangoutTan sawyisi koordinatis kodiT 

SeerTebuli, Semdeg isini, rolebic mierTebulia meoresTan da 

a.S. aseTi midgoma ganpirobebulia sawyisi informaciis 

ganlagebiT da algoriTmebis muSaobis SedegiT linear deFequorto 

an Nonlinear deFequorto. 

calkeuli garsebis SeerTebis gamokvleva iwyeba 

matricebis nawilebis gansazRvriT. ηijs da ηjis informaciis 

amorCeva koordinantul wertilebze sadac mocemulia 

datvirTvebi q1 , q2  da qz da garsis sisqe da am wertilebSi  

sisqis mniSvneloba. es amorCeuli informacia Caiwereba masivSi  

xx [1:mx], xy[1:my], z[1:mz], 

xh, hh[1:mh]                                                                                                                                                (4.30) 

sadac mx, my, mz, mh ganisazRvrebian gm masivis 

elementebiT, romlebic formirebulia saerTo maragidan yvela 

garsisTvis (3.13, 3.14.). im SemTxvevaSi Tu ganixileba 

geometriuli arawrfivi amocana gamoiZaxeba masivi  

                       nof [1:5, 1:ni).                                            (4.31) 

O1 , O2 , T11 , T22  da S  mniSvnelobis gansazRvrisaTvis 

orTogonalizaciis wertilebSi garsis meridianze. 

sawyisi monacemebi garsebze da masivi gm ar icvlebian 

erTi harmonikidan sxva harmonikamde, amitom isini gamoyofilia 

blokebis win harmonikebad. cikli harmonikebze iwyeba 

vinCesteridan informaciis gamoZaxebiT zedapiruli 
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datvirTvis komponentebze da torsuli kvanZebis 

gadaadgilebaze Δi da Δj_gansaxilveli garsis kideze. 

es informacia Caiwereba masivSi xnk[1:hx], yhk[1:my], >hk[1:mz] 

                   b1[1:4], b2[1:4].                                            (4.32)      

ηijs, ηjis gansazRvramde, romlis zogierTi elementebi 

damokidebulia harmonikis nomerze, formirdeba sasazRvro 

pirobebi, romlebic Caiwereba bn da bc masivebSi: rogorc ki 

iqneba gansazRvruli sasazRvro pirobebi, muSaobas iwyebs shell 

element procedura, romlis safuZvelSi Cadebulia sasazRvro 

amocanis ricxviTi amoxsna daZabul-deformirebuli 

mdgomareobisas. 

           U, W, θ1, V, T11, Q11+n/A2 H1M11, S+2K2H, T22, M22, 

    Q11, Q22, S, H, E11, E22, K11, K22, E12, K12,                                           (4.33) 

igi gamoiyeneba yvela harmonikaze saerTo amonaxsnis 

Sekrebis gansazRvris dros da azustebs datvirTvebs, 

romlebic moqmedeben konstruqciis kvanZebze. mocemuli 

sizustis miRwevis Semdeg xdeba miRebuli Sedegebis Sejameba 

zogadi amonaxsnis saxiT, zedapiris calkeul wertilebze (α1, 

α2). amasTan gamoiyeneba gacvla vinCesteris informaciasTan. am 

blokiT mTavrdeba gamoyofili harmonikis ganxilva da xdeba 

gadasvla axal harmonikaze. cikli haronikebze mTavrdeba adre 

amoxsnis krebadobis mixedviT. amiT garsis simtkicis analizi 

programis mocemuli redaqciiT mTavrdeba. 

aq SeiZleba damatebiTi blokebis Semotana. kerZod 

Sedegis monacemis blokis. Zabvis ganmsazRvreli blokis, 

simtkicis maragis koeficientis blokis da a. S. 

zemoTaRwerili sqemis mixedviT yvela darCenili garsebis 

elementis aRweriT mTavrdeba garsebis elementebis daZabul-

deformaciuli mdgomareobis analizis programebis muSaoba.  
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konstruqciis kvanZebis analizis programaSi gamoiyeneba 

mxolod sami procedura crout, scalar da rihg element, bolo maT 

Soris gankuTvnilia rogorc daZabul-deformirebuli 

mdgomareobis funqciis harmonikis amplitudis 

gansazRvrisTvis. konstruqciis kvanZebTan dakavSirebuli 

informaciis amorCevis Semdeg, xdeba gadasvla konkretuli 

rgolebis analizze, romelic iwyeba pirvelidan. informacia 

romelic exeba mxolod gansaxilvel rgols, amoirCeva da 

Caiwereba masivSi W[1:4, 1:hk], gn[1:10], Fh[1:6, 1:hk]. 

am informaciis gamoyenebiT da gn[1:hk]-s mniSvnelobiT, 

procedura rihg element gansazRvravs funqciis harmonikis 

amplitudebs. 

