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Sesavali 

 

 

kargad aris cnobili, rom fizikaSi simetriebi, Senaxvis kanonebi da 

moZraobis gadagvareba erTmaneTTan mWidrodaa dakavSirebuli. simetriis da 

saTanado Senaxvis kanonebs (moZraobis integralebs) Soris damokidebuleba 

Tavmoyrilia nioteris cnobil TeoremaSi [1], romlis Tanaxmadac Tu 

koordinatebis raime gardaqmnisas ar icvleba sistemis qmedeba, maSin am 

sistemaSi yovel simetriis gardaqmnas Seesabameba moZraobis integrali. 

meores mxriv, hamiltonis dinamikaSi moZraobis esa Tu is integrali 

amavdroulad aris saTanado simetriis gardaqmnebis usasrulod mcire 

formis (infinitezimaluri gardaqmnebis) generatori. Senaxvadi sididis 

generatoris puasonis frCxili hamiltonianTan (Sesabamisad, komutatori _ 

kvantur meqanikaSi) nulis tolia. simetriebis generatorTa erToblioba 

adgens garkveul algebras puasonis frCxilebis (komutatorebis) mimarT [2].  

simetriebTan uSualod aris dakavSirebuli moZraobis gadagvarebis 

xasiaTi. magaliTad, kargad aris cnobili, rom Tu sistemas gaaCnia simetria 

brunvebis mimarT, misi moZraoba Cveulebrivad ar grZnobs (gadagvarebulia) 

saTanado Senaxvadi sididis _ momentis 
→

l veqtoris mimarTulebas. 

TviT moZraobis gadagvareba SeiZleba iyos sxvadasxvanairi 

warmoSobisa. zemoaRniSnuli koordinatebis gardaqmnasTan dakavSirebuli 

gadagvarebis garda arsebobs sxva tipis gadagvarebac, rogorc wesi, am 

gansxvavebuli tipis gadagvarebis maniSnebelia is garemoeba, rom moZraobis 

gantolebebis amoxsna xerxdeba sxvadasxva gziT, anu ufro konkretulad 

rom vTqvaT, amocana amoixsneba an sxvadasxva koordinatTa sistemaSi da an 

imave sistemaSi, oRond gansxvavebuli orientaciiT. magaliTad, kepleris 

amocana amoixsneba rogorc polarul (sferul) koordinatebSi, aseve e.w. 

parabolur koordinatebSi [3]. zogadi mosazrebebidan naTelia, rom es 

gadagvarebac unda ukavSirdebodes raime simetrias. es axali simetriebi 

arsebiTad gansxvavdeba `Cveulebriv~ gardaqmnebTan dakavSirebul simetri-

ebisagan, romlebic Tavisi warmoSobiT (bunebiT) iyvnen geometriuli.  

am gansxvavebul simetriebs adgili aqvT mxolod garkveuli saxis 

urTierTqmedebisaTvis (dinamikisaTvis). maT uwodeben dinamikur simetriebs, 
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riTac xazs usvamen im garemoebas, rom isini gamomdinareoben moZraobis 

gantolebis kerZo formidan _ mxolod garkveuli saxis ZalebisaTvis.  

fizikaSi (rogorc klasikur, ise kvantur meqanikaSi) am TvalsazrisiT 

gamorCeuli roli akisria ori saxis Zalebs _ kulonurs da izotropul 

drekad Zalebs. orive maTgani bunebaSi gansakuTrebul rols asrulebs. 

kulonuri Zalebi marTaven planetebis moZraobas (kepleris amocana), 

agreTve atomebSi damuxtuli nawilakebis (eleqtronebis da birTvebis) 

urTierTqmedebis xasiaTs. rac Seexeba drekad Zalebs (hukis kanoni), maTi 

moqmedebis areali SedarebiT SezRudulia _ isini arsebiT rols TamaSoben 

mxolod mcire (atomur) manZilebze, gansazRvraven ra atomebisa da 

molekulebis rxevebs wonasworobis mdgomareobebis maxloblad. maT farTo 

gamoyeneba aqvT kondensirebuli garemos fizikaSi. rogorc ukanaskneli 

periodis gamokvlevebi aCvenebs, am tipis Zalebs SeiZleba hqondeT raime 

saerTo Zlierad urTierTqmedi nawilakebis (hadronebis) SigniT kvarkebs 

Soris urTierTqmedebis xasiaTTan. am saxis potencialebs, romlebic mokle 

qmedebas Seesabameba, didi xania iyeneben birTvul fizikaSi, gansakuTrebiT 

mravalnukloniani amocanebis Teoriuli analizis dros. 

winamdebare sadisertacio naSromSi ZiriTadi aqcenti gamaxvilebuli 

iqneba kulonuri amocanis dinamikuri simetriis xasiaTis Seswavlaze. 

naSromis mTavari mizania spiniani nawilakebis bmuli sistemebis (wyalbadis 

atomi kulonuri potencialiT) dinamikuri simetriebis Seswavla 

relativisturi kvanturi meqanikis farglebSi, Tumca gadmocemis sisruli-

saTvis saWirod CavTvaleT naSromSi CagverTo am simetriasTan dakav-

Sirebuli sxva sakiTxebic. 

naSromis saboloo Sedegi SegviZlia ase SevajamoT: dirakis 

gantolebas eleqtronisaTvis kulonuri potencialiT jer kidev aqvs 

SenarCunebuli klasikuri amocanisaTvis damaxasiaTebeli `faruli~ 

simetria, romelic saboloo jamSi mJRavndeba garkveuli saxis algebris 

(e.w. vitenis algebris) saxiT, rac ganapirobebs amocanis kvantur-meqanikur 

supersimetrias. sxva sityvebiT _ planetebis Caketil orbitebze moZraobis 

ganmsazRvreli damatebiTi simetria (e.w. laplas-runge-lencis veqtoris 

Senaxva) mikrosamyaroSi (wyalbadis atomi) transformirda garkveuli saxis 

supersimetriad, romelic am kerZo SemTxvevaSi akontrolebs wyalbadis 
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atomis speqtris gadagvarebas dirakis gantolebaSi da krZalavs e.w. lembis 

wanacvlebis arsebobas. 

  lipman-jonsonis operatori ganzogadebulia im SemTxvevisaTvis, roca 

dirakis hamiltonianSi lorenc-veqtoris me-4 komponentTan erTad CarTulia 

lorenc-skalaruli potencialic. amave dros simetriis am operatoris 

gamoyvana kvlav mTlianad emyareba Cvens mier damtkicebul Teoremas. 

  pirvelad samecniero literaturaSi miRebulia imis mtkiceba, rom 

mxolod kulonur potencials gaaCnia damatebiTi dinamikuri simetria, 

romlisTvisac algebrulad amoxsnilia speqtris amocana da miRebulia 

dirakis gantolebis amouxsnelad energetikuli speqtri kombinirebuli 

kulonuri amocanisaTvis. 

naSromis struqtura aseTia: Sedgeba 4 Tavisagan, romlebSic 

Tanmimdevrulad aris gadmocemuli da gaanalizebuli damatebiTi 

dinamikuri simetria klasikur meqanikaSi, ararelativistur kvantur 

meqanikaSi da relativistur kvantur meqanikaSi. naSromis me-2, me-3 da me-4 

TavebSi gamoaSkaravebulia kulonuri amocanis supersimetria. TiToeul 

TavSi miRebulia garkveuli originaluri Sedegebi, rogorc gamoTvliTi, 

aseve konceptualuri xasiaTisa. naSromis bolos moyvanilia 2 damateba da 

gamoyenebuli literaturis nusxa. 

- problemis dasma da samecniero Sedegebis zogadi mimoxilva 

   naSromis pirveli 2 Tavi mimoxilviTi xasiaTisaa. Gganixileba zogadad 

problemis Sinaarsi da arsebul samecniero literatuiraSi gamoqveynebuli 

ZiriTadi Sedegebi, gansakuTrebiT klasikur meqanikasa da ararelativistur 

kvantur meqanikaSi. aRwerilia meTodebi, romlebsac kepleris klasikuri 

amocana saboloo jamSi miyavs supersimetriul kvantur-meqanikur suraTze. 

    disertaciis originaluri Sedegebis gadmocema iwyeba naSromis me-3 

TaviT, sadac dirakis gantolebisaTvis kulonuri potencialis SemTxvevaSi 

Camoyalibebulia sxvadasxva simetriis Tvisebebi da gamoyvanilia saTanado 

komutaciis Tanafardobebi. gansakuTrebuli yuradReba aqvs daTmobili e.w. 

dirakis K  -operators, romelic komutirebs dirakis hamiltonianTan da 

kulonur velSi arwers eleqtronis energetikuli speqtris gadagvarebas. 

aseT suraTSi aSkarad mJRavndeba speqtris supersimetriuli buneba. 
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Semdgomi analizi aaSkaravebs am operatoris metad mniSvnelovan rols 

mTels amocanaSi. 

   pirvel rigSi vRebulobT Teoremas [4-6] dirakis K  -operatorTan 

antikomutirebadi operatorebis saxis Sesaxeb. aRmoCnda, rom am Teoremas, 

misi mtkicebis simartivis miuxedavad, aqvs gadamwyveti mniSvneloba 

sakiTxis SeswavlisaTvis. is Taviseburi megzuris rols asrulebs: Tu 

gvecodineba aseTi antikomutirebadi operatorebis zogadi saxe, SegveZleba 

maTgan SevadginoT iseTi kombinaciebi, romlebic ikomutireben dirakis 

hamiltonianTan da, maSasadame Seqmnian amocanis saZiebel sistemas. 

   swored am meTodiT miviReT hamiltonianTan komutirebedi operatori 

[6,7], romelic K - sTan erTad qmnis lis graduirebul ( )2S  algebras anu 

vitenis 2=N  superalgebras da mxolod am algebris generatorebze 

dayrdnobiT wminda algebrulad, moZraobis gantolebebis amoxsnis gareSe 

SesaZlebeli xdeba speqtris miReba. sainteresoa, rom Cvens mier am gziT 

mirebuli simetriis operatori daemTxva literaturaSi cnobil e.w. 

jonsonisa da lipmanis operators, A [ ]8 . aRsaniSnavia, rom es operatori 

gamoiyeneboda sxvadasxva avtoris mier wyalbadis amocanis supersimetriis 

sesaswavlad [ ]10,9 , magram misi regularulad gamoyvana Cvenamde aravis 

gamouqveynebia. Tvit am operatoris Semomyvanma avtorebma 1950 wels 

mxolod mokle anotacia gamoaqveynes JurnalSi Physical Review, sadac 

moyvanilia am operatoris mxolod saxe. samecniero litereturaSi, rogorc 

wesi, aRniSnuli iyo xolme, rom am operatoris komutirebis damtkiceba 

dirakis hamiltonianTan warmoadgens metad Sromatevad da xangrZliv 

proceduras [11]. amave dros Cveni ganxilvidan naTelia, rom ara Tu 

gamogvyavs am operatoris cxadi saxe, aramed paralelurad vamtkicebT mis 

komutativobas dirakis hamiltonianTan. gamoTvlebis sisrulisaTvis 

naSromis damatebaSi calke gatanili gvaqvs komutaciis Tvisebis miReba 

cxadad.  

   miRebuli operatoris safuZvelze gaanalizebuli gvaqvs kulonuri 

amocanis speqtris Tvisebebi dirakis gantolebisaTvis, romelic mTlianad 

algebrul Tanafardobebs emyareba da naCvenebia, rom am simetriis arseboba 

krZalavs lembis wanacvlebis arsenbobas. gaanalizebulia miRebuli 
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operatoris fizikuri Sinaarsi. kerZod, misi kavSiri laplas-runge-lencis 

veqtorTan. 

   naSromis me-4 Tavi eZRvneba zemoT moyvanili TvalsazrisiT dirakis 

Hhamiltonianis dinamikuri simetriis uzogades ganxilvas [12]. Seiswavleba 

nebismieri centraluri simetriis veli, romelTanac dirakis K -operatori 

komutirebs, e.i. warmoqmnis garkveul simetrias. Semdgomi analizi eZRvneba 

am simetriisa da lorenc-veqtoris me-4 komponentTan erTad lorenc-

skalaruli potencialis CarTvis SemTxvevis detalur ganxilvas. veZebT 

dirakis hamiltonianTan komutirebad uzogades A -operators, risTvisac 

viyenebT Cvens Teoremas antikomutirebadi operatorisSesaxeb. gamovdivarT 

ra amocansaTvis damaxasiaTebeli fizikurad saintereso veqtorebidan, 

vagebT K -sTan antikomutirebadi operatorebis optimalur kombinacias, 

romelsac vTxovT iyos komutirebadi dirakis hamiltonianTan. am 

moTxovnidan miiReba gantolebebi, romelTa amoxsna calsaxad gveubneba, 

rom erTaderTi potenciali, romlisTvisac dirakis gantolebas gaaCnia 

damatebiti simetria zemoaRniSnuli SinaarsiT, aris kulonuri potenciali.  

   Aamave dros es potenciali unda iyos lorenc-veqtoris me-4 komponentis 

gardaqmnis Tvisebisa, anu adgili unda hqondes yalibrulad invariantul 

(minimalur) CarTvas. rogorc vxedavT, sakmaod zogadi ganxilvis bazaze 

miiReba ramdenime mniSvnelovani daskvna, romlebic absoluturad 

Seesabameba Tanamedrove fizikur warmodgenebs. ra Tqma unda, kulonuri 

potencialisaTvis am TavSi miRebuli simetriis operatori emTxveva 

jonson-lipmanis operators, romelic dirakis operatorTan erTad 

warmoqmnis vitenis [13] graduirebul superalgebras aqedan gamomdinare 

yvla SedegiT. 

     zemoT ukve aRvniSneT, rom yalibrulad invariantuli minimaluri 

gziT CarTuli centraluri potencialebidan mxolod kulonuri 

potenciali asrulebs gamoyofil rols. amave dros aRmovaCineT, rom Tumca 

skalaruli potencialis CarTvisas miRebuli hamiltoniani kvlav 

komutirebs dirakis K -operatorTan, igi aRar ikomutirebs zemoT miRebul 

lipman-jonsonis operatorTan.  

   meores mxriv, ararelativisturi kvanturi meqanika (Sredingeris 

gantoleba) indeferentulia potencialis lorenc-variantobis mimarT: 
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misTvis lorenc-veqtoris me-4 komponenti (rac 3-ganzomilebian sivrceSi 

skalaria brunvebis mimarT) da wminda lorenc-skalari erTmaneTisagan 

ganurCevelia _ dirakis gantolebidan ararelativistur zRvarze 

gadasvlisas orive SemTxvevaSi miiReba erTidaigive Sredingeris gantoleba, 

romelsac gaaCnia zemoxsenebuli damatebiTi simetria.  

    amitom unda vivaraudoT, rom skalaruli potencialis TandaswrebiTac 

dirakis gantolebas kvlav unda gaaCndes damatebiTi simetria, oRond am 

SemTxvevaSi lipman-jonsonis operators eqneba sxva saxe. lipman-jonsonis 

operatori ganzogadebulia im SemTxvevisaTvis, roca dirakis 

hamiltonianSi lorenc-veqtoris me-4 komponentTan erTad CarTulia 

lorenc-skalaruli potencialic. amave dros simetriis am operatoris 

gamoyvana kvlav mTlianad emyareba Cvens mier damtkicebul Teoremas.  

    Aamave dros pirvelad samecniero literaturaSi miRebulia imis 

mtkiceba, rom mxolod kulonur potencials gaaCnia damatebiTi dinamikuri 

simetria, romlisTvisac algebrulad amoxsnilia speqtris amocana da 

miRebulia dirakis gantolebis amouxsnelad energetikuli speqtri 

kombinirebuli kulonuri amocanisaTvis. 

    Ddaskvnebis nawilSi mocemulia miRebuli Sedegebis konceptualuri 

interpretacia. 
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fakultetze swavlebis maRali donis uzrunvelyofisTvis. 

    gansakuTrebuli madlierebis Rirsia ak. wereTlis saxelmwifo universitetis 

fizikis departamentis xelmZrvaneli profesori daviT niSnianiZe, romelmac 

uangarod da Tavdauzogavad, momqancveli procedurebis SesrulebiT 

uzrunvelyo winamdebare naSromis sisruleSi moyvana da momca saSualeba 

ganmexorcielebina Cemi didi xnis ocneba; bolosdabolos Rirseboda Cems 

disertacias dacva. (2006 wels universitetSi mimdinare reformebma Seayovna 

disertaciis drouli ganxilva).  