         Xx, Xp, ε, X, Mx, Mr, T, M, Qx, Qr,                                      (4.34) 

romlebic Semdeg gamoiyeneba am funqciis mniSvnelobebis 

gansazRvris dros, intervalis konkretul wertilebSi α2 (psi1, 

psi2, npsi). funqciis mniSvnelobebi rgoluri koordinatis 

wertilebSi SeiZleba daibeWdos da iyos gamoyenebuli rogorc 

kveTis calkeul wertilSi Zabvis gansazRvrisTvis da a. S. am 

programis mocemul redaqciaSi aseTi blokebi arsebobs. 

gamoyofili rgolis gamokvlevis procesi amiT mTavrdeba da 

xdeba gadasvla konstruqciis momdevno kvanZis analogze. 

rogorc ki iqneba gansazRvruli funqciebi bolo rgolisTvis, 

konstruqciis kvanZebis simtkicis analizis programa amTavrebs 

Tavis muSaobas. 

mocemuli programebidan nebismieri SeiZleba Seicvalos, 

gaCndes damatebiTi blokebi, aseTi didi drois danaxarjiT, 

rac martivadaa SesaZlebeli saprogramo ena MATLAB. 6.5-is 

gamoyenebiT. 
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                    4.7. meoTxe Tavis daskvnebi  

   1. Seqmnilia manqana-danadgarebis korpusebis analizisaTvis 

programebi: sawyisi informaciis damusavebisa da daZabul-

deformirebuli mdgomareobis. 

   2. mocemulia  manqana-danadgarebis korpusebis, anu 

Sedgenil konstruqciaze informacia, romelic saWiroa 

statikur simtkiceze kvlevisaTvis. es informacia sawyisi 

monacemebis damuSavebis programebis daxmarebiT daiyvaneba 

standartul saxeebamde, romelic gamoiyeneba mocemul 

algoriTmSi. 

   3. ganxilulia gaangariSebis magaliTebi da gakeTebulia 

miRebuli Sedegebis analizi.      

    
 

              
 
 
              ZiriTadi daskvnebi 
 
     Catarebuli kvlevaTa Sedegebi saSualebas iZleva     
     gavakeToT Semdegi daskvnebi:  
1. gaanalizebulia bzariani firfitebi brtyeli daZabuli 

mdgomareobisas. 

2. gaanalizebulia firfitis daZabul-deformirebuli 

mdgomareoba sasazRvro bzaris, sxvadasxva konfiguraciis 

Siga bzarebze, sasazRvro amonaWerze, xvrelebiT da 

WrilebiT. 

3. ganxilulia erTgvarovani firfitebi maqsimaluri 

xangamZleobiT. miRebulia firfitis xangamZleobis 

optimizacia mocemuli cikluri datvirTviT muSaobisas 
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da erTjeradi gadatvirTvisas. dasabuTebulia miRebuli 

Sedegebis gamoyenebis gzebi daproeqtebaSi. 

4. pirvelad miRebulia axali midgoma mravalSriani 

firfitis optimaluri daproeqtebisaTvis. 

5. Seqmnilia manqana-danadgarebis korpusebis daZabul-

deformirebuli mdgomareobis sawyisi informaciis 

damuSavebis programebi. 

6. mocemulia manqana-danadgarebis korpusebis anu Sedgenil 

konstruqciaze informacia, romelic saWiroa statikur 

simtkiceze kvlevisaTvis. es informacia sawyisi 

monacemebis damuSavebis programebis daxmarebiT 

daiyvaneba standartul saxeebamde, romelic gamoiyeneba 

mocemul algoriTmSi. 

7. ganxilulia gaangariSebis magaliTebi da gakeTebulia 

miRebuli Sedegebis analizi. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 160

literatura 

1.  laRundariZe g., xarTiSvili i., balavaZe v., `rTuli 

konstruqciebis daZabul-deformirebuli mdgomareobis 

gaangariSebis avtomatizaciis sistema”. respublokuri Ria 

samecniero konferencia `mSenebloba da ocdameerTe 

saukune”. moxsenebaTa Tezisebi. 24-25 maisi, Tbilisi, 2005w. 

71-72 gv. 

2. laRundariZe g., balavaZe v. da sxv. `mravladbmuli 

konstruqciebis saangariSo meTodis formulireba”.   

respublikuri Ria samecniero konferencia `mSenebloba da 

ocdameerTe saukune”. moxsenebaTa Tezisebi. 24-25 maisi, 

Tbilisi, 2005w. 81-82 gv. 

3. komaxiZe i., kaWkaWiSvili n., gardafxaZe m. 

Termodrekadobis amocanis amoxsnis meTodebi 

firfitisaTvis // mecniereba da teqnologiebi #1-3. 

Tbilisi, mecniereba. 2003. gv.30-32. 

4. Todua m., kaWkaWiSvili n., SioSvili i. sixistis matricis 

gaangariSeba. konstruqciis daproeqtebis optimizaciis 

varianti //mecniereba da teqnologiebi #4-6 Tbilisi, 

mecniereba 2002, gv. 53-55. 

5. bliaZe s., kaWkaWiSvili n. samkuTxa sasruli elementis 

sixistis matricis Sedgena ganivi Zvris gaTvaliswinebiT // 

saqarTvelos saavtomobilo-sagzao institutis Sromebis 

krebuli #2, Tbilisi 2005, gv. 138-141.  

6. kaWkaWiSvili n, yifiani g, maRraZe T. kompoziciuri 

masalebis daproeqteba rRvevis meqanikis safuZvelze 

rTuli konstruqciebis Sesaqmnelad. samecniero-teqnikuri 

Jurnali ,,mSenebloba~, #2, 2006. gv. 30-34. 



 161

7. Амбарцумян С. А. Теория анизотропных оболочек. 1961, М., 

Физматтиз. с.31-34. 

8. Бичиашвили Д. В. Жестостные характеристики ортотропной 
осесимметричной облочки средней толщины // Изв. ВУЗ: 
Строительство и архитектура, #1, 1979. с. 41-45. 

9. Бичиашвили Д. В. Осесимметричная задача определения нормальных 
напряжений в анизотропных оболочках средней толщины / / Сообщ. 
АН. ГССР, т. 98, #3 1980. 

10. Бичиашвили Д. В. Расчет конструктивно ортотропных оболочек 
методом начальных параметров / / Изв. ВЗУ : Строительство и 
архитектура, #1, 1984. с. 40-44. 

11. Биркган А. Ю., Больмир А. С. Исследование динамической 

устоичивости пластинок с помощью ЭЦВМ.  ДАН СССР, 1960, вып. 

135, №5 

12. Вайнберг Д. В. Машинная математика в теории сооружений. В сб. 

«Применение ЭЦВМ УI Всесоюзной коеф. по теории оболочек и 

пластинок. 1966», 1966, М., «Наука». 

13.  Валишвили Н. В. Неосесимметричное деформирование и устойчивость 

пологих оболочек вращения. В сб. «Теория пластин и оболочек». 1971, 

изд. «Наука», М.  

14.  Валишвили Н. В. Об одном алгоритме решения нелинейных краевых 

задач. ПММ, 1968, т. 32, №6. 

15. Валишвили Н. В. Об устойчивости пологих сферических оболочек. 

Труды УП Всесоюзн. конф. по теории оболочек и пластинок. 1970, изд. 

«Наука». 

16. Варвак П. М. Развитие и приложение метода сеток к расчету пластинок. 

Некоторые задачи прикладний теории упругости в конечных разностях, 

ч. I и 2. Киев, Изд.-во АН СССР, 1949, 1952. 

17. Власов В. З. Общая теория оболочек и её приложение в технике. 1949, 

Гостехиздат, М. 

18. Вольмир А. С. Устойчивость деформируемых систем. 1967, Физматгиз. 

М. 



 162

19. Вольмир А. С. Биркган А. Ю. Примерение цифровых электронных 

машин для решения некоторых задач теории гибких пластин. 

Юбилейный сборник трудов ВВ и А им. Жуковского, 1957, т. I, ВВ и А. 

20.  Вольмир А. С. Биркган А. Ю. Примерение ЭЦВМ для решения задач 

теории пластинок и оболочек. В сб. «ЭЦВМ в строительной механике», 

1966, Л. – М. Строийздат 

21. Геккелер И. Статистика упругого тела. 1934, ОНТИ. 

22. Гольденвейзер А. Л. Теория упругих тонких оболочек. 1953, 

Гостехиздат, М. 

23. Годунов С. К. О численном решении краевых задач для систем 

обыкновенных линейных дифференциальных уровнений. Успехи 

математическких наук, 1961, т. ЧYI выш. 3(99). 

24.  Годунов С.К., Рябенький В. С. Введение в теорию разностных схем. 

1962, Физматгиз, М. 

25. Гонтаровский П. П., Миткевич В. М. Расчёт оболочек вращения с 

разветвленным меридианом на осесимметричную нагрузку. Динамика и 

прочность машин. Респ. темат. науч. техн. сб. 1972, вып. 16.  

26. Григолюк Э. И. Кабанов В. В. Устойчивость круговых цилиндрических 

оболочек. Ежегодник «Итоги науки. Механика твердых деформируемых 

тел. 1967», 1969, ВИНИТИ, М. 

27. Григолюк Э. И. Мальцев В. П., Мяченков В. И., Фролов А. Н. Об одном 

методе решения задач устойчивости и колебаний оболочек врашения. 