    Aaseve madlobas vuxdi awsu-s profesor-maswavleblebs, romlebic didi 

enTuziazmiT damidgnen gverdSi: g. oniani, T. efremiZe, da sxvebi. 

     madloba minda movaxseno yvela Cems gulSematkivars, mSoblebs, Zmebs da 

axloblebs TanadgomisTvis. 

     da bolos ganusazRvrel madlobas vuxdi Cems Zvirfas da usayvarles 

meuRles soso pataraias im didi moTminebis, mxardaWerisa da siyvarulisTvis 

romelsac igi iCenda Cemdami, uromlisodac SeuZlebeli iqneboda laparakic ki 

raime warmatebaze. 
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Tavi I.  

faruli simetria klasikur meqanikaSi 

 

klasikur meqanikaSi kepleris amocanis orbitebis Caketilobas da 

maTze moZraobis mkacr periodulobas gansazRvravs damatebiTi Senaxvadi 

veqtoruli sidide, romelic samecniero literaturaSi ufro xSirad 

cnobilia rogorc runge-lencis veqtori. runge-lencis veqtori erT-erTi 

gamorCeuli sididea Tavisi silamaziT da daniSnulebiT, magram niutonis 

meqanikaSi ratomRac mis rols naklebad arsebiTad Tvlidnen. mis 

araarsebiTobaze metyvelebs Tundac Semdegi faqti: ukve ramdenime saukunea, 

rac fizikosebi xsnian kepleris amocanas (amoxsnis qveS gvesmis )(trr
→→

=  

damokidebulebis povna). magram, meore mxriv, uZvelesi naSromi runge-

lencis veqtorze ekuTvnis laplass (1829w.)[14]. saxelis arasworad Serqmeva 

(laplasis gareSe!) moZraobis am mudmivas ararsebiTobaze miuTiTebs. magram 

sinamdvileSi es veqtori aris metad mniSvnelovani: misi codna saSualebas 

gvaZlevs kepleris amocanaSi vipovoT Caketili (bmuli) orbitis gantoleba 

ise, rom ar amovxsnaT moZraobis diferencialuri gantoleba. am veqtoris 

sigrZe gansazRvravs orbitis eqscentrisitets, xolo mimarTuleba _ didi 

naxevarRerZis mimarTulebas.  

momxibvlelia agreTve is faqti, rom runge-lencis veqtori aris kepleris 

amocanis simetriis jgufis generatori. amJamad es veqtori ukve Cndeba 

rogorc klasikuri, ise kvanturi meqanikis TiTqmis yvela 

saxelmZRvaneloSi. lungre-lencis veqtoris Semotanis sesaxeb istoriuli 

cnobebi gadmocemulia  

h. goldsteinis naSromSi [15] ‘‘Prehistory of the Runge-Lenz Veqtor’’, Am. J. phys. vol.43, 

№8 (1975). 

     yuradRebis Rirsia is faqtic, rom laplas-runge-lencis veqtoris (ase 

vuwodebT mas amis Semdeg) gamoyvana zogadi principebidan ratomRac dRemde 

ver  moxerxda da is emyareba, rogorc wesi, moZraobis gantolebaze 

garkveuli manipulirebis Catarebas. amis mizezi albaT imaSi unda veZioT, 

rom simetriis is jgufi, romelsac generirebs es veqtori, ar aris 

Cveulebrivi geometriuli struqturisa, da garkveuli azriT, marTlac  
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`farul simetrias~ Seesabameba, xolo moZraobis integralebis moZebnis 

Tanamedrove meTodebi jerjerobiT ar arian imdenad efeqturi, rom 

gansazRvron `faruli simetriis~ Sesabamisi moZraobis integralebi. 

 

I.1. laplas-runge-lencis veqtoris gamoyvana 

moZraobis gantolebebze dayrdnobiT. 

CavweroT niutonis mesame kanoni centraluri simetriis velSi moZravi 

nawilakebisTvis Semdegi formiT: 

               
r

r
rfp

r

&r )(= ,            (I.1.1) 

sadac )(rf  aris Zalis moduli, ufro zustad, Zalis radialuri nawili.  

                                                                      )(rf = -
( )
r
rV

∂
∂

 

gavamravloT veqtorulad es toloba kuTxuri momentis l
r
veqtorze, 

romelic mudmivia centraluri simetriis velSi da CavataroT saTanado 

gardaqmnebi. imis gaTvaliswinebiT, rom ][ prl
rrr

×=  da rmp &rr =  vRebulobT: 

                          







 −⋅=

=××=×

→→

rrrrr
r

rmf

rrr
r

rmf
lp

&r&r

&rrrr
&r

2)(
)(

]][[
)(

                   (I.1.2) 

am gantolebis Semdegi gamartiveba SegviZlia imis gaTvaliswinebiT, 

rom 

                                   rrr
dt
drr

dt
drr &&r ==⋅=⋅

→→→
)(

2
1)(

2
1 2  

(sxva sityvebiT, es ubralod niSnavs, rom radialuri siCqaris mdgeneli 

aris r&  

paralelurad gamoviyenoT is faqti, rom l
r
mudmivia. maSin (I.1.2) ase 

gadaiwereba: 

                         ][)(][
2

2

r

rr

r

r
rrmflp

dt

d
r
&&rrr −−=×  

an 
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                      )()(][ 2

r

r

dt

d
rrmflp

dt

d
rrr −=×   (I.1.3) 

)(rf –is formis daukonkreteblad amis Semdeg win veRar wavalT. magram 

naTelia, rom (I.1.3) gantolebis integracia maSinve moxerxdeba, Tu )(rf  

aRmoCndeba 2r -is ukuproporciuli, rasac adgili aqvs swored kepleris 

amocanaSi: 

            
2

)(
r

arf −= ,       a=GmM  an     kQ1Q2  (kuloni) 

am SemTxvevaSi zeda gantoleba miva Tanafardobaze: 

                        )(][
r

r
ma

dt

d
lp

dt

d
rrr =× , 

rac gveubneba, rom kepleris amocanaSi arsebobs Senaxvadi veqtori 
→
A , 

gansazRvruli Semdegnairad: 

     rmalp
r

r
malpA ˆ][][

rrr
r

rr −×=−×=
→

  (I.1.4) 

sadac 
r

r
r

r
r =ˆ  _ erTeulovani veqtoria radius-veqtoris gaswvriv. am 

TanafardobaSi moyvanil 3 veqtorsa ( rlp ˆ,,
rrr
) da Senaxvad A

r
 veqtors Soris 

geometriuli urTierToba moyvanilia naxazze 1, orbitis 3 sxvadasxva 

wertilSi. 

 

 

 

 

 

 

 

 

 

naxazi 1. 
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rogorc SesavalSi ukve iTqva, fizikosebs Soris veqtori cnobilia 

runge-lencis veqtoris saxelwodebiT, Tumca prioriteti ekuTvnis 

laplass. 

laplasma daamuSava [14] moZraobis integralebis miRebis sakuTari 

meTodika, romelic dResac gamoiyeneba [16] da emyareba koordinatebisa da 

maTi warmoebulebis uzogadesi polinomebis ganxilvas, romlebsac Semdeg 

moeTxoveba droisgan damoukidebloba (mudmivoba). sainteresoa aRiniSnos, 

rom laplasis Semdeg dRemde kvadratulze ufo maRali rigis polinomebi 

jer ar ganuxilavT, albaT meTodis sirTulis gamo. aseTi gziT mirebulia 

moZraobis integralebi aracentraluri Zalebis SemTxvevaSic[17]. 

bolo xanebSi ganvitareba hpova klasikur meqanikaSi impulsurma 

warmodgenam [18-19] da am meTodiTac gamoyvanilia laplas-runge-lencis 

veqtori [20]. 

sanam kvantur-meqanikur ganxilvaze gadavidodeT, mokled SevexoT am 

veqtoris fizikur gamoyenebebs klasikur meqanikaSi. 

 

I.2. laplas-runge-lencis veqtoris fizikuri 

gamoyenebani klasikur meqanikaSi 

 

mas Semdeg, rac gavarkvieT laplas-runge-lencis veqtoris gamoyvanis 

sxvadasxva SesaZlebloba klasikur meqanikaSi, gadavideT am veqtoris 

fizikuri Sinaarsis Seswavlaze da uSualo gamoyenebebze. 

 

a) laplas-runge-lencis veqtori da orbitis gantoleba 

 

A
r
 veqtoris ganmartebidan naTelia, rom is Zevs orbitis sibrtyeSi, 

amitom perpendikularulia kuTxuri momentis l
r
  veqtorisa  

          0=⋅ Al
rr

          (I.2.a.1) 

aqedan gamomdinareobs, rom A
r
 unda iyos fiqsirebuli veqtori orbitis 

sibrtyeSi. Tu θ –s gamoviyenebT kuTxed r
r
  radius-veqtorsa da A

r
 veqtoris 
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fiqsirebul mimarTulebas Soris da ganvixilavT r
r

A
r
 skalarul namravls , 

miiReba: 

mkrlprrAAr −×⋅== ][cos
rrrrr θ  

sammag namravlSi veqtorebis cikliuri gadasma gvaZlevs 

2][][ lllprllpr
rrrrrrrrr =⋅=×=×  

amrigad  

mkrlrA −= 2cosθ  

an 

      )cos1(
1

2
θ

mk

A

l

mk

r
+=    (I.2.a.2) 

maSasadame, laplas-runge-lencis veqtori iZleva gansxvavebul 

(algebrul) saSualebas miviRoT orbitis gantoleba (!) kepleris 

problemaSi, moZraobis gantolebis amouxsnelad. 

Tu am Sedegs SevadarebT orbitis gantolebas Cveulebrivi formiT, 

davaskvniT, rom 
→

A mimarTulia radius-veqtoris gaswvriv orbitis 

periheliumisken, da sididiT tolia: 

            mkeA= ,                  (I.2.a.3) 

sadac e  aris orbitis eqsentrisiteti. 

kepleris amocanaSi amrigad gvaqvs moZraobis 2 veqtoruli konstanta  

→

l  da A
r
, da skalaruli sidide _ sruli energia E.  radgan veqtors aqvs 3 

damoukidebeli komponenti, es Seesabameba 7 Senaxvad sidides. gamodis, rom 

sistemasAaqvs 6 Tavisuflebis xarisxi da amitom mas unda hqondes 6 

moZraobis damoukidebeli integrali, romlebic unda Seesabamebodes 

nawilakis sawyisi mdebareobisa da sawyisi siCqaris 3-3 komponents.  

garda amisa, Cvens mier napovni integralebi arian 
→

r  da 
→

p sidideebis 

algebruli funqciebi, romlebic aRweren orbitas rogorc mTlians 

(sivrceSi orientacias, eqscentrisitets da a.S.). arc erTi am SvidTagani ar 

gviCvenebs, Tu sad imyofeboda nawilaki orbitaze sawyis momentSi. 
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erT-erTi moZraobis konstanta SegviZlia ise avirCioT, rom 

Seesabamebodes am informacias _ nawilakis mdebareobas orbitaze sawyis 

momentSi. maSin 6-dan mxolod 5 damoukidebeli konstanta dagvrCeba, 

romlebmac unda gansazRvron orbitis zomebi, forma da orientacia. 

amitom vaskvniT, rom yvela napovni moZraobis integrali ar unda iyos 

urTierTdamoukidebeli, aramed unda arsebobdes 2 Tanafardoba maT Soris 

(7-dan 5-ze dayvanisaTvis). erT-erT aseT Tanafardobad SegviZlia 

CavTvaloT 
→

l da A
r
 veqtorebis urTierTmarTobuloba, (I.2.a1). meore maTgani 

gamoiyvaneba A
r
2-is gamoTvliT, rac iZleva. 

2222 2mElkmA +=
r

        (I.2.a.4) 

sadac E  aris sruli energia 

r

k

m

p
E −=

2

2

 

amrigad, 7-is nacvlad gvqonia mxolod 5 damoukidebeli konstanta. 

kuTxuri momentis veqtori da sruli energia erTad adgenen 4 

damoukidebel moZraobis integrals, xolo laplas-runge-lencis veqtori 

amatebs mxolod erTs.   

cnobilia, rom orbitebis Caketiloba sakmaod Zlier SezRudvebs adebs 

moqmed Zalebs. mxolod 2 tipis ZalebisaTvis _ kulonuri da izotropuli 

oscilatori _ miiReba perioduli moZraoba orbitaze bertranis Teoremis 

Tanaxmad [21].  

 sazogadod, Tu arsebobs E da 
→

l -is garda damatebiTi moZraobis 

integrali, rogorc 
→

r  da 
→

p–s algebruli funqcia, es imis maCvenebelia, 

rom moZraoba aris gadagvarebuli, xolo SemosazRvruli orbitebi 

Caketili. 
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b) kepleris amocanis algebruli aspeqtebi puasonis 

fCxilebiT. 

 

klasikur meqanikaSi arsebobs calsaxa Sesabamisoba Senaxvis kanonebsa 

da simetriebs Soris. funqcia, romelic aris moZraobis konstanta, 

warmoadgens sistemis simetriis generators. 

amitom sainteresoa gairkves, Tu ra simetrias Seesabameba laplas-

runge-lencis veqtori. amisaTvis yvelaze ufro mosaxerxebelia 

SeviswavloT amocanisaTvis saintereso fizikuri sidideebis puasonis 

frCxilebi. 

kuTxuri 
→
l  momentis arseboba, rogorc cnobilia, dakavSirebulia 

sistemis hamiltonianis invariantulobasTan sivrculi  0(3) brunvebis 

mimarT. es Tviseba gamoixateba Semdegi puasonis frCxiliT 

 

                     klijkjlil ε=),(    (I.2.b.1) 

 

amave dros, am veqtoris Senaxva niSnavs 

                   0),( =Hil     (I.2.b.2) 

sadac  aris hamiltoniani 

                      
r
k

m
p

H −=
2

2
   (I.2.b.3) 

(SevniSnoT, rom (I.2.b.2) maSinac sruldeba, roca gvaqvs nebismieri 

centraluri potenciali, V(r)) 

advilad gamoiTvleba momentis puasonis frCxili laplas-runge-lencis 

veqtoris komponentebTan 

                    kAijkjAil ε=),(    (I.2.b.4) 

es Tanafardoba im ubralo faqts gamoxatavs, rom 
→
A  aris veqtori 

→
l -

iT generirebuli brunvebis mimarT. 
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gadavdgaT Semdegi nabiji. gamovTvaloT laplas-runge-lencis veqtoris 

komponentebis puasonis frCxili. sakmaod grZeli, magram pirdapiri 

gamoTvlebiT miiReba, rom 

klijkHmjAiA ε2),( −=  

xolo TuU am komponenetebs vanormirebT ufro moxerxebulad, 

                     iA
HmjDiA

2

1

−
≡→    (I.2.b.5) 

maSin maTTvis puasonis frCxili iRebs ufro martiv saxes; 

                      klijkjDiD ε=)(         (I.2.b.6) 

amave dros 

0),( =HiD  

rac  Di-is mudmivobas gamoxatavs. 

amrigad, miviReT, rom gvaqvs veqtorTa 2 erToblioba, ( ), iDil , 

romlebic moZraobis integralebia da akmayofileben puasonis frCxilebis 

Semdeg (gafarToebul) algebras, 

                      














=

=

=

klijkjDiD
kDijkjDil

klijkjlil

ε

ε

ε

),(

),(

),(

   (I.2.b.7) 

 

es 6 generatori kepleris problemis hamiltonians ar cvlis da adgens 

puasonis frCxilebis Caketil algebras. imis gasarkvevad, Tu ra simetrias 

Seesabameba es algebra, umjobesia mivceT mas ufro tradiciuli saxe 

Semdegi wrfivi kombinaciebis SemotaniT: 

 

    ,
2

kiDkl

kJ
+

=     
2

kiDkl

kK
−

=        (I.2.b.8) 

maSin advilad davrwmundebiT, rom zemoT moyvanili  (I.2.b.7) puasonis 

frCxilebi or qvealgebrad ixliCeba 
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,),(
k

J
ijkjJiJ ε=   

k
K

ijkj
K

i
K ε=),(  

0),( =
j

K
i

J                 (I.2.b.9) 

es Tanafardobani cxadad gamoxataven 2 urTierTdamoukidebel 

analizurad Senaxvad sidideebs, romelTagan TiToeuli aRwers garkveul 

brunvebs [(I.2.b.9) Tanafadobebis pirveli striqoni], romlebic 

erTmaneTisagan damoukidebelia [amave Tanafardobebis me-2 striqoni]. 

amitom vaskvniT, rom saqme gvaqvs ori algebris pirdapir namravlTan 

)3()3( +×+ OO  romelic eqvivalenturia 4-ganzomilebian evklidis sivrceSi 

brunvebis algebrisa; 

)4(+O ~ )3()3( +×+ OO  

kepleris problemis dinamikuri simetriis Teoriul-jgufuri 

klasifikacia pirvelad dadgenili iyo sabWoTa fizikosis akad. v. fokis 

mier [22] wyalbadis atomis kvantur-meqanikur amocanaSi. qvemoT naSromis 

kvantur-meqanikur nawilSi ufro detalurad ganvixilavT am sakiTxebs. 

axla ufro Rrmad CavixedoT laplas-runge-lencis veqtoris fizikur 

da geometriul SinaarsSi. 