Изв. АН. СССРю МТТ, 1971, №1 

28. Григоренко Я. М. Изотропные и анизотропные слоистые оболочки 

вращения переменной жестокости. 1973. Изд-во «Наукова думка». Киев. 

29. Григоръев И. В. Теорические основы анализа неосесимметричного 

напряженно-деформирумого состояния многосвязных конструкций. 

Выш. 12», Б. м. , 1975. 



 163

30.   Григоръев И. В. Формулировка задачи устойчивости для многосвязной 

оболочечной конструкции. В сб. «Некоторые вопросы прочности 

конструкций. Вып. 12», 1975, Б. м. 

31.   Григоръев И. В., Ерофеев М. Б., Матвеев В.В., Родителов К. А., 

Спицына М. Ф., Теренин С. И. Методы расчёта и проектирования 

силовых узлов и отсеков конструкций. Прочность конструкций. Том 4, 

книга 2, 1973, Б. м. 

32. Григоръев И. В.,  Кошелева Т. И. Устойчивость торидальной оболочеки 

при соврестном действии внешного давления и радиального усилия. В 

сб. «Прикладные проблемы прочности и пластичности», 1975, вып. 2, 

изд-во ГТУ, Горький. 

33. Григоръев И. В., Мяченков В. И. Колебания многосвязных  

конструкций. В сб. «Прикладные проблемы прочности и пластичности», 

1975, вып. изд-во ГТУ, Горький. 

34. Григоръев И. В., Мяченков В. И. Устойчивость многосвязных 

(многоконтурных) конструкций. Труды X Всесоюзной конференции по 

теории оболочек и пластин, 1975, Тбилиси, «Мецниереба».  

35. Григоръев И. В., Мяченков В. И., Фролов А. Н. Методические основы 

алгоритвом расчёта на прочность. Прочность конструкций. Том 13, 

книга I, 1973, Б. м. 

36. Григоръев И. В., Твердый Ю. В., Фролов А. Н. Напряженно-

деформированное состояние многосвязных оболочечных конструкций. 

37. Гудушаури И.И. Теория упрогости в обыкновенных дифференциальних 

уравнениях. Тбилиси «Мецниереба», 1990, 447с. 

38. Длугач М. И. Расчётная модель метода сеток. Прикл. механика, 1962, т. 

3, изд-во АН УСССР. 

39. Другач М. И., Шинкарь А. И. Применение ЭВМ к расчёту 

прямоугольных областей и оболочек с отверстиями. В сб. «Теория 

пластин и оболочек». 1962, изд-во АН УСССР. 



 164

40. Егоров М. И., Корягин В. С., Федоров В. И., Коротихин В. П. Расчёт 

осесимметричного напряженного состояния разветвленных составных 

оболочек вращения. Проблемы прочности, 1974, №5. 

41. Кармишин А. В., Лясковец В. А., Мячников В. И., Флоров А. Н., 

Статика и динамика тонкостенных оболочечных конструкций. 

«Машиностроение», 1975. 

42. Кипиани Г. О, Качкачишвили Н.О. Напряженно-деформированное 

состояние прямоугольных пластинок, подкрепленных ребрами. // 

Тбилиси, интелектуаль,  # 2, 2006, с. 70-74 

43. Кипиани Г. О. и др. Некоторые задачи геометрически нелинейного 

деформирования пологих оболочек с разрывами параметрами. Тбилиси 

1993,  139 с. 

44. Кильчевский Н. А. Основы аналитический механики оболочек, 1963,   

изд-во АН УССР, Киев. 

45. Коллатц П. Численные методы решения дифференциальных уровнений. 

1953, ИЛ М. 

46. Корнишин М. С., Касимов Л. А. Об одном способе решения систем 

нелинейных конечно-рахностных уравнений изгиба пластин.Труды 

конференции по теории пластин и оболочек, 1960, 1961, Казан. 

47. Лурье А. И. Статика тонкостенных упругих оболочек, 1947, 

Гостехиздат, М. – Л. 

48. Лясковец В. А., Мяченков В. И., Фролов А. Н. Численое решение 

кревых задач для составных оболочечных конструкций. 1973, Б. м. 

49. Мальцев В. Л., Мяченков В. И. Пакет программ расчёта на ЕС ЭВМ 

многосвязных подкреплённых оболочечных конструкций. Тезисы 

докладов УI Всесоюзного семинара по комплексам программ 

математической физики. г. Новосибирск, 1979. 

50. Медведев В. И., Мяченков В. И. Несимметричные колебания оболочек 

врашения. Изд. АН СССР, МТТ, 1971, №2. 



 165

51. Михлин С. Г., Смолицкий Х. Л. Приближенные методы решения 

дифферециальных и интегральных уравнений. 1965, «Наука», М. 

52. Мяченков В. И. Исслеование статической устойчивости деформиро-

ванного состояния оболочек врашения. Диссертация на соискание 

учёной степени доктора технических наук. 1968. 

53. Мяченков В. И., Репин А. А. Влияние граничных условий на 

собственные частоты колебаний цилиндрических оболочек. Прикладная 

механика, 1971, т. 7, выш. 6. 

54. Мяченков В. И., Репин А. А. Несимметричные колебания оболочек 

вращения. Анлгоритмы расчёта на прочность. 1970, выш. 3, Б. м.  

55.   Мяченков В. И., Супонев Ю. Л. Устойчивость многосвязных 

оболочечных конструкций из нелинейно-упругого материала. В сб. 

«Прикладные проблемы прочности и пластичности», 1977, вып. 7, изд-

во ГГу, Горький. 

56. Новожилов В.В. Основы нелинейной теории упругости.���1984, 

Гостехиздат, М.Л. 

57. Новожилов В.В. Теория тонких оболочек. 1962, Л., изд-во   

      ,,Судостроение,,. 

58. Ониашвили О.Д. Некоторые динамические задачи теории оболочек. 1957, 

М.,изд-во АН СССР. 

59. Ониашвили О.Д. Расчёт оболочек и других тонкостенных     

      пространственных конструкцийю.В сб. ,,Строительная механика в СССР.     

      1917-1967,, . 1969, Стройиздат, М. 

60. Павлова Т.А. , Фролов А.Н. , ходцева Т.И. Прочность, устойчивость и 

колебания составных ортотропных конструкций при осесимметричном 

нагружении. Алгоритмы расчёта на прочность. Выш. 18, 1972, Б.м. 

61. Пахамова Л.А., Саников В.М., Фролов А.Н. Устойчивость составних 

оболочек вращения из нелинейно-упругого материала. Алгоритмы 

расчёта на прочность. Вып. 13, 1972, Б.м. 

62. Пахамова Л.А., Фролов А.Н. Нелинейная симметричная деформация     



 166

     составных оболочек вращения. Алгоритмы расчёта на прочность. Вып. 12,  

     1972, Б.м. 

63. Рабинович И.М. Применение методы конечных разностей к 

исследованию неразрезных балок, 1921, Изд. ВТК НКПС. 

64. Саносне Дж. Обыкновенные дифференциальные уравнения. 1954, т. I, II, 

ИЛ, М. 

65. Смирнов И.В. Метод прогоники для расчёта конструкций, состоящих из 

оболочек. В кн. ,,Теория пластин и оболочек,, , 1971, М., ,,Наука,,. 

66. Смирнов А.Ф. Применение ЭЦВМ в строительная механика В сб. 

,,Стрительная механика в СССР 1917-1967,, ,1969, Стройиздат, М. 

67. Толко В.А. , Шурин В.А. Модифицированный метод подконструкций и 

его алгоритмизация. В сб. ,,Прикладные проблемы прочности и 

пластичности,, , 1979, выш, 10, изд-во ГГУ, Горький. 

68. Феодосьев В.И. Об одном способе рещения нелинейных задач 

устойчивости деформируетых систем. ПММ, 1963, т. 27, выш. 2. 

69. Чувиковский В.С., Палий О.М., Спиро В.Е. Оболочки судовых 

конструкций. 1966, Судостроение. 

70. Шаповало Л.А. Об одном простейшем варианте уравнений геометрически 

нелинейной теории тонких оболочек. Инж. журнал, МТТ, 1968, №I. 

71. Adelman H.M., Catherines D.S. and Walton W.C. Accuracy of Modal Stress 

Calculations by Finite Element Method. _AJAA Jonrnal, 1970, vol.8, no. 3. 

72. Adelman H.M., Catherines D.S. and Walton W.C. A Method for Computation 

of Vibration Modes and Frequencies of Orthotropis Thin Shells of Revolution 

Having General Meridional Curvature. NAASA, TN-D-4972, Jan., 1969. 

73. Almroth  B.O. and Bushnell D. Computer Analysis of Various Shells of 

Revolution.-ALAA Journal, 1968, vol. 6,No.10. 

74.  Almroth    B.O., Bushnell  D. and Sobel  Z.H. Buckling of  Shells  of    

       Revolution with Various wall Constructions. Vol. 1, Numerical Results,   

      NASA CR-1049; Vol. 2, Basic Equations, NASA CR-1050; Vol. 3, User s  

      Manual for BOSOR, NASA CR-1051, 1968. 



 167

75. Anderson M., Fulton R.E., Walter L.H. and Walz F.E. Stress, Buckling and 

Vibration Analysis of Shells of Revolution Press. at Conf. on Computer Orient. 

Anal., of Shell Struct., Aug. 10-14, 1970, Palo Alto, Calif. 

76. Argyris  F.H. Continua and  Discontinua. Matrix Metods in Structural 

Mechanics. Proc. of the Conference held at Wright-Patterson Air Force Base. 