 

g) laplas-runge-lencis veqtoris fizikuri da geometriuli 

Sinaarsi 

 

Turme SesaZlebelia ararelativisturi kepleris problemis dinamikuri 

simetriis saTaveebi veZeboT fardobiTobis specialuri Teoriis klasikur 

invariantul principebSi [23]. amisaTvis unda gvaxsovdes, rom 

ararelativisturi kepleris amocana aris relativisturi ori nawilakis 

amocanis nulovani miaxloeba. amitom aucilebelia Seswavlil iqnas 

relativisturi 2 nawilakis amocana, raTa aRmovaCinoT kepleris ararela-

tivisturi amocanis kavSiri fardobiTobis specialur TeoriasTan. 

amisaTvis fardobiTobis specialur Teorias ganvixilavT 
2

1

c
 miaxloebaSi, 

rac pirvelad gaakeTa darvinma 1920 wels [24]. am miaxloebas xSirad post-

niutoniseul meqanikas uwodeben. 
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eleqtromagnituri N-nawilakis amocanis invariantulobis jgufia 

araerTgvarovani lorencis jgufi (puankares jgufi). cnobilia, rom am 

jgufs, rogorc 10 parametrians, aqvs simetriis 10 generatori, sruli 

impulsi 
→
P  da sruli energia H generireben translaciebs sivrcesa da 

droSi da erTad adgenen 4-veqtors H)
c

PP
1

,(
r

=µ . P
r
 da H translaciis 

qvejgufs Seesabameba. esaa araerTgvarovani nawili puankares jgufisa. 

erTgvarovani lorencis jgufis generatorebia 3-sivrceSi brunvebis sruli 

momentis L
r
 veqtori da polaruli veqtori  K

r
, romelic generirebs wminda 

lorencis gardaqmnebs (e.w. bustebs) da L
r
-Tan erTad adgens antisimetriul 

4-tenzors, (
→→
KcL, ). qvemoT naCvenebi iqneba, rom post-niutoniseul 

meqanikaSi K
r
-s gamosaxuleba masaTa centris sistemaSi daemTxveva laplas-

runge-lencis veqtors. 

ganvixiloT N nawilakis, rogorc eleqtromagnituri (damuxtuli) 

sistemis post-niutoniseuli aRwera. cxadia, misi eqvivalenturi iqneba 

gravitaciuli urTierTqmedebebis aRwerac. 

darvinis lagranJians sistemisaTvis muxtebiT  q1, q2, … qN  da masebiT 

m1, m2, … mN aqvs Semdegi saxe; 

 

)
))(()(

(
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2
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   (I.2.g.1) 

sadac Strixi ajamvis niSanTan migviTiTebs imaze, rom  i=j SemTxveva 

gamoricxulia, 
i

υr  aris  i-uri nawilakis siCqare, romlis radius-veqtoria  

ir
r
 da            ,

j
r

i
r

ij
r

rrr −=                           
ij

rijr
r=  
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ir
r
-sTan dakavSirebuli ganzogadebuli impulsia 

)(
2

1

2 3
,22
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∂
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  (I.2.g.2) 

hamiltoniani aigeba Cveulebrivi gziT 

H=∑
i

ii p
rrυ -L 

da  1/c2 rigSi tolia 

    H

)
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(
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 (I.2.g.3) 

sistemis sruli impulsia  

∑=
i

pP
rr
 

 

xolo sruli kuTxuri momenti, 

→→→

×=∑ i
i

i prL  

v. fokis [25] Tanaxmad 
→

K  veqtoris analizuri gamosaxuleba SegviZlia 

miviRoT lagranJianis variaciiT, roca sistemaze tardeba bustis gardaqmna. 

miiReba 

    i
i ij

ji

ji
i

i

i

i
ii r

r

qq
r

m

p

c
rmPtK

rrrr

∑∑ ∑′+++−=
→→

,

2

22

1
  (I.2.g.4) 

Tu  i-uri nawilakis energias ganvsazRvravT ase 

ij

ji

ji
i

i
ii r

qq

m

p
cm

,

2

2

2

1

2
∑′++=ε  E 

 

da SemovitanT inerciis centris veqtors Semdegi TanafardobiT 
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                                               H i
i

ic rR
rr

∑= ε ,        (I.2.g.5) 

maSin 
→

K  miiRebs saxes 

     PtR
c

K c

rrr
−=

2

H
        (I.2.g.6) 

amrigad, 
→

K -s mudmivobis faqti gansazRvravs masaTa centris moZraobis 

kanons. 

vxedavT, rom  
→

K  cxadad aris damokidebuli t droze, garda im 

SemTxvevisa, roca arCeuli gvaqvs sistema sruli nulovani impulsiT anu 

relativisturi inerciis centris sistema, 
→

P=0. am kerZo sistemaSi 
→

K  xdeba 

droze damoukidebeli moZraobis konstanta. 

axla vaCvenoT, rom am sistemaSi 
→

K  aris laplas-runge-lencis veqtori, 

risTvisac ganvixiloT 2 nawilakis amocana. SemovitanoT koordinatebi 
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Sebrunebul Tanafardobebs aqvs saxe 
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am TanafardobaTa gamoyenebiT 
→

K -veqtoris zemoTmoyvanili gamo-

saxuleba miiRebs saxes: 
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sadac  
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+
=µ - dayvanili masaa. 

inerciis centris sistemaSi vRebulobT 
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xolo hamiltoniani iRebs saxes 
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1/c2 rigSi vRebulobT Tanafardobas 

              H
c

mm
c 2212

11 ++=H    (I.2.g.8)  

sadac H  aris ararelativisturi hamiltoniani 

               
r
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amitom  
→

K  ase gadaiwereba 

 

r
r

qqp

mm

mm

c
R

c
K

rrr
)(

2

11 21
2

21

21

22
+

+
−

−=
µ

H  

SevniSnoT, rom sruli momentis gamosaxuleba inerciis centris 

sistemaSi iRebs saxes 
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rrr

×=  



 
 

 26

inerciis centris sistemaSi P
r
 aRar aris dinamikuri cvladi. igive 

exeba  R
r
-sac. Cvens mier zemoT miRebul gamosaxulebebSi HH da 

→

L  

damoukidebelia  R
r
-ze, magram is K

r
-Si kvlav Sedis.  

imisaTvis, rom K
r
 iyos swori dinamikuri cvladi, unda gamoviyenoT  

R
r
-isTvis moZraobis gantoleba, roca 0≠P

r
 da Semdeg ganvixiloT zRvari, 

P
r
=0. am gziT R

r
 gamoixateba 

→

r  da 
→

p  fardobiTi cvladebiT. raki H aris 

hamiltoniani, SegviZlia gamoviyenoT  R
r
-isTvis moZraobis gantolebis 

misaRebad, 

0=

→ 













∂

∂=
PPdt

Rd

r

r
H

 

anu 

pppp
pmm

m

pmm

m

dt

Rd

rrrr

rr

r

−==










∂
∂

+
+

∂
∂

+
=

21 ,221

2

121

1 HH
 

rac gvaZlevs  
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am gantolebis miReba SeiZleboda agreTve 0=
→

dt

Kd
  gantolebidan 

zemoT mocemuli zogadi 
→

K -s gamosaxulebis gamoyenebiT. 

1/c2 rigSi gvaqvs 
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SevniSnoT, rom 
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amitom vwerT 
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rac integraciis Sedegad iZleva 

       ,)(
1

)(2

1
2

21

21

20 prp
mm

mm

c
RR

rrrrr
⋅

+
−+=

µ
    (I.2.g.10) 

sadac 0R
r
 nebismieri mudmivia da gamoxatavs masaTa centris mdebareobas  

0
)(

2
=⋅

c

rp
rr

 drois momentSi. 

am gamosaxulebis gaTvaliswineba 
→

K -s formulaSi gvaZlevs am 

ukanasknelis saboloo formas; 
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sadac 

       r
r

qq
lpprpr

r

qqp
A

rrrrrrrr
2121

2

][
1

)(
1

)( +×=⋅−+=
µµµ

  (I.2.g.12) 

→

A, rogorc vxedavT, aris laplas-runge-lencis veqtori. 
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amrigad, mivaRwieT saboloo mizans _ vaCveneT, rom 
→

A veqtoris forma 

ganisazRvreba 
→

K  veqtoriT inerciis centris sistemaSi. 

rogorc cnobilia, fizikuri sididis mudmivoba niSnavs, rom misi 

puasonis frCxili hamiltonTan nulis tolia. 

zemoT moyvanil gamosaxulebebs Tu gamoviyenebT, kerZod, (I.2.g.11)-s, 

advilad davadgenT, rom puasonis frCxili 

),(
2

1
),(

21

21

2
A

mm

mm

c
K

rr
HH

+
−−=     (I.2.g.13) 

amitom laplas-runge-lencis veqtors hamiltonTan eqneba nulovani 

puasonis frCxili anu A
r
 veqtori Seinaxeba, Tu ( KH

r
, )=0. 

miviReT, rom bolo 2 nulovani frCxili erTmaneTTanaa dakavSirebuli. 

vaCveneT, rom erTis Senaxva aris meoris Senaxvis eqvivalenturi.  

amrigad, laplas-runge-lencis veqtori rom Seinaxos, dinamika unda 

viTardebodes lorencis araerTgvarovani jgufis mixedviT, rac Zalzed 

Zlieri moTxovnaa. 

es Sedegi axlos midis ararelativisturi klasikuri meqanikis 

algebrul SedegTan, romlis mixedviT kulonuri amocanisTvis gvaqvs O+(4) 

simetria, rac lorencis jgufis evklidur versias warmoadgens. 

amrigad, vaCveneT, rom post-niutoniseul meqanikaSi laplas-runge-

lencis veqtori aris bustebis generatoris Semadgeneli nawili da rom 

laplas-runge-lencis veqtoris mudmivoba dakavSirebulia 

invariantulobasTan lorencis gardaqmnebis mimarT. 
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Tavi II.  

laplas-runge-lencis veqtori  

ararelativistur kvantur meqanikaSi 

 

II.1. paulis eleqtroni 

 

pirvelad v. paulim [11] gansazRvra wyalbadis atomis speqtri (miiRo 

balmeris formula), gamoiyena ra matriculi meqanikis algebruli 

meTodebi. es iyo metad mniSvnelovani, magram misi mniSvneloba (simetriebis 

teqnika) bolomde ar iqna gaazrebuli saTanadod da CrdilSi moxvda, 

radgan igive problema mogvianebiT amoixsna Sredingeris gantolebis 

gamoyenebiT. Sredingeris gantoleba im epoqis fizikosebisaTvis ufro 

misaRebi aRmoCnda da swored es gantoleba gaxda dominirebadi 

aTwleulebis ganmavlobaSi. 

paulis meTodi fundamentaluri iyo sxva TvalsazrisiTac: man amoicno 

laplas-runge-lencis veqtoris roli, romelic ase ganmarta 

)(
2

1
20 LppL
mZer

r
A

rrrr
r

r
×−×+=  

rogorc vxedavT kvantur meqanikaze gadasvlisas gvixdeba Secvla 

)(
2

1
LppLpL
rrrrrr

×−×→×  

da gadasvla operatorebze. 

saqme imaSia, rom L
r
 da p

r
 veqtorebi kvantur meqanikaSi aRar 

komutireben, xolo arakomutirebadi sidideebis namravli kvantur 

meqanikaze gadasvlisas unda gavigoT, rogorc e.w. veilis mowesrigebuli 

namravli anu klasikuri dinamikuri sidideebis namravli, romlebic 

arakomutirebadi gaxdebian kvantur meqanikaSi, unda SevcvaloT am 

sidideebis simetrizebuli namravliT da Semdeg gadavideT kvantur 

operatorebze. laplas-runge-lencis veqtoris SemTxvevaSi aseTi gadasvlis 

Semdeg vrwmundebiT, rom miRebuli sidide darCa ermitul operatorad da 

am TvalsazrisiT aRar saWiroebs raime damatebiT manipulaciebs. 
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amasTan erTad gvaqvs kuTxuri momentis operatori ][ prL
rrr

×= , romelic 

brunvebis generatoria, oRond puasonis frCxilebis nacvlad unda 

gamoviyenoT komutatorebi; 

kijkji LiLL ε=],[  

vmuSaobT 1== ch  sistemaSi. 

ganvixiloT axla wyalbadis atomis amocanis mTavari aspeqtebi: 

 

a) algebruli aspeqtebi 

 

  Ze muxtis birTvis kulonur velSi moZravi eleqtronis hamiltoniani 

ase Caiwereba 

            
r

Ze

m

p
H

22

2
−=

r

   (II.1.a.1) 

moxerxebulia SemovitanoT uganzomilebo cvladebi: sigrZis erTeulad 

avirCioT Za / , sadac 
2

2

me
a

h=  aris boris pirveli orbitis radiusi. L
r
 

gavzomoT h  erTeulebSi, xolo p
r
 impulsi – erTeulebSi 

a

Zh
. maSin 

CvenTvis saintereso 3 operatori Caiwereba Semdegi uganzomilebo formiT: 

          

r
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r
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          (II.1.a2) 

SevniSnoT, rom rogorc klasikur meqanikaSi, aqac A
r
 veqtori aris 

veqtoruli operatori  L
r
-is mimarT: 

            [ ] okijkji AiAL ε=0,                (II.1.a.3) 

amave dros am operatoris kvadrati Semdeg Tanafardobas akmayofilebs: 

          1)1( 2
00

2

0 ++=⋅= LHAAA
rrrr

         (II.1.a.4) 
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es aris klasikuri orbitis gantolebis (I.2.a.4) kvanturi versia. radgan 

2

0A
r

 invariantulia brunvebis mimarT (komutirebs L
r
-Tan), 

2

0A
r

-is da 
2L -s 

erTdrouli diagonalizacia SeiZleba, rac H -is sakuTari mniSvnelobebis 

problemasac gadawyvets. amitom Cndeba motivacia gamoiTvalos sxvadasxva 

komutatorebi. advilad davamtkicebT, rom adgili aqvs komutaciis 

Tanafardobebs: 

          

0],[],[

],[

00

00

==

−=×

=
=×

HLLH

HLiAA

AiAL

LiLL

kijkji

rr

rrr

rrr

ε
             (II.1.a.5) 

amave dros klasikuri meqanikis analogiuri Tanafardoba warmoiqmneba: 

              00 =⋅ AL
r

                 (II.1.a.6) 

arsebiTia, rom zemoT moyvanil komutaciis TanafardobebSi 

monawileobs H  hamiltonianic. amis gamo SegviZlia moviqceT Semdegnairad: 

marTalia, H  ermituli operatoria, is ar aris dadebiTad gansa-

zRvruli da amitom mas SeiZleba hqondes dadebiTi, nulovani da 

uaryofiTi sakuTari mniSvnelobebi: 

EE EH ψψ =  

amitom komutaciis Tanafardobebis struqtura damokidebuli iqneba 

energiis sakuTar mniSvnelobaTa sivrceze, romelzec ganxiluli 

operatorebi moqmedeben. amitom zemoaRniSnuli komutaciis Tanafardobebis 

interpretaciisaTvis Cveulebrivi lis algebrebis doneze Cven unda 

davuSvaT, rom mdgomareobis veqtorebis veqtoruli sivrce, romelzec es 

operatorebi moqmedeben, aris energiis sakuTar mniSvnelobaTa sivrce. 

am pirobebis dasakmayofileblad, pirvel rigSi unda vanormiroT oA
r
 

operatori: mis nacvlad ganvixiloT axali  operatori, ganmartebuli ase: 
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         (II.1.a.7) 

maSin gveqneba lis algebris Semdegi forma 
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LiLL
rrr

=×  

kijkji AiAL ε=],[          (II.1.a.8) 

LiAA
rrr

ε=×  

sadac  ε=1, 0, -1  aris niSnis funqcia, imis mixedviT, Tu E<0   da E>0. amis 

Sedegad adre miRebuli Tanafardobebi ase gadaiwereba 

1)1( 22 −=++ HAL
rr

ε   ε=±1 

22 1)1( ALH
rr

=++   ε=0     (II.1.a.9) 

0=AL
rr

 

zemoT, algebruli Tanafardobebis Casawerad, gamoviyeneT veqtoruli 

namravlis forma, rac gaugebrobas ar gamoiwvevs. 

davadginoT axla samive lis algebra, romlebic Seesabamebian 

SemTxvevebs  ε=+1, 0, -1.  

(1) roca ε=+1 (E<0)  zemo komutaciis Tanafardobebi Seesabamebian 

standartul SO(4)⊃ SO(3) lis algebras 4X4 orTogonaluri matricebisa,  

SO(4). 

zemoT, gansakuTrebiT klasikur meqanikaSi, Cven gvainteresebda 

Caketili orbitebi, amitom vifarglebodiT E<0   SemTxveviT. 

Tavis droze v. fokma [22] aCvena, rom SO(4) aris kepleris amocanis 

simetriis jgufi, gadawera ra Sredingeris gantoleba impulsur sivrceSi 

integro-diferencialuri gantolebis saxiT da gamoiyena evkliduri 

sivrcis sferuli harmonikebi. SemdgomSi bargmanma [27] daakonkreta, rom 

fokis gardaqmnis infinitezimaluri generatorebia kuTxuri momenti 
→

L  da 

laplas-runge-lencis veqtori, 
→

A . 

komutaciis Tanafardobebs SeiZleba Cveuli saxe mivceT (rogorc es 

gavakeTeT klasikur meqanikaSi), Tu SemovitanT axal baziss: 

      

)(
2

1
)2(

)(
2

1
)1(

ALJ

ALJ

rr

rr

−=

+=

→

→

         (II.1.a.10) 
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maSin miviRebT algebris tradiciul  SU(2)x SU(2) saxes 

)()()( aJiaJaJ
→→→

=×   a=1, 2 

0)]2(),1([ =
→→

JJ      (II.1.a.11) 

magram 0=⋅
→→

AL  Tanafardobis gamo am calkeuli algebrebis 

invariantuli operatorebi (anu, rogorc maT algebraSi uwodeben _ 

kazimiris operatorebi) )1(2J
r

 da )2(2J
r

 igivurad erTmaneTs emTxvevian 

    )(
4

1
)2()1( 2222 ALJJ

rrrr
+==         (II.1.a.12) 

axla ukve SegviZlia movZebnoT H-is SesaZlo sakuTari mniSvnelobebi 

E<0 SemTxvevisaTvis. radgan )1(
→

J  da )2(
→

J  operatorebi ermitulia, )1(2J  

da )2(2J  operatorebis sakuTari mniSvnelobebi iqneba, Sesabamisad, 

)1( 11 +jj  da )1( 22 +jj . amave dros )1(2J = )2(2J   SezRudva ganapirobebs 

erTaderT amonaxsns j1=j2=j. amave SezRudvidan da operatorebs Soris (II.1.a.9) 

Tanafardobidan moiZebneba energiis speqtri: 

                    
2)12(

1

+
−=

j
E    (II.1.a.13) 

sadac  j={ 0, 1/2,  1, 3/2, ...} 

miRebuli Sedegi Seesabameba wyalbadis atomis bmul mdgomareobebs. 

amasTan mTeli ricxvi 2j+1 unda gavaigiveoT bmuli mdgomareobebis speqtris 

Sesabamis mTavar kvantur ricxvTan,  n (balmeris formula). 