Ohio 26-28, October 1965, Ohio, 1966, p. 11-189, ill. Bibl. 36 NN (Air Force 

flight Dynamic Lab, AFFDL-TR-66-80). 

77. Argyris J,M. Matrix Displaacement Analysis of Plates and Shells. Prolegomena 

to a General Theori. Ing.-Archiv, 1966, v. 35, n 2. 

78. Argyris J.H., Buck K.E., Grieger J., Mareczek G. Application of the Matrix 

Displacement Method to the Analysis of Pressure Vessels. Paper Amer. soc. 

Mech. Eng., 1969. NWA-PVP-3, 16 pp. 

79. Ball R.E. and Bodeen G.A A Digital Computer for the Geometrically 

Nonlinear Analysis of Axisymmetrically Loaded Thin Shellsof Revolution. 

NASA CR-63703, 1965, March, 22. 

80. Bernstein A.J., Blumrich J.F. Concepts for Move Efficient Bulkhead Designs 

for Launch and Space Vehicles. J.Spacecraft, 1968, vol. No. 12. 

81. Budianski B. and Radkowski P.P. Numerical Analysis of Unsymmetrical 

Beniaing of Shells of Revolution.-AIAA Journal, 1963, vol. 1. 

82. Bushnell D. Analysis of Complex Shells of Revolution Unaer Combined 

Thermal and Mechanical Loading. AIAA 11 Th Struct., Structural. Dynamics 

and Materials Conf., 1970, Apr. 

83. Bushnell D. Buckling and Vibracion of Ring-stiffened, Segmented Shells of 

Revolution. Pt. 2, Numer. Results pres. at First, Int., Piping and Pressure 

Vessel Technol. Conf., Delft., Holland 1969. 

84. Bushnell D. Computer Analisys of Complex Shell Structures. Pres. at AIAA 

Eight Aerospace Sci. Meet. N.Y., AIAA Paper No. 70-138, 1970, Jant 19-21. 

85. Bushell D.Stress Stability and Vibration of Complex Branhed Shells of 

Revolution. Computer and Structure. 1974, vol. 4, No. 2. 



 168

86.  Bushell D.Stress, Stability and Vibration of Complex Shells of Revolution. 

Analysis and User s Manual for BOSOR 3, Lockheed Missiles and Space 

Company, Rep., N-51-59-1, 1969, Sept. 

87. Capelli A.P. and Furuike S.C. Study of Apollo Water Impact. Vol. 10, User s 

Manual for Modification of Shell of revolution Analysis, NASA CR-65862, 

1967, May. 

88. Cohen G.A. Computer Analysis of Asymmetrical Deformacion of Orthotropic 

Shells of Revolucion.- AIAA Journal, 1964, vol. 2, No. 5. 

89. Cohen G.A. Computer Analysis of Ring-Stiffened Shells of Revolution. 

Langley   Research   Center,    NASA CR2085, Hampton, Virginia, Sept., 

1972. 

90. Cohen G. A. Numerical Integration of Shell Equations Using the Field Method. 

Trans ASME, 1974, E41, N1. 

91. Flugge W. Stressen shells. 1967. Berlin- Geidelberg-New-York, Springer. 

92. Fulton R.E. Numerical Analysis of Shells of Revolution. Proc. Symposium of 

International Union of Theoretical and Applied Mechanics, 1970 Liege, France 

August. 

93. Garr I.W. Error Bounds for the Runge-Kutta Single-Step Integration Process.- 

J. Assos. Comput., 1958, 5, 39. 

94. Goldberg J.E. Computer Analysis of Shells, In: Proceedings of Symposium on 

the Theory of Shells. [Ed.D. Muster] Univ. of  Houston, Houston, Texas, 1966, 

Apr. 4-6. 

95. Goldberg J.E. and Bogdanoff J.L. Static and Dinamic Analysis of Conical 

Shells under Symmetrical and Axysymmetrical Conditions. 

96. Goldberg J.E., Bogdanoff J.L. and Alspaugh D.W. On the Calculations of the 

Modes and Frequencies of Vibration of Pressurized Conical Shells. AIAA Fifth 

Annual Struct. and Materials Conf., Palm Springs, Apr. 1-3, 1964, AIAA 

Publicat. CP-8. 



 169

97. Goldberg J.E., Bogdanoff J.L. and  Marcus L. On the Calculation of the 

Axysimmetric Mades and Frequencies of Conical Shells.-J. Acoust. Soc. Am., 

1960, vol. 32. 

98. Grafton P.E. and Strome D.R. Analysis  of Axisymmetric Shells by the Direct 

Stiffness Method.-AIAA journal, 1963, vol. 1, No. 10. 

99. Haisler W.E. and Striklin J.A. Rigid Body Displacements of Curved Elements 

in the Analysis of Shells by the Matrix Displacacement Method.- AIAA 

Journal, 1967, vol. 5, No. 8. 

100. Herrmann L.R. and Campbell D.M. A Finite-Element Analysis for Thin 

Shells.-AIAA Journal, 1968, v. 6, No.10. 

101. Hubka R.E., A Generalised Finite-difference Solution of Axisymmetric 

Elastic stress States in thin shells of revolution. rep. Em-11-19 Space Technol. 

Labs, 04 (647)-(619),    air    Force    ballistic    Missile Divis., Ingelwood, 

Calif. 

102. Jones R.E. and Strome D. R. Direct Stiffness Method analysis of Shells of 

Revolution     Utilizing     Curved    Element.-AIAA    Journal, 1966, vol.4, 

n0.9. 

103. Kalnins A  Analysis of Syells of Revolution Subjected to Symmetrical and 

Nonsymmetrical     Loads.     Appl.    Mech., Trans. ASME, Ser.E, vol. 31 

1964. 

104.  Kalnins A Effect of Bending on vibration of Spherical Shells. Journal of the 

Acoustical Society of America, 1964, vol. 36, No.1. 

105.  Kalnins A. Free Vibration of Rotationally Symmetric Shells –J. Accoust. 

Soc. Am. 1964. vol.36, No.7. 

106.  Kalnins A. Static, Free Vibration and Stabiliti Analysis of Thin, Elastic 

Shells of Revolution. Rep. AFFDL-TR-68-144, Air Force Flight Dynamic 

Laboratory,        Wright-Patterson    Air     Force     Base,     1969, Ohio, 

March. 

107.  Kalninns A. and Lestingi J.F. on Nonlinear Analysis of Elastic Shells of 

Revolution. –J. Appl. Mech. 



 170

108.  Khojasten-Bakht M. Analysis of Elastic-Plastic Shells of Revolution Under 

Axisymmetric Loading by the Finite Element Method. SESM 67-68. Struct. 

Eng. Laboratory, Univ. of California, 1967, Apr. 

109. Kipiani G, Kipiani D, Bukhsianidze A, Kachkachishvili N.  Definition of 

critical loading on compressed plate with cuts by trabsition from static problem 

to stability problem. Tendencje rozwoju budownictwa miejskiego i 

przemyslowego, Czestochowa 2008, 146-151. 

110.   Kotanchik J.J. Discrete-Element Static Analysis of Bonded Doube-Layer, 

Branched, Thin Shells of Revolution. Dt.2.Aero. and Struct. Laboratory. Rep. 

No. TR-139-6,  Massachusetts Inst. of Tachnol. Cambrodge, Mass., May, 

1969.  

111.  Lestingi J. and Padovan J. Numerical Analysis of Anisotropic Rotational 

Shells Subjected to Nonsymmetric Loads. National Symposium on 

Computerizid Structural Analysis and Design, George Washington University, 

Washington, D.C (1972), 27-29, March. 

112.  Levine H.S., Armen H. , Wither Jr.R. and Pifko A. Nonlinear Behavior of 

Shells of Revolution under Cylic Loading. National Symposium on 

Computerized Structural. Analysis and Design, George Washington University, 

Washington, D.C. ,(1972), 27-29 March, Grumman Research Department 

Report RC-426j, Bethpage, (1972), New York, April.  

113. Martin H. C. Finite Elements and the Analysis of Geometrically Nonlinear 

Problems.-Paper Presented at the Japan-US Seminar on Matrix Methods of 

Strutrural Analysis and Design, Tokyo, 1960, 25-30 Aug. 

114.  Mason P. , Rung R. , Rosenbaum J and Ebrus R. Nonlinear Numerical 

Analysis of Axisymmetrically Loaded Arbitrary Shells of Revolution.- AIAA 

Journal, 1965, vol.3,No 7.  

115.   PopovE.P. and Yaghmais S Linear and Nonlinear Static Analysis of 

Axisymmetrically Loaded Thin Shells of Revolution. First Intern. Conf. on 

press. Vesel. Thechnology, univ. of Delft, Sept. , 1969.  



 171

116.  Prince N. , Rung R. end Svalbonas V. Unsymmetric Nonlinear First –Order 

Analysis of Layered Orthotropic Shells of Revolution. Rep. ADR2-11-66. 2, 

Grumman Aircraft Eng. Corp., 1966, May. 

117.  Radkowski P.P. , Davis R,M. and Bolduc M.R. Numerical Anaiysis of 

Equations   of Tin  Shells of Revolution.-Amer. Roic. Soc. J., 1962, Jan., 

vol.32.  

118.  Reissner E. on Axisymmetrical  Deformation of Thin Shells of Revolution, 

Proceedings of Simposia in Applied Mathe matics, 1950, vol. 111, McYraw-

Hill, Mew York.  