(2) roca ε=-1 (E>0) komutaciis Tanafardobebs aqvT standartuli 

SO(3,1)⊃ SO(3) lis algebris forma, romelic eqvivalenturia lorencis 

jgufis lis algebrisa. am SemTxvevaSi sakuTari mniSvnelobebi moiZebneba 

SecvliT: 

diskretuli mTavari kvanturi ricxvi n(=2j+1) ηi±⇒ , sadac η  aris 

nebismieri namdvili ricxvi (0<η < )∞ . 
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(3) roca ε=0 (E=0) laplas-runge-lencis veqtoris 
→→

= 0AA    calkeuli 

komponentebi erTmaneTTan komutireben da 
→

0A  kvlav veqtoria 
→

L -is mimarT. 

simetriis jgufia 3–ganzomilebiani evkliduri jgufi. 

zemoT moyvanil 3 SemTxvevas maTematikur literaturaSi uwodeben 

sferul, hiperbolur da parabolur geometriebs, Sesabamisad. isini 

kargadaa Seswavlili da aRwerili saTanado literaturaSi [4,28]. 

Cven SemdgomSic dagvainteresebs mxolod pirveli _ sferuli 

geometriis SemTxveva (E<0), romelic klasikur fizikaSi Caketil orbitebze 

moZraobas Seesabameba. 

amave dros dagvainteresebs mxolod amocanis algebruli aspeqtebi, 

roca speqtri miiReba moZraobis gantolebebis amouxsnelad. 

ukanaskneli 30 wlis ganmavlobaSi intensiuri ganviTareba hpova e.w. 

supersimetriulma kvanturma meqanikam [29]. TviT supersimetriis koncefcia 

warmoiSva elementarul nawilakTa TeoriaSi rogorc simetria bozonebsa 

da fermionebs Soris [30-32]. aSkaraa, rom am tipis simetrias nawilakTa 

fizikaSi Tavdapirvelad araviTari motivacia ar hqonda eqsperimentuli 

TvalsazrisiT. magram gansakuTrebuli maTematikuri (algebruli) struqtu-

ris gamo fizikos-TeoretikosTa Soris daintereseba am axali tipis 

simetriiT yoveldRiurad matulobs. algebrulad supersimetria imiT aris 

gansakuTrebuli, rom misi formulirebisaTvis generatorebs Soris 

komutaciis Tanafardobebis garda saWiroa ganxilva garkveuli 

generatorebis antikomutatorebisa. maTematikur enaze supersimetriuli 

algebrebi miekuTvnebian e.w. lis graduirebuli algebrebis kategorias. 

amasTan graduirebas gansazRvraven antikomutatorebi supermuxtebs Soris. 

Tavis droze e. vitenma [13] daadgina, rom Cveulebriv kvantur meqanikaSi 

SesaZlebelia supersimetriuli (e.w. vitenis, rogorc axla uwodeben) 

algebris realizacia, romelic erTganzomilebian SemTxvevaSi praqtikulad 

yvela potencialisaTvis xerxdeba da tolfasia darbus faqtorizaciis 

meTodisa me-2 rigis Cveulebriv diferencialur gantolebebSi. 

Cven qvemoT ganvixilavT wyalbadis atomisaTvis ararelativistur 

kvantur meqanikaSi supersimetriis realizacias. es amocana SemdgomSi 
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gamogvadgeba megzurad nawilakebis spinis CasarTvelad da amocanis 

relativizaciisaTvis. 

 

II.2. wyalbadis atomis supersimetria ararelativistur 

kvantur meqanikaSi 

 

rogorc cnobilia, supersimetriis arseboba bozonurTan erTad 

fermionul Tavisuflebis xarisxebsac moiTxovs. amitom ganvixiloT paulis 

eleqtroni (wyalbadis atomi spiniT). ucnauri faqtia, rom ufro advilia 

ganvixiloT kulonur velSi moZraoba paulis nawilakisa (esaa 

ararelativisturi ½1/2-spiniani nawilaki kinematikurad damoukidebeli 

spiniT), vidre uspino nawilakisa. es gamartiveba imiTaa ganpirobebuli, rom 

momentis 
→

L  operatorTan da laplas-runge-lencis 
→

A  operatorTan erTad 

viyenebT spinis 
→

σ  operators. 

energiis sakuTar mdgomareobebs axla aqvT saxe 

ff µ,
2

1⊗nlm  

anu, eqvivalenturad, gvaqvs radialuri funqciis namravli pauli spin-

veqtorze 

jml

nlYR
)

2

1
(

 

mTel ganxilvaSi metad mniSvnelovan rols asrulebs dirakis  K 

operatori, romelic aq asea gansazRvruli 

    4/1)1( −−=+−= JLLK
rrrrσ    (II.2.1) 

sadac j
r
 aris sruli momenti, σr

rr

2

1+= Lj . advilad vaCvenebT, rom rogorc 

kuTxuri, aseve sruli momenti gamoixateba  K-s kvadratuli formiT: 

)1( += KKL
r

        da     4/12 −= Kj
r

   (II.2.2) 

 K operatoris sakuTari mniSvnelobebi κ  advilad moiZebneba ganmar-

tebidan. esaa mTeli ricxvebi nulis gamotovebiT 
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            κ =... , -2, -1, 1, 2, ...             (II.2.3) 

am mniSvnelobaTa moZebnis Semdeg l da j kvanturi ricxvebi aseTia 

     

2/1)(

)1(sgn
2

1
)(

−==

−+==

κκ

κκκ

jj

ll
        (II.2.4) 

sadac   aRniSnavs  κ -s niSans. 

amis gamo paulis spinori SegviZlia davaxasiaToT κ  da m  kvanturi 

ricxvebiT: 

          
mjl

m Y
)(

2

1
)(( κκκ =X ,     (II.2.4.b) 

sadac  κ -s yoveli mniSvnelobisaTvis m magnituri kvanturi ricxvi ( 

→

j -s proeqcia,  jz) iRebs mniSvnelobebs 

   m= 2/1,...,2/3,2/1 +−−− κκκ              (II.2.5) 

rogorc iTqva, supersimetriis asagebad unda gvqondes antiko-

mutirebadi operatori, raTa movaxdinoT algebris graduireba. 

Cven SemTxvevaSi hilbertis sivrceSi  Z2-graduirebis Semotana SesaZle-

belia 
κκ

K
P =  luwobis operatoris mixedviT mdgomareobebis dayofiT luw 

da kent mdgomareobebad (operatorebad). Pκ  operators aqvs sakuTari 

mniSvnelobebi κsgn± . amitom graduirebis wrfiv operators mivawerT 

Cveulebrivi SinaarsiT: operatori aris luwi, Tu is komutirebs  Px -Tan, 

maSin roca operatori aris kenti, Tu is antikomutirebs  Px-Tan. luwi 

operatoris magaliTia H hamiltoniani, romelic komutirebs  K-Tan. cxadia, 

rom K TavisTavad agreTve luwia. 

kenti operatoris sapovnelad gamoviyenoT Semdegi Teorema [4] 

Teorema: vTqvaT, V
r
 aris veqtori L

r
 kuTxuri momentis mimarT: 

→= kijkji ViVL ε],[   ViLVVL
rrrrr

2=×+×  

amave dros is iyos  
→

L -is perpendikularuli: 

0=⋅=⋅ LVVL
rrrr
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maSin K antikomutirebs sididesTan V
rr⋅σ , romelic aris skalari j

r
-s 

mimarT. 

am Teoremis damtkiceba Zalzed martivia. Cven SemdgomSi moviyvanT mas 

mxolod am operatoris ganzogadebis SemTxvevaze dirakis gantolebisaTvis 

[7]. 

amave dros SevniSnoT, rom Teoremis pirobebSi adgili aqvs Semdeg 

mniSvnelovan Tanafardobas 

                          )((
2

1
)( LVVLVK

rrrrrrr ×−×= σσ                   (II.2.6) 

am Teoremis pirobebs akmayofileben mniSvnelovani kerZo SemTxvevebi, 

roca  prV
rrr

,
∧

=   an 
→

A .  

qvemoT, relativisturi SemTxvevis ganxilvisas, Cven gamoviyvanT (II.2.6) 

formulis relativistur ganzogadebas. amitom aq aRar mogvyavs formulis 

mtkiceba. 

amrigad, damtkicebuli Teoremis Tanaxmad vipoveT kenti operatorebi 

(
→→

Vσ ) saxiT. 

ganvixiloT axla kenti operatori  
→→

⋅ 0AS , sadac 

∧

−×−×= rpLLpA
rrrrrr

)(
2

1
0  

advilad davrwmundebiT, rom 

                  4/1
2

1
)( 22

0 +=⋅ HKAS
rr

,                   (II.2.7) 

sadac gamoviyeneT  
2

0A
r

-Tvis zemoT miRebuli formula, (II.1.a.4) 

SemovifargloT axla κ -s fiqsirebuli mniSvnelobebis qvesivrciT 

κH maSin zemoT miRebuli Tanafardoba ase gadaiwereba: 

        
2

20

2

1
)(2

κκ
+=⋅

H
AS
rr

    (II.2.8) 

Tu axla ganvmartavT supermuxts Semdegi saxiT 
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κ

0
1

AS
Q

rr

=         (II.2.9) 

romelic, rogorc Teorema cxadyofs, aris kenti operatori, misi kvadrati 

mudmivi Sesakrebis sizustiT daemTxveva hamiltonians. cxadi saxiT 

antikomutatori 

                      { } HQQ
~

, 11 =    (II.2.10) 

sadac 

           
22

1~
κ

+= HH    (II.2.11) 

radgan QQ1 kentia, xolo H
~
 luwi, meore supermuxti SegviZlia ase 

SemovitanoT 

          KAS
i

PiQQ )( 012

rr

κκ ==    (II.2.12) 

amiT davasrulebT S(2) supersimetriis agebas. 

xSirad ufro mosaxerxebelia e.w. kiburi (gaCenis da gaqrobis) 

operatorebi SemovitanoT TanafardobebiT 

           ),1)((
2

1
)(

2

1
021 κκ

PASiQQQ m
rr

=±=±    (II.2.13) 

eseni nilpotenturi operatorebia,  02 =±Q . 

SevniSnoT, rom luwi mdgomareobisaTvis Q+=0  da Q-= κ
02 AS
rr

⋅
 maSin, 

roca kenti mdgomareobebisaTvis maTi rolebi icvleba. 

axla mivubrundeT wyalbadis atomis speqtrs ukve S(2) supersimetriis 

TvalsazrisiT. 

rogorc zogadad cnobilia, hamiltonianis sakuTari sivrceebi 

(sakuTari funqciebis sivrceebi) miekuTvnebian am jgufis dauyvanad 

warmodgenebs. S(2) simetriis dauyvanadi warmodgenebi erT an 

organzomilebiania. 
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Cven zemoT SemovitaneT paulis spinorebisTvis 
x

mX  bazisi, (II.1.4) Tu 

masze vimoqmedebT  kiburi operatorebiT  ±Q , miviRebT an nuls, an sidides 

κ
02 AS
rr

⋅
. ufro metic, radgan damtkicebuli Teoremis ZaliT 

0, =






 ∧

rSK
rr

   da    ,4/1)( 2 =
∧

rS
rr

 

vpoulobT, rom 
x

mX)rS(
∧rr

 spinori kvlav K operatoris sakuTari funqciaa 

sakuTari mniSvnelobiT κ anu adgili aqvs Semdeg Tvisebas 

           
κκ m

rr

mm XX
2

1
)rS( −=±

∧

   (II.2.14) 

amitom H κ -s im qvesivrceSi, romelSic E da m  fiqsirebulia, 

mdgomareobebi gardaiqmnebian S(2) supersimetriis dauyvanadi warmodgenebiT. 

marTlac, (II.1.8) formulidan fazebis Sesaxeb saTanado SeTanxmebiT 

vpoulobT 

              mEmE E
AS

,,

2/1

,,
0 )

2

1
()

2
( κκ κκ ±± Φ+−=Φ⋅

rr

  (II.2.15) 

vxedavT, rom multipletis ganzomilebaa 2, garda SemTxvevisa 

22

1

κ
−=E , roca ganzomileba 1-is tolia. 

am ukanasknel gantolebas SeiZleba mivceT radialuri saxe, risTvisac 

gamoviyenoT dirakis cnobili igiveoba 

             )]1()[( 1 +−⋅⋅=⋅ −
∧∧

kirprrp
rrrvrv σσ                (II.2.16) 

saidanac miiReba 

         ))](
1

(1[0

∧∧

⋅++⋅−=⋅ rS
r

k
prikAS

vrrvrr
             (II.2.17) 

Tu amas gamoviyenebT (II.1.b.15) gantolebaSi, advilad mivalT Semdegi 

saxis radialur diferencialur gantolebaze 

)(
2

1
)(

1||
||1

||2

1
)(

2/1

)( rRErR
rdr

d
EE κκ κ

κκ
κ −







 +=














 ++−
2
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SemovitanoT aRniSvna )()( rrRr ElEl =X . maSin es 2 gantoleba ( κκ ±=|| ) 

gaerTiandeba aseTi formiT 

       








+
+=

















++
+

−

)(

)(

)12(

1
)(

)(

0),(

)(,0
2

1 r

r

l
E

r

r

lA

lA

El

El

El

El

1
X

X

X

X
        (II.2.18) 

sadac CavTvaleT, rom 1+= lκ   da SemoviReT aRniSvnebi 

            






+
++−±=±

1

11

2

1
)(

lr

l

dr

d
lA               (II.2.19)  

eseni arian radialuri kiburi operatorebi da emTxvevian Sredingeris 

gantolebis faqtorizaciis meTodiT amoxsnisas napovn radialur 

supersimetriul operatorebs kulonis amocanaSi. 

maTgan gansxvavebiT aq amoxsnilia 3-ganzomilebiani amocana, roca 

supermuxtebi ar arian radialuri da maTTvis l  cvladi sididea, rogorc 

es Cans (II2. 14) gantolebidan. 

axla ukve SegviZlia ararelativisturi½1/2-spiniani nawilakis 

kulonuri speqtris reinterpretacia 

 

 

 

 

 

 

 

naxazi 5.  

 

 

 

naxazi 2. 

wyalbadis atomis ararelativisturi speqtri. yvela done erTidaigive j da m ricxvebiT 

erTmaneTs ukavSirdeba  supersimetriiT. 
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a) doneebi gadagvarebulia fiqsirebuli j da m ricxvebiT amasTan l =j±1/2 es 

gadagvareba aris S(2) superalgebris Sedegi. gadagvareba orjeradia, garda 

mdgomareobebisa l =j-1/2 da 
2)1(2

1

+
−=

l
E , romlebic ar aris gadagvarebuli. 

b) gadagvareba fiqsirebuli l  da m ricxvebiT (j= l ±1/2) gamowveulia 

ararelitivistur reJimSi eleqtronis spinis kinematikuri 

damoukideblobiT. 

g) (2j+1)-jeradi gadagvareba fiqsirebuli j da l  ricxvebiT ganpirobebulia 

urTierTqmedebis brunviTi invariantulobiT. 

naTelia, rom aucilebeli xdeba amocanis relativizacia da 

eleqtronis spinis iseTi ganxilva, sadac is ukve aRar iqneba kinetikurad 

damoukidebeli. 
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Tavi  III.  

 

faruli simetria relativistur kvantur meqanikaSi _ 

_paulidan dirakisaken  

 

zemoT Cven etapebad ganvixileT laplas-runge-lencis veqtori da 

masTan dakavSirebuli algebruli simetria klasikur meqanikasa da 

ararelativistur kvantur meqanikaSi. vnaxeT, rom orbitebis Caketiloba 

klasikur meqanikaSi da wyalbadis atomis speqtris gadagvareba kvantur 

meqanikaSi dakavSirebuli iyo `farul~ simetriasTan, romelsac gamoxatavda 

laplas-runge-lencis veqtoris Senaxva. amis gamo simetria iyo ufro 

maRali, vidre brunviTi SO(3), saxeldobr _ SO(4).  

rac Seexeba relativistur meqanikas, kargad aris cnobili, rom es 

simetria irRveva _ orbitebi aRar inarCuneben Caketilobis da 

periodulobis Tvisebebs. relativisturi meqanikis Tanaxmad elifsis didi 

naxevarRerZi asrulebs brunviT moZraobas da kulonuri 

potencialisTvisac traeqtoria ar aris Caketili, moZraoba xdeba 

relativistur rozetebze [25,33].  

miuxedavad amisa, irkveva, rom relativistur kvantur meqanikaSi (anu 

dirakis gantolebis SemTxvevaSi) es simetria mTlianad ar ispoba da 

garkveul SezRudvebs adebs eleqtronis speqtrs wyalbadis atomSi.  

Tavis droze zomerfeldma (1931w.) [ ]34  gamoiyvana wyalbadis atomis 

doneebis formula mbrunav sakoordinato sistemaze gadasvliT, riTac 

moaxerxa gamoericxa relativisturi precesia (rozetuli moZraoba) da 

miiRo Caketili orbitebi [ ]35,34 . rogorc zemoT ganvixileT, damatebiTi 

simetria, romelic orbitebis Caketilobas ganapirobebda, lorencis 

specialuri gardaqmnebiT (bustebiT) ganisazRvreboda. amitom ar iyo 

gamoricxuli gvevarauda, rom lorenc-kovariantul dirakis gantolebas 

kvlav axasiaTebdes raime narCeni simetria. 

marTlac, 50-ian wlebSi lipmanma da jonsonma [36] aRmoaCines, rom 

dirakis hamiltonianisaTvis kulonur velSi arsebobs moZraobis 
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skalaruli mudmiva _ fsevdoskalaruli invarianti, romlis Teorias 

avagebT am TavSi. 

Sinaarsis TviTSeTanxmebulobisaTvis da sisrulisaTvis Cven vixilavT 

agreTve dirakis hamiltonianisaTvis damaxasiaTebel simetriebis 

Tanafardobebs. 

 

 

III.1. dirakis hamiltonianis simetriis Tvisebebi 

 

cnobilia, rom centraluri simetriis velSi dirakis hamiltonianis 

SemTxvevaSi inaxeba sruli momenti j
r
. es faqti aRwerilia nebismier 

saxelmZRvaneloSi. Cven aq gavimeorebT zogierT maTgans, raTa gamoyenebuli 

aRniSvnebi gaxdes advilad gasagebi. 

aviRoT hamiltoniani  

)(rVmpH ++⋅= βα rr
 

Cven xelT aris fundamentaluri (amosavali) komutaciis Tanafardobani  

;],[

;],[

;],[

kijkji

kijkji

ijji

pilp

rilr

ipr

ε
ε
δ

=
=
=

   

kijkji

kijkji

nmimni

pipl

rirl

prl

ε
ε

ε

=

=
=

],[

],[  

am komutatorebidan gamomdinare gvaqvs  

   kjijkiii piplrVmplHl αεαβα ==++= ],[)](,[],[
rrrr

  (III.1.1) 

SemovitanoT spinis matrica: 

∑
→




=
0

σr
 





σr
0

  (III.1.2) 

aq da Semdgom dirakis matricebisaTvis viyenebT dirakis warmodgenas, 

sadac: 

,
10

01
34 














−
=≡≡ ραβ   














==

0

0
1 σ

σ
σρα r

r

rr
 

             













=

01
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paulis iσ  matricebi akmayofileben Tanafardobebs:  

kijkijji i σεδσσ +=  

rac iα  matricebisTvis niSnavs: 

kijkijji i ∑+= εδαα  

amave dros  

                             kijkijji i αεδρα +=∑ 1  

anu                         kijkji i αεα 2],[ =∑  

am Tanafardobebis gamoyenebiT vRebulobT  

                kjijkii pipH αεα 2],[],[ −=∑=∑
rr

              (III.1.2) 

Tu amas ganvixilavT  (III.1.1)-Tan erTad, davaskvniT, rom sruli momenti  

                             ∑
→

+=
2
1

lj
rr

 

komutirebs hamiltonianTan  

                             0],[ =Hji ,        ( )3,2,1=i  

Cven wina nawilSi gamoviyeneT dirakis K operatoris analogi ararela-

tivisturi 1/2-spiniani eleqtronisaTvis. relativistur SemTxvevaSi am 

operators aqvs saxe [ ]37 :        

                           )1( +∑= lK
rr

β            (III.1.3) 

amave dros naTelia, rom radgan   

                               ββ ∑=∑
rr

, 

amitom                        ββ KK =  

e.i. dirakis operatori komutirebs β  matricasTan 

                               [ K,β ]=0         (III.1.4) 

amave dros es operatori antikomutirebs 5γ  matricasTan, 

                             { } 0, 5 =γK  

axla vaCvenoT, rom aseTnairad Semotanili dirakis operatori 

komutirebs hamiltonianTan nebismier centralur simetriis velSi.  

gamoTvlebi vawarmooT etapobrivad:  
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{ }
{ },2))(())((

)(2)())(())(())((

],[],[

)(),1([]),1([],[

plppl

plplplppl

ppl

rVmplHlHK

rrrrrrrr

rrrrrrrrrrrrrrr

rrrrr

rrrr

rr

rrr

r

rr

αααβ
αααααβ

αβαβ
βαββ

+⋅+⋅=

=+⋅+⋅+⋅∑−⋅=

=+⋅=

=+++⋅=+⋅=

∑∑

∑∑∑

∑

∑∑

 

 

ijkjikijjikijkij

ijijjiji

iijjijii

lpipli

lppl

lppllppl

)()(

))(())((

11 αεδραεδρ
αα

αααα

+++=
=+

=+=⋅+⋅
∑∑=

∑∑∑∑
rrrrrr rr

 

pirveli wevri ijδρ1  mogvcems skalarul namravls lp
rr
, rac nulis tolia 

0)( =lp
rr

, am veqtor-operatorebis urTierTmarTobulobis gamo.  

amitom Sesaswavlia danarCeni wevrebi  

=−=+ )( ijkijjikijkijkijikjikijk lpplilpipli εεααεαε  

= (bolo wevrSi, i da j urTierTSevcvaloT,(i�j) ])[][,( lppli
rrrrr ×+×= α , 

magram  

      kkk iplppl 2][][ =×+×
rrrr

   (III.1.5) 

amitom vRebulobT, rom  

)(2)2(

])[][,())(())((

ppii

pllpilppl
rrrr

rrrrrrrrrrrrr

αα
ααα

−=⋅=
=×+×=⋅∑+⋅∑
 (III.1.6) 

amis gaTvaliswinebiT (III.1.4) formulaSi, davaskvniT, rom  

                         0],[ =HK    (III.1.7) 

amrigad dirakis K operatori komutirebs dirakis hamiltonianTan 

nebismieri V(r ) centraluri velis SemTxvevaSi.  

. 
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III.2 lipman-jonsonis operatori, rogorc damatebiTi simetriis matarebeli 

kulonur velSi 

 

 

literaturaSi, romelic exeba dirakis gantolebis simetriebs 

kulonur velSi, moyvanilia e.w. lipman-jonsonis operatori, romelic 

cvlis kvanturi meqanikis analogiuri problemidan laplas-runge-lencis 

veqtors. rogorc qvemoT davinaxavT, Tavisi SinaarsiT dirakis gantolebis 

SemTxvevaSi Senaxvadi iqneba ara TviTon laplas-runge-lencis veqtori, 

aramed misi garkveuli kombinacia spinis matricebTan anu ganzogadebuli 

spiralurobis (helicity) operatori, rogorc mas daarqves naSromSi [38]. es 

operatori Semotanili iyo ufro adre lipmanis da jonsonis mokle 

SeniSvnaSi [36]. Semdgomi TvalsaCinoebisaTvis sityvasityviT moviyvanT am 

naSromis amonarids: 

     J6. Relativistic kepler peroblem. M.H.Johnson and B.A. Lippmann, Naval Research     

  Laboratory. – Besides the usual integrals of motion, M
r

 and  J (in Dirac’s notation) the rela- 

  tivistic equations for a charge in a Coulomb field admit 

                 ( ) ( ) ( )3
2

1

12121 / ρρσ mcHJmcecirrA −−⋅= −−−
h

rr
 

 as another integral of motion . Since A  and J anticommute, the pairs of states with the same  

J  are degenerate. Thus the existence of  A  establishes the “accidental” degeneracy in the re- 

lativistic Kepler problem just as the existence of the axial vector establishes the degeneracy   

with respect to l  in the corresponding non-relativistic problem”.  

praqtikulad esaa gamosaqveyneblad momzadebuli naSromis abstraqti 

(reziume). mas Semdeg am operatoris gamoyvana samecniero literaturaSi 

aravis gamouqveynebia. miniSnebulia mxolod xolme, rom es operatori komu-

tirebs dirakis hamiltonianTan kulonur velSi, `risi Cvenebac SeiZleba 

Turme sakmaod grZeli da damqancveli gamoTvlebiT~ [11,38]. 

lipman-jonsonis operatori Tanamedrove matricul aRniSvnebSi ase 

Caiwereba  

                )(55 mHK
mZ

i

r

r
A βγ

α
αγ −−=
rr

  (III.2.1) 
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sadac K - zemoT ganxiluli dirakis operatoria, xolo Zα aris kulonis 

ZalaSi Semavali parametri _ muxtebis namravli. 

hamiltoniania  

                 αβα Za
r

a
mpH ≡−+= ,

rr
        (III.2.2) 

radgan A-s komutireba H-Tan grZeli dasamtkicebelia,  Cven is gavitaneT I-

damatebaSi. 

I damatebaze dayrdnobiT vaskvniT, rom  

                          [ HA, ]=0    (III.2.3) 

amrigad, lipman-jonsonis operatori kidev erTi damatebiTi Senaxvadi 

sidide yofila dirakis gantolebisaTvis gareSe kulonur velSi. misi 

arseboba pirdapiraa dakavSirebuli doneebis orjerad gadagvarebasTan 

dirakis K operatoris sakuTari mniSvnelobebis ori niSnis gamo.  

 

 

 

III.3. wyalbadis atomis supersimetria relativistur 

kvantur meqanikaSi 

 

axla SegviZlia vimoqmedoT wina TavSi aRwerili paulis eleqtronis 

modelis msgavsad. dagvWirdeba AA operatoris kvadratis gamoTvla, rac 

dawvrilebiT aris gamoyvanili II damatebaSi. mas aqvs Semdegi saxe: 

)1()(1
2

2
22 −+=

m

H

Z

K
A

α
         (III.3.1) 

 

es Tanafardoba kidev imiTaa saintereso, rom iZleva energiisaTvis 

algebrul amonaxsns, rogorc es gvqonda xolme Sredingeris gantolebaSi 

an klasikur meqanikaSi [ ]39,2 . 

marTlac, Tu gvecodineba A2 operatoris sakuTari mniSvnelobebi, 

vipoviT dirakis hamiltonianis sakuTar mniSvnelobebs ise, rom ar 

dagvWirdeba moZraobis gantolebis amoxsna. am formulaSi SeiZleba yvela 

Semavali operatoris sakuTar mniSvnelobebze gadasvla, radgan yvela 
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maTgani komutirebs H-Tan da erTmaneTTan. amitom energiis sakuTari 

mniSvnelobebisaTvis gvaqvs; 

                  ),1()(1 22

2

2

−+= A
Z

m

E

κ
α

   (III.3.2) 

sadac κ aris K operatoris sakuTari mniSvneloba. 

radgan m aris H–is umdablesi sakuTari mniSvneloba, vxedavT, rom 

ermituli operatori A2 amave dros dadebiTadaa gansazRvruli. amitom 

SegviZlia supersimetriul suraTSi CavTvaloT viteniseul hamiltonianad.  

h=2A , 

rogorc es moxda paulis eleqtronis magaliTSi (Tavi II).  

SevajamoT axla miRebuli komutaciis Tanafardobebi:  

  _ vaCveneT, rom { } 0, =KA , antikomutireben. 

  _ orive maTgani komutirebs dirakis hamiltonianTan da gansazRvraven 

simetrias. 

SemovitanoT supermuxtebi Semdegi TanafardobebiT [ ]23,11,10,6 : 

κ
AK

iQAQ == 211 ,  

aSkaraa, rom 22
2 A

AKAK
Q =−=

2κ
 

anu 

h=== 22
2

2
1 AQQ  

garda amisa 

{ } 0, 21 =QQ  

amrigad miviReT vitenis S(2) algebra (anu NN=2 supersimetria). 

SegviZlia Cveulebrivad SemovitanoT nilpotenturi kiburi 

operatorebi 

)(
2
1

21 QQQ ±=±  

naTelia, rom  

02 =±Q    da   H { }−+= QQH ,          
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amasTan SegviZlia moviTxovoT, rom A2 operatoris umdablesi sakuTari 

mniSvnelobaa  0, xolo mdgomareoba 0׀> 

A0=<0׀ 

amitom ZiriTadi mdgomareobis energiisaTvis miiReba; 

,

)(1

1
)(1

2

2

s

Z

Z

m

E

ακ
α

+
=−=   (III.3.4) 

sadac 

   
22 )( ακ Zs −≡    (III.4.5) 

(III.3.4) gamosaxuleba emTxveva wyalbadisebri atomis ZiriTadi 

mdgomareobis energias. 

speqtris zogadi formulis misaRebad SegviZlia visargebloT gaCenis 

operatoris meTodiT anu rogorc uwodeben, kibis meTodiT. meTodi 

daiyvaneba s→s+1   Secvlaze yoveli Semdegi donisaTvis. amis gamo 

nebismieri donis energiisaTvis vRebulobT Semdeg gamosaxulebas [ ]9 : 

2/1

222

2

]
))((

)(
1[ −

−+−
+=

ακκ
α

Zn

Z

m

E
  (III.4.6) 

                     (n=1, 2, .... ) 

  es gamosaxulebac emTxveva wyalbadis atomisaTvis dirakis 

gantolebis amoxsniT miRebul sakuTari mniSvnelobebis zomerfeldis 

formulas [ ]34 . 

rogorc davrwmundiT, am Sedegis misaRebad srulebiTac ar dagvWirda 

dirakis gantolebis amoxsna. Sedegi miviReT wmindad algebrulad. 

SegveZlo sxva gziTac wavsuliyaviT, saxeldobr, mogveZebna A operatoris 

speqtri misi gantolebis amoxsniT, rac agreTve advili gadasawyvetia 

[ ]23,11 . magram vitenis algebram gvikarnaxa gacilebiT ufro martivi 

midgoma. 

jgufTa Teoriis TvalsazrisiT miRebuli Sedegi niSnavs Semdegs: 

ararelativistur wyalbadis atoms hqonda faruli simetria 

(dakavSirebuli laplas-runge-lencis veqtoris SenaxvasTan). amis gamo 

amocanis simetria amaRlda da gaxda SO(4),  nacvlad SO(3) sivrculi 
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simetriisa. roca gadavdivarT relativistur SemTxvevaze, simetria 

dabldeba, oRond dabldeba nawilobriv da xdeba SO(3)xS(2), imis gamo, rom 

gvaqvs N=2 supersimetria. es Zalian saintereso faqtia, radgan relati-

vistur ganzogadoebas unda daedablebina  simetria   SO(3)-mde. amis 

nacvlad farulma simetriam Tavi iCina supersimetriis saxiT, romelic 

dakavSirebulia lipman-jonsonis Senaxvadi operatoris arsebobasTan. Tu 

SevxedavT wyalbadis atomis speqtris suraTs (naxazi 3, 4.). maTze naTlad 

Cans κ -s ori niSnis mixedviT doneebis gadagvareba. 

 

 

 

 

 

 

 

 

naxazi. 6. 

 

naxazi 3. 

wyalbadis atomis qveda doneebi 

 

 

 

 

 

 

 

                       naxazi 3 

       wyalbadis atomis qveda doneebis struqtura 
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naxazi 4 

 

S(2) supersimetriis damaxasiaTebeli suraTi wyalbadis atomis relativistur 

speqtrSi  

 

 

 

supersimetria imitom warmoiqmneba, rom speqtri damokidebulia marto 

j-ze (κ )-ze. amave dros es gadagvareba ganapirobebs Tanxvedras doneebisa, 

romelTac aqvT erTnairi sruli j momenti, magram 1-iT gansxvavebuli l  

orbitaluri momenti. (mag. nS1/2 – nP1/2 gadagvareba). 

rogorc cnobilia, sinamdvileSi cdebze dakvirvebulia am doneebis 

gaxleCa, e.w. lembis wanacvleba. Teoriulad lembis wanacvlebis axsna 

xerxdeba mxolod kvantur eleqtrodinamikaSi maRali rigis radiaciuli 

Sesworebebis gaTvaliswinebiT. saxeldobr, fotonis propagatorSi da 

foton-eleqtrul wveroSi erTi maryuJis gaTvaliswineba ukve gvaZlevs 

Semdegi saxis Sesworebebs lembis wanacvlebis misaRebad [1]: 

)(
2

)()
5

1
(ln

3

4
32

2
3

2

2

l
rm

r
m

m
Veff

rrr ⋅Σ+−≈∆
π
αδ

µ
α
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advilia imaSi darwmuneba, rom am wevrebTan AA operatori aRar 

komutirebs. amrigad, lembis wanacvlebis wevrebis CarTva hamiltonianSi 

maSinve iwvevs zemoT miRebuli simetriuli suraTis darRvevas. es uflebas 

gvaZlevs vamtkicoT, rom lipman-jonsonis operatorTan dakavSirebuli 

simetriis darRveva ganapirobebs lembis wanacvlebis warmoqmnas dirakis 

hamiltonianSi. 

aSkaraa, rom dirakis hamiltonianSi, rogorc erTeleqtronian 

TeoriaSi aseTi wevrebi ver warmoiqmneba da sanam mxolod kulonuri 

potenciali ganixileba, yovelTvis gveqneba lembis wanacvlebis kontroli. 

 

 

                                    III. 4.   lipmanlipmanlipmanlipman----jonsonis operatoris Teoria.jonsonis operatoris Teoria.jonsonis operatoris Teoria.jonsonis operatoris Teoria.    

 

a) Teorema antikomutirebadi operatoris Sesaxeb 

 

rogorc wina paragrafebidan gaxda naTeli kulonuri amocanis 

damatebiTi simetriis realizebaSi mniSvnelovania lipman-jonsonis 

operatori A , romlis gamoyvana samecniero literaturaSi Cvenamde [ ]6  

aravis gamouqveynebia. qvemoT gadmocemuli iqneba am operatoris 

regularuli Teoria. daviwyoT iqidan, rom ganvazogadoT paulis 

eleqtronisaTvis cnobili Teorema [ ]5,4  Ddirakis gantolebaze.  