119.  Roth R.S. , Muskat R. and Grady P. J. Unsymmetrical Bending of Shells of 

Revolution, A digital Computer Program. AVCORAD Rep. KHDR-6, 1965, 

Feb.  

120.  Sanders J. and Lyell Jr. Nonlinear Theories for Thin Shells. –Quarterly J. of 

Applied Mathematics, 1963, vol. 21,No. 1.  

121.  Shaeffer N.G. Computer Program for Finite –Difference Solution of Shells 

of Revolution Under Asymmetric Loads. NASA TND-3926, May, 1967. 

122.  Schwartz R.W. Nonlinear Analysis of Axisymmetrically Loaded 

Orthotropic Shells of Revolution. Rep. GDC-ERR-AN-776, General Dynamics 

Covair Divis . , 1965, Dec. 15.  

123.  Sepetoski W.K. et al. A Digital Computer Program for the General Axially 

Symmetric Thin Shells Problem. –J. Appl. Mech. , Trans. ASME, 1962, E29, 

4.  

124.  Stricklin J. A. Geometricaly Nonlinear Static and Dynamic Union of 

Theoretical and Applied Mechanics, (1970), Liege, France, August. 

125.  Stricklin J.A., Haisler W.E. end Von Riesemann W.A. Geometric Nonlinear 

Structural Analysis by the Direct Stiffness Method. Rep, 70-16, Aerospace 

Eng.     Dep. ,     Texas   A   and   M   Univ. ,   College Stat. , Texas, 1970, 

June. 

126.  Stricklin J.A. , Haisler W.E. end Riesemann W.E. end Riesemman W.A. 

Computation and Solution Procedures for Nonlinear by Combined Finite 



 172

Element Difference Methods. Intern. J. Computers and Structures, 1972, XII, v. 

2, No. 5/6.  

127.  Stricklin J.A. , Haisler W.E., Mac Dougall H.R. and Stebhins F.J. Nonlinear 

Analysis of Revolution by the Matrix Displacement Method. – AIAA Journal, 

1968, vol. 6, No. 12.  

128.  Stricklin J.A. , Martinez J.E. , Tillerson J.R., Hong J. H., Haisler W.E. 

Nonlinear Dynamic Analysis of Shells of Revolution by Matrix Displacement 

Method, - AIAA Journal, 1971, vol.9, No. 4.  

129.  Stricklin J.A., Navaratna D.R. and Pian T.H.H. Improvements on the 

Analysis of Shells of Revolution by the Matrix Disolacement Method.- AIAA 

Journal, 1966, vol.4, No.11. 

130.  Svalbones V. and Angrisano N. Numerical Analysis of Shells. vol.2, User s 

Manual for STAR-11, Shell Theory Automated for Rotational Structures-11, 

Digital Computer Programm, NASA CR-61300, 1969, Sept. 

131.  Svalbones V., Koy J. Stability and Dynamic Analysis of Shells of 

Revolution by Numerical Integration-a Comperison. Nucl. Eng. and Design, 

1974, 27, No.1. 

132.  Svalbones V. and Shulman M. User’s Manual for STARS-Shell Theory 

Automated for Rotational Structures. IBM 360/75 Digital Computer Program, 

NASA CR-98146, 1968, Feb.1.  

133.  Thurston G.A. Asymmetrical Bucking of Shells of Revolution with 

Axisymmetric Initiai  Imperfections. Rep., R62FRD426, Flight Propuls. 

Laboratory   Department,   General  Electric Co., Cincinati, Ohio, 1962, 

Dec.18.  

134.  Thurston G.A. Axisymmetric Bending and Buckling of Thin Shells of   

Revolution.    Rep.     SR-0530-64-2,   Martin   Marietta     Comp.,   1964,   

Apr.  

135.  Tillerson J.R. and Haiser W.E. DYNASORII-A Finite Element Program for 

the Dynamic Nonlinear Analysis of Shells of Revolution. Rep. 70-19, 

Aerospace . Eng., Dep., Texas A. end M.Univ., College Stat., Texas.  



 173

136.  Turner M.J., Clough R.W. , Martin H. C. and Topp L.J. Stiffness and 

Defiection Analisis of Complex Structures, J. Aero. Sci., 1956, vol.23.  

137.  Turner M.J., Dill E.H., Martin H.C. and Melosh R.J.Large Deflections 

Analysis of Complex Structures Subjected tto Heating and External Loads. J. 

Aero. Sci., vol.27.  

138.  Underwood P. Transient Response of Inelastic Shells of Revolution. 

National Symposium on Computerized Structural Analysis end Design. George 

Washington University, Washington, D.C., (1972), 27-29 March, Lockheed 

Missiles and Space Company. Inc. Report, IMSC-D244589 Synnyvale, 

California, 1971, Nov.  

 

     
  