Teorema:  

     vTqvaT V
r
 aris raime veqtori l

r
 orbitaluri momentis operatoris 

mimarT, e.i. 

                          [ ] kijkji ViVl ε=, ,  

anu veqtorul aRniSvnebSi  

                    VilVVl
rrrrr

2=×+×  

amave dros V
r
 iyos l

r
-is perpendikularuli, e.i. ( ) ( ) 0=⋅=⋅ lVVl

rrrr
. 

     maSin dirakis K  operatori komutirebs Semdeg P(fsevdo)ska- 

larul operatorTan ( )V
rr

⋅Σ , e.i. 

                     ( ){ } 0, =⋅Σ VK
rr
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damtkiceba: 

   ganvixiloT namravli ( )( )Vl
rrrr

⋅Σ⋅Σ . dirakis matricebis gadasmadobis 

Tvisebebis da agreTve am Tavis dasawyisSi moyvanili fundamentaluri 

Tanafardobebis gamoyenebiT advilad vaCvenebT, rom  

         
( )( ) ( ) ( ) ( )

( ) ( )lViV

lVViiVliVlVl
rrrrr

rrrrrrrrrrrrr

×⋅Σ−⋅Σ−=

=×−Σ=×⋅Σ+⋅=⋅Σ⋅Σ

2

2,
 

amitom  

          ( )( ) ( ) ( )[ ]lViVVl
rrrrrsrrr

×⋅Σ+⋅Σ−=⋅Σ+⋅Σ 1                 (III.5.1) 

axla es namravli ganvixiloT Sebrunebuli mimdevrobiT  

          ( )( ) ( ) ( ) ( )lVilVilVlV
rrrrrrrrrrrr

×⋅Σ=×⋅Σ+⋅=⋅Σ⋅Σ  

gvaqvs 

            ( )( ) ( ) ( ) ( )( )VllViVlV
rrrrrrrrrrrrr

⋅Σ+⋅Σ−=×⋅Σ+⋅Σ=+⋅Σ⋅Σ 11  

bolo etapze gamoviyeneT (III.5.1) formula. amrigad gvaqvs Semdegi 

antikomutatori  

                   { } 0,1 =⋅Σ+⋅Σ Vl
rrrr

 

axla ganmartebis ZaliT vpoulobT  

                  ( ) ( )KVVK
rrrr

⋅Σ−=⋅Σ           (III.5.2) 

amrigad, Teorema damtkicebulia. 

    magram naTelia, rom K -sTan antikomutirebadi (anu K -kenti) 

operatorebis klasi ar amoiwureba marto damtkicebuli saxis 

operatorebiT – nebismieri ( )VO
rr

⋅Σˆ  formis operatori, romelSic Ô aris K -

sTan komutirebadi, agreTve daakmayofilebs Teoremis pirobebs da, 

maSasadame iqneba K -kenti.  

     bunebrivia, gavixsenoT, rom kenti operatorebis ojaxs miekuTvneba 

agreTve dirakis 5γ  matricac. 

     miRebuli Teoremis pirobebSi adgili aqvs Semdeg mniSvnelovan 

Tanafardobas, romelsac SemdgomSi gamoviyenebT:  

                    ( ) [ ] ,
2

1







 ×−×⋅Σ−=⋅Σ VllViVK
rrrrrrr

β           (III.5.3) 

rac martivad gamomdinareobs TeoremaSi moyvanili Tanafardobidan 

veqtoris gardaqmnis Sesaxeb veqtoruli namravlis formiT.   
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  marjvniv warmoiqmna laplas-runge-lencis veqtorisaTvis damaxasiaTebeli 

antisimetrizebuli veqtoruli namravli. Cven xelT arsebuli fizikurad 

saintereso veqtorebidan Teoremis pirobebs akmayofileben Semdegi 

veqtorebi AprV
rrrr

,,ˆ= . zemoTmoyvanili formulis ZaliT am sami 

veqtorisagan mxolod ori damoukidebeli antikomutirebadi operatoris 

Sedgena SeiZleba, radgan adgili aqvs erT Tanafardobas maT Soris  

               ( ) ( )pK
ma

i
rA

rrrrrr
⋅Σ+⋅Σ=⋅Σ βˆ        

 

   garda amisa, aRvniSnoT, rom antikomutirebad operatorebTan erTad Cven 

SegviZlia aRvweroT dirakis K  operatorTan komutirebadi operatorebic. 

naTelia dirakis matricebis Tvisebebidan, rom zemoaRniSnuli Teoremis 

pirobebis farglebSi gveqneba  agreTve 

                     [ ] 0, =⋅VK
rrα                      (III.5.4) 

   am Tanafardobasac SeiZleba hqondes praqtikuli gamoyeneba. 

  axla yvelaferi Semzadebuli gvaqvs faruli simetriis operatoris 

gamosayvanad. 

 

b)  kulonur velSi “faruli” simetriis operatoris gamoyvana [ ]40,7,6  

      

   Cveni amocanaa avagoT −K kenti operatorebis iseTi kombinacia, romelic 

ikomutirebs dirakis hamiltonianTan. es amocana amovxsnaT mimdevrobiTi 

nabijebiT. rogorc pirveli sacdeli gamosaxuleba, aviRoT Semdegi 

operatori  

              ( ) ( )pKixrxA
rrrr

⋅Σ+⋅Σ= 211
ˆ  

aq koeficientebi isea SerCeuli, rom 1A  operatori iyos ermituli, roca 

21,xx  nebismieri namdvili ricxvebia. es ricxvebi unda ganisazRvros am 

operatoris komutativobidan dirakis hamiltonianTan. gamoTvla iZleva  

             [ ] ( )rK
r

a
xK

r

i
xHA ˆ2

,
22511

rr
⋅Σ−= γβ  

   vxedavT, rom marjvena mxareSi pirveli wevri aris antidiagonaluri 

matrica, xolo meore wevri ki – diagonaluri. amitom es gamosaxuleba 
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nulis toli ver gaxdeba, Tu 21,x  koeficientebi Cveulebrivi namdvili 

ricxvebi iqneboda.  

    unda gadaidgas Semdgomi nabiji da saZiebel operatorSi unda CavrToT 

sxva kenti struqturac. zemoT miRebuli komutatoris marjvena mxare 

faqtiurad gvkarnaxobs, rom unda CavrToT dirakis 5γ  matrica. amrigad, 

gamovcadoT axla Semdegi operatori 

                ( ) ( ) ( )rfKixpKixrxA 53212
ˆ γ+⋅Σ+⋅Σ= rrrr

 

aq ( )rf  jerjerobiT nebismieri funqciaa, romelic unda ganisazRvros 

agreTve komutirebis moTxovnidan. gamovTvaloT axali komutatori. (am 

TanafardobaSi Semavali calkeuli komutatorebi gamoTvlilia II 

damatebaSi) 

      [ ] ( ) ( ) ( ) ( )rfKmixrKrfxrK
r

a
xK

r

i
xHA 53322512 2ˆˆ2

, γβγβ −⋅Σ′−⋅Σ−= rrrr
 

davajgufoT diagonaluri da antidiagonaluri wevrebi calk-calke da 

miRebuli gamosaxuleba gavutoloT nuls. miiReba Semdegi gantoleba 

        ( ) ( ) ( ) 0
1

2ˆ
315322 =







 −+






 ′+⋅Σ rmfx
r

xKirfx
r

a
xrK γβrr

 

es gantoleba rom dakmayofildes, diagonaluri da antidiagonaluri 

elementebi calk-calke unda gavutoloT nuls. miiReba Semdegi pirobebi  

       ( ) ( )rfx
r

a
xrmfx

r
x ′−== 32231 ,

1
. 

   upirveles yovlisa vaintegroT meore gantoleba ( )∞,r  sazRvrebSi. 

miiReba  

                    ( ) 23 x
r

a
rfx −=  

pirvel gantolebaSi amis gaTvaliswinebiT gvaqvs 

                     12

1
x

ma
x −= . 

garda amisa, vpoulobT, 

                      ( ) 13

1
x

mr
rfx −= . 
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amrigad, yvela ucnobi sidide ganisazRvra, xolo koeficientebi gamoixata 

erT-erTis meSveobiT. sabolood operatorisaTvis miviReT Semdegi 

gamosaxuleba  

            ( ) ( )






 +⋅Σ−⋅Σ= 512

ˆ γK
mr

i
pK

ma

i
rxA

rrrr
 

es operatori, Cveni Teoremis Tanaxmad, aris K -kenti. amave dros is 

komutirebs dirakis hamiltonianTan. amrigad Cven ara marto gamoviyvaneT 

saZiebeli simetriis operatori, aramed erTdroulad vaCveneT misi 

komutativoba dirakis hamiltonianTan. amasTan  mtkicebis gza sakmaod 

martivia da gamWvirvale. 

    SevniSnoT, rom Cvens mier moZebnili simetriis operatori ar aris 

raime axali. sakmarisia gaviTvaliswinoT dirakis matricebs Soris 

arsebuli kavSiri αγ rr

5=Σ  da miRebuli operatori advilad miiyvaneba 

saxeze ( 1x , rogorc araarsebiTi ricxviTi mamravli, SegviZlia CamovuSvaT): 

               ( )






 −−⋅= mHK

ma

i
rA βγαγ 552 )ˆ(
rr

 

   es gamosaxuleba sxva araferia, vidre zemoT moyvanili lipman-jonsonis 

operatori. 
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Tavi  IV 

 

vitenis algebra da dirakis hamiltonianis uzogadesi 

ganxilva 

 

IV.I  simetriis operatoris dadgena –kulonuri potencialis 

gamoyofili roli 

 

  Cven ukve araerTxel aRvniSneT wina TavebSi, rom dirakis K  

operatori komutirebs dirakis hamiltonianTan nebismier centraluri 

simetriis velSi. axla SeviswavliT dirakis hamiltonianis damatebiTi 

simetriebis sakiTxs nebimieri centraluri velisaTvis. msjelobis 

sicxadisa da sisrulisaTvis mogviwevs zogierTi Tanafardobis Tavidan 

moyvana. kerZod, am nawilSi davubrundebiT dirakis uzogades hamiltonians  

            ( )rVmpH ++⋅= βα rr
 

aseTi formiT Caweril hamiltonianSi ( )rV  aris lorencis 4-veqtoris 

nulovani komponenta. amaze aq yuradRebas vamaxvilebT imitom, rom 

literaturaSi xSirad ganixileba xolme potencialebi sxva lorenc-

struqturiTac. magaliTad, skalaruli potenciali, rac Seesabameba 

urTierTqmedebis CarTvas masur wevrSi anu Secvlas ( ) ( )rVrV β→ . rac 

Seexeba dirakis K operators, is komutirebs hamiltonianTan am 

SemTxvevaSic. amis gamo gantolebis speqtri misTvisac gadagvarebulia K -s 

sakuTari mniSvnelobebis ori niSnis mixedviT, κ±  [ ]41,37 . am gadagvarebis 

aRsawerad gvWirdeba A operatori, romelic ikomutirebs dirakis 

hamiltonianTan da amavdroulad iqneba K -kenti, e.i. operatori TvisebebiT: 

         [ ] { } 0,,0, == KAHA  

amis Semdeg SegveZleba avagoT supermuxtebi misi meSveobiT da 

ganvaviTaroT vitenis superalgebra. rogorc ukve adre davadgineT, K -kenti 

operatorebi SegviZlia avagoT Cveni damtkicebuli Teoremis gamoyenebiT. 

amave dros, viciT, rom aseTi operatorebis arCevaSi arsebobs sakmao 

Tavisufleba Ô  komutirebadi operatorebis sizustiT.  
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    amitom Cven SevecdebiT amovideT minimaluri CarTvis gzidan da 

visargebloT mxolod Cvens xelT arsebuli fizikuri veqtorebiT. aseTebia: 

    r̂
r
  -   erTeulovani radius-veqtori da 

    p
r
 -    impulsis veqtori.  

orive maTgani l
r
-momentis veqtoris perpendikularulia. rogorc ukve viciT, 

Teoremis pirobebs akmayofilebs kidev erTi veqtori, saxeldobr, laplas-

runge-lencis veqtori, [ ]pllp
ma

i
rA

rrrrrr
×−×−= ˆ , magram es veqtori 

asocirebulia kulonis potencialTan, da radganac zogad potencialebs 

vixilavT, am etapze Tavs SevikavebT am veqtoris gamoyenebisagan. amitom Cven 

SemovifarglebiT Semdegi kenti operatorebis ganxilviT; 

              ( )r̂
rr

⋅Σ           da         ( )pK
rr

⋅Σ  

    rogorc qvemoT gaxdeba naTeli, meore struqturaSi K  faqtoris 

CarTva nakarnaxevia proceduris TviTSeTanxmebulobis surviliT.  

   SevniSnoT, rom zemoT SerCeuli orive operatori aris diagonaluri 

matrica, maSin roca dirakis hamiltoniani aradiagonaluria da masTan 

komutirebis dros aradiagonaluri matricebic gaCndeba. ase, magaliTad,  

                   ( )[ ] 5

2
,ˆ γβK

r

i
Hr =⋅Σ rr

 

    amitom gamovcadoT Semdegi kombinacia (romelic struqturulad 

emTxveva adre ganxiluls) 

                   ( ) ( ) ( )rfKixpKixrxA 5321
ˆ γ+⋅Σ+⋅Σ= rrrr

 

    aqac ( )3,2,1=ixi  koeficientebi isea arCeuli, rom A iyos ermituli 

operatori, roca ix -ebi namdvili ricxvebia, xolo ( )rf  aris nebismieri 

namdvili funqcia, romelic unda ganisazRvros simetriis moTxovnidan. am 

operatoris komutatori hamiltonianTan advili gamosaTvlelia da udris  

(ix.damateba II): 

    
[ ] ( ) ( )

( ) ( ) ( )rfKmixrfrKx

rVrKxK
r

i
xHA

533

251

2ˆ

ˆ2
,

γβ

γβ

−′Σ−

−′⋅Σ+=

rr

rr

 

    MmoviTxovoT simetria – gavutoloT nuls es gamosaxuleba: 
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( ) ( ) ( )[ ]

( ) 02

ˆ

3
1

5

32

=






 −+

+′−′⋅Σ

rmfx
r

x
Ki

rfxrVxrK

γβ

rr

 

aq wevrebi isea dalagebuli, rom pirvel striqonSi gvaqvs diagonaluri 

matrica, xolo meoreSi – antidiagonaluri. amitom tolobis 

SesrulebisaTvis nuls unda gavutoloT saTanado koeficientebi calk-

calke. gveqneba 

            ( ) ( ) ( )
r

x
rmfxrfxrVx 1

332 , =′=′  

   pirveli maTganis integracia imis moTxovniT, rom aq Semavali funqciebi 

usasrulobaSi ecemodnen, iZleva amonaxsns 

                    ( ) ( )rfxrVx 32 = , 

maSin, roca meore gantoleba gvaZlevs 

                      ( )
mrx

x
rf

1

3

1=  

am Sedegis Casma wina gantolebaSi gvaZlevs Semdeg potencials 

                      ( )
mrx

x
rV

1

2

1=  

amrigad, sakmaod zogad pirobebSi Cven vaCveneT, rom: 

   _ erTaderTi centraluri potenciali, romlisTvisac dirakis hamilto- 

nians SeiZleba hqondes damatebiTi simetria (zemoaRniSnuli SinaarsiT) 

aris k u l o n u r i  potenciali.  

  amave dros sainteresoa, rom raki Semaval koeficientebs SeiZleba 

hqondeT nebismieri niSani, simetria gvaqvs rogorc mizidvis, aseve 

ganzidvis SemTxvevaSi. 

     Tu Cven aviRebT mizidvis kulonur potencials Cveulebrivi formiT 

                    ( )
r

a
rV −= ,     sadac  αZZea ≡= 2 , 

gamomdinareobs, rom  12

1
x

ma
x −= ,  maSin simetriis operatori iRebs saxes 

         ( ) ( )






 +⋅Σ−⋅Σ= 51

ˆ γK
mr

i
pK

ma

i
rxA

rrrr
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rac, bunebrivia, emTxveva Cvens mier adre miRebul operators da 

dirakis saTanado matricebze gadasvlis Semdeg gvrCeba lipmanisa da 

jonsonis operatori.  

    SevniSnoT, rom Tu aviRebdiT lorenc-skalarul potencials (rac 

niSnavs VV β→  Secvlas), maSin dirakis K  operatori marTalia kvlav 

ikomutirebs hamiltonianTan, miRebuli operatori A aRar iqneba simetriis 

operatori TviT kulonis potencialisaTvisac ki.  

     amrigad, Cven davrwmundiT, rom damatebiTi simetriis problemaSi 

kulonuri potenciali asrulebs aSkarad gamoyofil rols – mxolod 

misTvis gvaqvs vitenis superalgebra. amave dros aRniSvnis Rirsia is 

faqtic, rom zemoT gamoyvanili lipman-jonsonis operstori aRwers 

damatebiT simetrias mxolod lorenc – veqtoris me-4 komponentis 

SemTxvevaSi anu roca kulonuri potenciali CairTveba yalibrulad 

kovariantuli formiT.  

 

 

IV.2. simetriis operatoris fizikuri Sinaarsi 

 

      ra fizikuri suraTi dgas yovelive amis ukan?  

    SevniSnoT, rom Tu Cveni Teoremidan gamomdinare Tanafardobas (III.5.3)  

gamoviyenebT im SemTxvevisaTvis, roca pV
rr

= , Cveni operatori SegviZlia 

gardavqmnaT kulonuri amocanisaTvis kargad cnobil formaze 

             [ ] 52
ˆ γK

mr

i
pllp

ma

i
rA +







 ×−×−⋅Σ= rrrrrr
 

vxedavT, rom ararelativistur zRvarSi, roca 1→β   da 05 →γ , Cveni 

operatori gadadis ararelativistur operatorSi 

               [ ]






 ×−×−⋅=→ pllp
ma

i
rAA NR

rsrrrr

2
ˆσ . 

frCxilebSi moTavsebulia laplas-runge-lencis veqtori. amrigad, 

relativisturi supermuxtis operatori daiyvaneba laplas-runge-lencis 

veqtoris proeqciaze eleqtronis spinis mimarTulebaze. swored es 

operatori iyo gamoyenebuli paulis eleqtronis SemTxvevaSi [ ]5 .  
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    amrigad, SegviZlia davaskvnaT, rom laplas-runge-lencis veqtorTan 

dakavSirebuli faruli simetria marTavs fizikuri procesebis sakmarisad 

farTo areals ciuri sxeulebis moZraobidan dawyebuli atomebSi 

speqtrebis faqiz da zafaqiz struqturamde.  

    aRsaniSnavia, rom kulonuri potencialisaTvis damaxasiaTebeli faruli 

simetria, rogorc zemo ganxilvidan Cans, dirakis gantolebaSi Tavs avlens 

sakmaod moulodnelad da amave dros gamoTvlebis mxolod gviandel 

(daskvniT) etapze. amdenad kidev ufro amarTlebs misTvis Serqmeva “faruli 

simetriis” saxelisa.  

   gavixsenoT agreTve, rom moZebnili simetriis operatoris forma ar aris 

erTaderTi. Cveni Teoremis ZaliT yovelTvis SegviZlia SevcvaloT AOA ˆ→ , 

sadac [ ] 0,ˆ =HO  da [ ] 0,ˆ =KO , anu Ô komutirebdes orive operatorTan, H da 

K .SegviZlia aviRoT, magaliTad, ( )KfO =ˆ , sadac ( )Kf  aris K -s nebismieri 

regularuli funqcia. garda amisa, Cven ar migviqcevia yuradReba mTeli 

rigi egzotikuri modelebisaTvis dirakis gantolebaSi (rogoricaa, 

magaliTad, dabali (2+1) ganzomilebebi [ ]43 , araminimaluri bma anomalur 

magnitur momentTan [ ]44 , monopolebi [ ]45 , kvadrirebuli gantolebebi [ ]46  

da a.S., Tumca am ukanasknelT nawilobriv mainc ganvixilavT SemdegSi.  

 

 

IV.3.  zogadi SeniSvnebi dirakis gantolebis simetriebisa da talRuri 

funqciis asimptotikis Sesaxeb _ dirakis gantoleba da dirakis 

kvadrirebuli gantoleba 

 

     rogorc SesavalSi aRvniSneT, klasikur meqanikaSi bertranis TeoremiT 

2 potencialia gamoyofili _ kulonuri da izotropuli oscilatori, 

orive maTgani gvaZlevs periodul moZraobebs Caketil orbitebze. 

kulonuri potencialisaTvis Sesabamisi Senaxvadi sididea laplas-runge-

lencis veqtori, romelic detalurad aRvwereT Cvens naSromSi 

relativisturi kvanturi meqanikis farglebSi. rac Seexeba oscilators _ 

misTvisac arseboben klasikuri moZraobis integralebi. kulonuri 

potencialisagan gansxvavebiT, klasikuri da kvanturi meqanikis 
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saxelmZRvaneloebSi oscilatoruli potencialis moZraobis integralebi 

naklebadaa aRwerili. isini ufro gvxvdeba monografiebsa [ ]47  da 

samecniero literaturaSi. amasTan, relativisturi kvanturi meqanikis 

SemTxvevaSi  kidev ufro mwiri situaciaa. bunebrivad ismis kiTxva _ sad 

unda veZioT damatebiTi simetria oscilatorisaTvis dirakis gantolebis 

SemTxvevaSi? 

harmoniuli oscilatoris potencialia  

                        ( )
22

222 rmkr
rV

ω==                     (IV.3.1) 

advilad davrwmundebiT, rom Semdeg meore rangis tenzors  

                       ( )jijiij rrmpp
m

A 22

2

1 ω+=                 (IV.3.2) 

aqvs nulovani puasonis frCxili ( ) 0, =HAij  oscilatoris hamiltonianTan  

                    
22

222 rm

m

p
H

ω+= .                          (IV.3.3) 

raki ijA  simetriuli tenzoria, mas SeiZleba hqondes sul meti 6 

damoukidebeli komponenti. advilad mowmdeba, rom  

              ( ) mjikmmkijmjki AAAl εε +=,                       (IV.3.4) 

da  

     { } ( )njmniknimnjknjknimniknjmmkij llllAA εδεδεδεδω +++=
4

,
2

     (IV.3.5) 

e.i. gvaqvs puasonis frCxilebis algebra. momentis veqtoris komponentebi am 

simetriul tenzorTan erTad qmnian raRac farTo simetrias raime 8-

ganzomilebian sivrceSi da eTanadebian specialur unitarul jgufs )3(SU . 

am tenzoris struqturidan aSkaraa, rom misi komponentebi Zevs orbitis 

sibrtyeSi, radganac adgili aqvs Tanafardobas  0=jij lA . 

 

kvantur meqanikaSi zemoaRniSnuli Tanafardobebi gadmodis 

avtomaturad operatorebze, radgan TiToeuli maTgani simetrizebulia 

koordinatebisa da impulsebis mimarT da aqvT veilis  mowesrigebuli 

forma. bunebrivia, rom am dros puasonis klasikuri frCxilebi icvleba 
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saTanado komutatorebiT da gvaqvs specialuri unitaruli simetria )3(SU  

kvanturi operatorebisaTvis.       

   gvinda aRvniSnoT, rom bevr SemTxvevebSi supersimetriis gamomJRavnebi -

saTvis da saerTod, gantolebis amoxsnisaTvis gamoiyeneba dirakis ganto- 

lebis kvadrireba - ufro zustad, misi miyvana meore rigis Cveulebriv 

diferencialur gantolebaze, romelic Seiswavleba kargad cnobili 

standartuli meTodebiT.  

   am paragrafSi yuradReba gvinda mivaqcioT im garemoebas, rom dirakis 

gantolebis kvadrirebisas aucilebeblia davicvaT garkveuli sifrTxile. 

mxedvelobaSi gvaqvs Semdegi: dirakis gantolebis miyvana meore rigis 

gantolebaze xdeba sxvadasxva meTodebiT. erT-erTi maTgania TviT 

gantolebaze Catarebuli manipulaciebi, magaliTad, talRuri funqciis 

komponentebis gamoxatva danarCeni komponentebiT da am ukanasknelTaTvis 

gantolebis miReba, romelic iqneba me-2 rigisa [ ]48 . sxva meTodebi iyeneben 

hamiltonianis kvadratSi ayvanas [ ]49  an gamravlebas “SeuRlebul” 

operatorze [ ]50 . yovel aseT SemTxvevaSi daismeba kiTxva _ xom ar 

SeviZineT zedmeti amonaxsnebi? Cven qvemoT ganvixilavT tipiur magaliTebs, 

romelTa sistemaSi moyvaniT SesaZlebelia garkveuli sicxadis Setana.  

    ganxiluli iqneba dirakis hamiltonianis sxvadasxva modelebi da 

Seswavlil iqneba gantolebis amonaxsnis  asimptoturi yofaqceva did 

manZilebze ori meTodiT: a) dirakis gantolebiT da b) misi kvadrirebiT. 

vnaxavT, rom zogierTi SemTxveva aratrivialuria.  

 

magaliTi 1. [ ]48  

 

    ganvixiloT Semdegi hamiltoniani  

                         ( ) ( )rVHrVmpH D +=++⋅= βα rr
,            (IV.3.6)          

sadac  mpH D βα +⋅= rr
 aris dirakis Tavisufali hamiltoniani. aseTi 

ganxilvisas, rogorc viciT, ( )rV  aris lorencis 4-veqtoris nulovani 

komponenta da Seesabameba relativistur lagranJianSi urTierTqmedebis 

yalibrulad invariantul CarTvas. aseTi hamiltoniani komutirebs dirakis 

K -operatorTan nebismieri centraluri potencialisaTvis.  
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    amovxsnaT (IV.3.6) hamiltonianisaTvis dirakis stacionaruli gantoleba  

Ψ=Ψ EH  standartuli meTodiT. warmovadginoT 

                                







=Ψ

χ
ϕ

                          (IV.3.7)  

da miRebul gantolebaSi gamovricxoT qveda komponenti TanafardobiT  

                        ϕσχ p
VmE

rr ⋅
−+

= 1
                         (IV.3.8) 

maSin zeda komponentisaTvis miiReba gantoleba [ ]48  

            ( )[ ] ( )
r

r
rr

VmE

rV
imVEp

r
rrrr ≡=⋅

−+
′

−+−− ˆ,0ˆ222 ϕσϕ         (IV.9) 

aSkaraa, rom Tu  ( )rV  aris manZilis mixedviT zrdadi potenciali  

                  ( ) ∞=
∞→

rV
r
lim ,                                      (IV.3.10) 

maSin (IV.3.9) gantolebaSi wamyvani asimptoturi yofaqceva iqneba  

                        ( ) 022 ≈− ϕVp ,                              (IV.3.11) 

anu koordinatul sivrceSi mivalT Semdeg asimptotur radialur 

gantolebaze 

                                 ( ) ( ) 02
2

2

=







+ rrV

dr

d ϕ                (IV.3.12) 

raki ( )rV  zrdadia, mag., oscilatori an wrfivi potencialia, am gantolebas 

ar aqvs asimptoturad dacemadi (normirebadi) amoxsnebi, anu gantoleba ar 

iZleva bmul mdgomareobebs (klainis paradoqsi [ ]50 ). amrigad, aseTi 

ganxilvisas oscilatoris adgili ar gvrCeba.  

      axla ganvixiloT amoxsna dirakis gantolebis kvadrirebiT,  

Ψ=Ψ 22 EH . gamoTvla iZleva gantolebas                              

( ) ( ) ( )( ) 







=







′⋅−⋅++++
χ
ϕ

χ
ϕ

ααβ 2222 ˆ22 ErVripVmVVmp
rrrrr

                 (IV.3.13)   

am gantolebis asimptoturi saxe imave klasis (zrdadi) potencialebisaTvis 

iqneba  

                               ( ) 0)( 22 ≈







+

χ
ϕ

Vp
r

 

(IV.3.11)-Tan SedarebiT gvaqvs sawinaaRmdego niSani, amitom radialuri 

asimptoturi gantolebis saxea  
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                        ( ) ( ) 02
2

2

≈







− rrV

dr

d ϕ                                          

am gantolebas aqvs normirebadi amonaxsni dacemadi asimptotikiT, e.i. gvaqvs 

bmuli mdgomareobebis saTanado amonaxsnebi. amrigad kvadrirebam Secvala 

gantolebis buneba. aseTi kvadrireba mizanSewonilia imiT, rom 

SenarCundeba is simetriebi, rac hqonda Tavdapirvel dirakis gantolebas. 

magram, samagierod, Cndeba damatebiTi amonaxsnebi, romlebic Tavdapirvel 

dirakis gantolebas ar hqonia.  

    amitom naTelia, rom  dirakis gantolebasTan mopyrobis dros unda 

gamoviCinoT garkveuli sifrTxile, roca saqme gvaqvs usasrulod zrdad 

potencialebTan.  

   klasikur meqanikaSi usasrulod zrdadi potenciali _ izotropuli 

oscilatori iZleva moZraobas Caketil periodul orbitebze. dirakis 

gantoleba ki saerTod ar iZleva bmul mdgomareobebs aseTi 

potencialebisaTvis. amitom klasikur magaliTs dirakis gantolebaSi 

analogi ar aqvs gansxvavebiT kulonuri potencialisagan.  am or 

potencials dirakis gantolebisaTvis sxvadasxva datvirTva aqvs.  

 

 

magaliTi 2 [ ]51,49 . 

 

  ganvixiloT axla dirakis hamiltoniani veqtoruli potencialebiT 

                         AHmApH D
ˆˆ rrrrr ⋅−=+





 −⋅= αβα            (IV.3.14) 

aq Â
r
 sazogadod veqtorTan erTad SeiZleba dirakis romelime matricasac 

Seicavdes.  

a)   vTqvaT,  [ ]rnBA
rrr

×=ˆ
  _ esaa erTgvarovani magnituri velis veqtoruli 

potenciali, n
r
 aris r

r
 da p

r
 veqtorebze gamavali sibrtyis normaluri 

erTeulovani veqtori.  

    dirakis gantolebaze zemoT aRwerili manipulaciebis CatarebiT 

talRuri funqciis zeda komponentisaTvis miiReba paulis tipis gantoleba: 
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     ( ) ( ) ( ) 0222222 =⋅⋅−⋅−⋅−⋅∇++−− ϕσϕσϕϕ prniBBpAAiApEm
rrrrrrrrrrrr

    (IV.3.15) 

 

cxadia, A
r
 rom iyos usasrulod zrdadi, mag., BrA =

r
, rogorc Cvens 

SemTxvevaSia, maSin 2A
r
 iqneboda dominirebadi wevri da amocana miiyvaneboda 

oscilatoris asimptotikaze 

                               ( ) 022
2

2

≈







− rrB

dr

d ϕ  

anu dirakis gantolebas erTgvarovan magnitur velSi aqvs amoxsnebi bmuli 

mdgomareobebiT, rac aRwerilia nebismier saxelmZRvaneloSi.  

     Tu kvadrirebul gantolebas SeviswavliT, agreTve miiReba swori 

asimptotikuri yofaqceva. 

  amrigad, am magaliTSi kvadrirebuli da TviT dirakis gantolebis 

asimptotikebi erTmaneTs emTxveva.  

 

b) vTqvaT, axla  rimA
rr

ωβ=ˆ
. esaa e.w. “dirakis oscilatori” [ ]49 . am 

SemTxvevaSi dirakis gantoleba zeda komponentisaTvis Semdegi 

saxisaa 

 

            ( ) ( ) ( )ϕωϕϕω 222222 32 mEmlrmp −=+⋅Σ−+
rrr

                (IV.3.16) 

 

da gantolebas aqvs bmuli mdgomareobebis Semcveli asimptotika.  

sainteresoa, rom am magaliTSi kvadrirebiTac igive gantoleba miiReba.  

    rogorc erTgvarovan magnitur velSi, aseve dirakis oscilatoris 

magaliTSi miRebul me-2 rigis radialur diferencialur gantolebebs aqvT 

cxadi saxis amoxsnebi da maTTvis gamoiyvaneba e.w. radialuri 

supersimetria. magram samganzomilebiani formiT faruli simetriis 

sakiTxebi jer kidev kvlevis sagans warmoadgens. gansakuTrebiT es exeba 

bolo magaliTs, dirakis oscilators. es magaliTi imiTac aris 

saintereso, rom misi hamiltoniani kvlav komutirebs dirakis K  

operatorTan, xolo Cvens mier TeoremaSi damtkicebuli zogadi 
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struqturebi antikomutireben am ukanasknelTan, da advili SesaZlebelia, 

rom meTodma hpovos gamoyeneba am modelSic.  

 
 
 
 
 

IV.4  lipman-jonsonis operatoris ganzogadeba skalaruli 
potencialis SemTxvevaSi 

 
    zemoT ukve aRvniSneT, rom yalibrulad invariantuli minimaluri gziT 

CarTuli centraluri potencialebidan mxolod kulonuri potenciali 

asrulebs gamoyofil rols. amave dros aRmovaCineT, rom Tumca skalaruli 

potencialis CarTvisas miRebuli hamiltoniani kvlav komutirebs dirakis 

K -operatorTan, igi aRar ikomutirebs zemoT miRebul lipman-jonsonis 

operatorTan.  

   meores mxriv, ararelativisturi kvanturi meqanika (Sredingeris 

gantoleba) indeferentulia potencialis lorenc-variantobis mimarT: 

misTvis lorenc-veqtoris me-4 komponenti (rac 3-ganzomilebian sivrceSi 

skalaria brunvebis mimarT) da wminda lorenc-skalari erTmaneTisagan 

ganurCevelia _ dirakis gantolebidan ararelativistur zRvarze 

gadasvlisas orive SemTxvevaSi miiReba erTidaigive Sredingeris gantoleba, 

romelsac gaaCnia zemoxsenebuli damatebiTi simetria.  

    amitom unda vivaraudoT, rom skalaruli potencialis TandaswrebiTac 

dirakis gantolebas kvlav unda gaaCndes damatebiTi simetria, oRond am 

SemTxvevaSi lipman-jonsonis operators eqneba sxva saxe.  

    ase, rom ganvixiloT uzogadesi amocana skalaruli potencialis 

CarTviT, roca dirakis hamiltonians aqvs Semdegi saxe: 

)()( rSrVmpH ββα +++⋅= rr
             (IV.4.1) 

aq )(rS  aris lorenc-skalaruli potenciali. es hamiltoniani komutirebs 

K -operatorTan, magram ar komutirebs zemoTmoyvanil lipman-jonsonis 

operatorTan.  

    axali Senaxvadi operatoris misaRebad saWiro gaxdeba masSi CavrToT 

axali struqturebi, ris saSualebasac iZleva Cveni Teorema damatebiTi Ô 

faqtorebis nawilSi.  
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   gamovcadoT, magaliTad, Semdegi saxis operatori  

 

        ( ) ( ) ( ) )()(ˆˆ
253153211 rfKxirfKixpKixHrxrx βγγ ′++⋅Σ+⋅Σ′+⋅Σ=Χ rrrrrr

       (IV.4.2) 

 

rogorc vxedavT, pirvel struqturaSi CavumateT HO =ˆ faqtori, da amave 

dros me-3 struqturaSi _ β=Ô  matrica. es aris zemoT ganxiluli lipman-

jonsonis operatoris minimaluri ganzogadeba im SinaarsiT, rom r̂
r
 da p

r
 

veqtorebis mimarT mxolod pirveli rigis struqturebi monawileoben. Zvel 

SemTxvevaze dasabruneblad unda davuSvaT  031 =′=′ xx  da 0)( =rS . am saxis 

operatoris Sesabamisi komutatorebis gamoTvla gvaZlevs Sedegs: 
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                            (IV.4.3)  

    Tu moviTxovT simetrias da am gamosaxulebas nuls gavutolebT, kvlav 

miviRebT  matricul gantolebas, romelSic 22×  warmodgenaze gadasvlis 

Semdeg am Tanafardobis marjvena mxareSi cxadi saxiT gamoiyofa 

diagonaluri da antidiagonaluri elementebi. isini calk-calke unda 

gavutoloT nuls, rac mogvcems gantolebebs:  

(1) antidiaangonaluri struqturebidan  ( )KK βγγ 55 , : 

               
( ) ( ) ( )

( ) ( ) ( ) 0

0

2
1

1
13

1

=+−+
′

=
′

++−

rfSmSm
r

x

rV
r

x
rfSmx

r

x

                                                  (IV.4.4) 

(2)  diagonaluri struqturebidan   ( ( ) ( ) ( )pKrKrK
rrrrrr

⋅Σ⋅Σ⋅Σ ββ ,ˆ,ˆ ): 
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( ) ( )

( ) ( ) ( )
( ) ( )

( ) 0

0

0

0
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1
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1
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rfx
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x

rfxrSx
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x
rVSmx
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x

rfxrVx

                                                      (IV.4.5)     

am ukanasknelSi pirveli da mesame gantolebebis integraciiT 

usasrulobaSi nulovani sasazRvro pirobebis moTxovnisas vRebulobT:  

                 ( ) ( ) ( ) ( )rS
x

x
rfrV

x

x
rf

3

2
2

3

2
1 ,

′
==     (IV.4.6) 

xolo (IV.4.5)-is bolo gantolebis gaTvaliswinebiT gvaqvs 

                          ( )
rx

x
rf

3

1
2 ′

′
=                            (IV.4.7) 

amitom (IV.4.6)-is Tanaxmad sabolood vpoulobT 

                          ( )
rx

x
rS

2

1′=                             (IV.4.8) 

amrigad, skalaruli potenciali unda iyos kulonuri. 

    CavsvaT axla (IV.4.6) Sedegi (IV.4.4)-is pirvel gantolebaSi da amovxsnaT 

)(rV - isaTvis: 

                

( )
r

x
Smxr

x
rV

1
2

1 1
)( ′

−+
= , 

erTi SexedviT SeiZleba vifiqroT, rom veqtoruli potencialisaTvis 

warmoiqmna gadaxra kulonuridan, magram Tu aq (IV.4.8)-s gaviTvaliswinebT, 

miiReba   

                   
mrx

x
rV

2

1)( =                                  (IV.4.9) 

  amrigad, davadgineT, rom κ±  gadagvareba aris dirakis gantolebis 

simetria martodmarto kulonuri potencialisaTvis (lorenc-skalarisa da 

lorenc-veqtoris me-4 komponentis nebismieri uzogadesi kombinaciisaTvis).  

  am faqtidan gamomdinare vamtkicebT, rom kepleris problemis SemTxveviTi 

anu faruli simetriis buneba amoxsnilia _ esaa κ±  gadagvareba. am 

simetriis generatorebi A an Χ  aRweren am gadagvarebas _ adgilebs 

ucvlian am or mniSvnelobas.  
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   axla SegviZlia ufro naTlad davinaxoT aRniSnuli simetriis kavSiri 

lembis wanacvlebis akrZalvasTan. marTlac, momentebis Sekrebis 

Cveulebrivi    algebridan advilad davadgenT, rom  2/1+= jκ  mniSvneloba 

gvaqvs TanamimarTuli spinisaTvis: 2/1+= lj , anu mdgomareobebisaTvis  

                            ( ),........, 2/32/1 ps  

maSin, roca uaryofiTi mniSvneloba ( )2/1+−= jκ  Seesabameba sawinaaRmdegod 

mogezul spins:  2/1−= lj  anu mdgomareobebs:  

                            ( ),........, 2/32/1 dp  

sxva sityvebiT,  κκ −→ gadagvareba niSnavs swored gadagvarebas doneebisa 

                        2/32/32/12/1 , dpps →→  

anu, rom gvqonoda es simetria lembis wanacvleba mkacrad iqneboda 

akrZaluli. amrigad, dirakis gantolebaSi lembis wanacvlebis ar arseboba 

warmoadgens  κκ −→  simetriis Sedegs, rac Tavis mxriv siRrmiseulad 

ukavSirdeba laplas-runge-lencis veqtoris Senaxvas. rogorc vrwmundebiT, 

es faqti ufro naTlad gamoCnda relativisturi ganxilvisas.  

  mas Semdeg, rac relativistur (dirakis) gantolebaSi damatebiTi 

simetria napovnia, SegviZlia avagoT )4(SO  algebra, romlis gamovlinebas 

makrosamyaroSi warmoadgens laplas-runge-lencis veqtoris Senaxva da, 

Sesabamisad ciuri orbitebis Caketiloba. sxva sityvebiT, SegviZlia 

vivaraudoT, rom laplas-runge-lencis veqtoris Senaxva aris 

mikrosamyaroSi arsebuli simetriis makroskopuli gamovlineba.  

   zemoT miRebul simetriis operators moyvanili amoxsnebis 

gaTvaliswinebiT SegviZlia mivceT ufro kompaqturi saxe[52]:  

                 ( )( ) ( )mHiKHamar SV βγ −−+⋅Σ=Χ 5

r̂r
              (IV.4.10) 

sadac gamoyenebuli gvaqvs Semdegi aRniSvnebi: 

                 
2

1

2

1 ,
x

x
a

mx

x
a SV

′
−=−=  

xolo SVa ,  arian kulonuri urTierTqmedebis konstantebi 

               0,)(,)( , >−=−= SV
SV a
r

a
rS

r

a
rV  



 
 

 71

   aRvniSnoT, rom samecniero literaturaSi sul axlaxan gaCnda Χ  

operatoris Sesatyvisi [ ]53 , romlis saxis misaxvedrad gamoyenebulia 

dirakis gantolebis radialuri gaSla da sferuli kuTxeebis gancaleba.  

    Cveni midgoma aris 3-ganzomilebiani, romelic saerTod ar iyenebs 

dirakis gantolebas ( miTumetes, mis radialur saxes), eyrdnoba mxolod 

wina TavSi damtkicebul Teoremas, amasTan igi gacilebiT iolia da 

gamWvirvale, gansakuTrebiT simetriebis TvalsazrisiT.  

    amavdroulad kidev erTxel mivaqcioT yuradReba im garemoebas, rom 

Cveni analizi safuZvels gvaZlevs Tamamad vamtkicoT, rom kepleris 

problemis “faruli” simetriis mistikuri buneba amoxsnilia _ es yofila 

garkveuli gadagvareba kvantur (relativistur) doneze.  

 

 

 
IV.5 dirakis gantolebis speqtris miReba lorenc-skalaruli da 

lorenc-veqtoruli potencialebis nebismieri kombinaciisaTvis wminda 
algebruli ganxilviT 

 
 
   Cvens mier zemoT agebuli zogadi simetriis operatori SeiZleba 

gamoviyenoT kepleris amocanis speqtris misaRebad dirakis 

hamiltonianisaTvis, ise rom ar mivmarToT gantolebis amoxsnis 

proceduras. amisaTvis gamoviyenebT vitenis superalgebris meTods, 

romelic ukve aRvwereT wina paragrafebSi. saqme imaSia, rom rogorc ki 

avagebT dirakis K  operatorTan antikomutirebad operators, maSinve 

warmogveqmneba )2(S  supersimetriis Tanafardobebi. Cvens SemTxvevaSi 

sakmarisia movaxdinoT Semdegi identifikacia  

               
κ
K

iQQ
Χ=Χ= 21 ,  

maSin  

                { } hQQQQ ≡== 2
2

2
121 ,0,  

gamodis, rom gvaqvs vitenis algebra, sadac h asrulebs 

supersimetriuli hamiltonianis rols.  
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   axla am algebras gamoviyenebT adre ganxiluli amocanis msgavsad. 

pirvel rigSi unda ganvsazRvroT supersimetriis ZiriTadi mdgomareoba 

anu vakuumi ase 

                   000 2 =Χ=h                            (IV.5.1) 

    radgan vitenis hamiltoniani aris ermituli operatoris kvadrati, 

amitom naTelia, rom misi speqtri aris dadebiTad gansazRvruli. amitom 

Cven sruli ufleba gvaqvs TviT es operatori CavTvaloT nulis tolad 

vakuumur mdgomareobaSi, 

                           00 =Χ                          (IV.5.2) 

ganvixiloT (IV.4.10) Tanafardoba ZiriTad mdgomareobaSi, gavutoloT 

nuls operatori da amovxsnaT am Tanafardobidan hamiltoniani. miiReba 

        ( )[ ] ( )[ ] N
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m
raiKiKarmH

S
VS 22

1 ˆˆ
+

=⋅−+⋅=
− rrrr αβα                        (IV.5.3) 

sadac 
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αβαβ

αβα
                                         (IV.5.4) 

axla SevecadoT movaxdinoT am hamiltonianis diagonalizacia foldi-

vauthauzenis saxis gardaqmnebis gamoyenebiT[54]. radgan bolo 

gamosaxulebaSi meore da mesame wevrebi erTmaneTTan ar komutireben, 

dagvWirdeba ramdenime (sul mcire, ori) aseTi gardaqmnis Catareba.  

avirCioT pirveli gardaqmna Semdegi saxiT 

               ( ) ( ) 






 ⋅−= 11
ˆ

2

1
expexp wriS

rrαβ                                                                   (IV.5.5) 

naTelia, rom  

                           
( )( ) ( ) ( )( )
( ) ( ) ( )ββ

αα

111
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2expexpexp

ˆ2expexpˆexp

iSiSiS

riSiSriS
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                                     (IV.5.6) 

amasTan 

     ( ) ( ) ( ) ( ) ( ) KiSiSKiSKiSKiS ββ 11111 2expexpexp,expexp =−=−          (IV.5.7) 

da                    ( ) ( ) ( ) ( )riSriS ˆexpˆexp 11

rrrr ⋅=−⋅ αβαβ                                                 (IV.5.8) 



 
 

 73

   amitom pirveli gardaqmna moqmedebs ase   

( ) ( ) ( ) ( )[ ] ( )rKiariaKiSKaaiSNiSN SVVS
ˆˆ2expexpexp 111

rrrr ⋅−⋅++−=−≡′ αβαβ       (IV.5.9) 

magram            ( ) ( ) 111
ˆ2exp shwrichwiS
rr ⋅+= αβ                                                                                 

am Tanafardobis gamoyenebiT vRebulobT 
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axla Tavidan rom aviciloT ( )r̂
rr ⋅α  aradiagonaluri wevrebi, unda 

movaxdinoT aseTi SerCeva 

                                     
K

a
thw V−=1                                                                             (IV.5.11) 

  martivi trigonometriuli Tanafardobebis gamoyenebiT vRebulobT  

                     ( ) ( )[ ] 221
1

ˆ2exp VV aKKriaKiS −=⋅+ − βαβ rr
                                          (IV.5.12) 

amitom  

           ( )rKiaaKaaN SVVS
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axla CavataroT meore gardaqmna  
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1
wrS

rr ⋅−= α                              (IV.5.14) 

maSin gamoviyvanT Semdeg Tanafardobebs 
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amitom 
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moviTxovoT kvlav ( )r̂
rr ⋅α  wevrebis gaqroba. miiReba piroba   
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amitom 
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da sabolood  
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sakuTari mniSvnelobebisaTvis ZiriTad mdgomareobaSi aqedan gvaqvs                 
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axla gavixsenoT dirakis gantolebis cxadi amoxsniT miRebuli Sedegi [ ]55  
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am formulaSi 

                 2222
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     ZiriTadi mdgomareobisaTvis 12/12/1,1 =+=→== jjn κ , dagvrCeba 
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  es gamosaxuleba cxadi algebruli manipulaciebis Semdeg advilad 

miiyvaneba Cvens Sedegze (30). amrigad, mxolod algebrul meTodebze 

dayrdnobiT Cven miviReT ZiriTadi mdgomareobis energiisaTvis koreqtuli 

gamosaxuleba.  

   sruli speqtris misaRebad sakmarisia daveyrdnoT vitenis algebrul 

meTods, romelic cnobilia safexurebrivi (an kiburi) meTodis 

saxelwodebiT da Cveni SemTxvevisaTvis daiyvaneba Semdeg Secvlaze:  

κγγ −+→ n  

   Tu ase moviqceviT, advilad davrwmundebiT, rom Cveni formulidan 

umdablesi mdgomareobebisaTvis (30) gamomdinareobs swori gamosaxuleba 

energiis mTeli speqtrisaTvis (31).  

   amrigad, speqtri miviReT wminda algebruli meTodebiT mxolod 

simetriidan gamomdinare Tanafardobebze dayrdnobiT. es faqti kidev 
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erTxel gvarwmunebs imaSi, Tu ramdenad mZlavria simetriis meTodebis 

gamoyeneba iq, sadac ki es SesaZlebelia. 

 
 
 

 
daskvnebi 

 

winamdebare sadisertacio naSromSi ganvixileT kulonur velSi 

moZravi nawilakisaTvis damatebiT (e.w. “farul”) simetriasTan 

dakavSirebuli problemebi. Tanmimdevrulad vaCveneT, Tu ra movlenebTan 

gvaqvs saqme klasikur da ararelativistur kvantur meqanikaSi.  

naSromis originalur nawils warmoadgens me-3 da me-4  Tavebi, sadac 

ganixileba   damatebiTi Senaxvis kanoni _ inaxeba (fsevdo)skalaruli 

sidide _ lipman-jonsonis operatori, romelic ararelativistur zRvarSi 

gadadis runge-lencis veqtoris gegmilSi spinis mimarTulebaze.  

naSromis ZiriTadi originaluri Sedegebi, romlebic gamotanilia 

dasacavad, SeiZleba ase CamovayaliboT:  

ganviTarebulia damatebiTi simetriis Teoria relativistur kvantur 

meqanikaSi. saxeldobr: 

a)   ganzogadebulia Teorema dirakis K  operatorTan 

antikomutirebadi operatorebis klasis Sesaxeb.  

b) am Teoremis safuZvelze kulonuri potencialis SemTxvevaSi 

agebulia dirakis hamiltonianTan komutirebadi operatori, 

romelic aRwers dirakis gantolebis e.w. farul simetrias. 

naCvenebia, rom es operatori emTxveva samecniero 

literaturaSi cnobil jonsonisa da lipmanis operators.  

   am operatoris gamoyvana pirvelad aris gamoqveynebuli 

avtoris mier.  

g)   naCvenebia, rom es operatori da masTan dakavSirebuli  

           simetria warmoadgens klasikur meqanikaSi cnobil laplas- 

           runge-lencis veqtoris simetriis ganzogadebas     relati-    

           vistur kvantur meqanikaze. amave dros es simetria  akontro- 

           lebs lembis wanacvlebas wyalbadis atomis speqtrSi.  
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d)          Teoria miyenebulia dirakis hamiltonianisaTvis nebismieri  

          centraluri simetriis SemTxvevaSi da damtkicebulia, rom  

          damatebiT simetrias adgili aqvs mxolod kulonuri  

          potencialisaTvis.  

 

 e)          garkveulia calsaxad, rom kulonuri amocanis faruli  

    simetria aris N=2 supersimetria.  

 

     v)          garkveulia, Tu ratom ar warmoiqmneba dirakis gantolebaSi  

          faruli simetria izotropuli oscilatorisaTvis,                 

          romlisTvisac klasikur meqanikasa da ararelativistur  

          kvantur meqanikaSi gvaqvs damatebiTi dinamikuri simetria.  

          mizezia klainis paradoqsis arseboba dirakis gantolebaSi.   

 

z) kulonuri potencialis gamorCeuli roli zemoaRniSnuli 

simetriebis poziciebidan dasabuTebulia lorenc-skalarisa 

da lorenc-veqtoris me-4 komponentebis nebismieri wrfivi 

kombinaciisaTvis _ orive potenciali unda iyos k u l o n u 

r i. 

T)      algebrulad amoxsnilia speqtris amocana da miRebulia 

dirakis gantolebis amouxsnelad energetikuli speqtri 

kombinirebuli kulonuri amocanisTvis. 

i)       damtkicebulia, rom dirakis K  operatorsa da lipman 

jonsonis operatorze damyarebuli  )2(S  superalgebra 

warmoadgens kulonuri potencialis warmoSobis Teoriul 

safuZvels. 

 

 

  winamdebare gamokvleviT sruliad aRdgenilia faruli simetriis 

simZlavre (gamoyenebis areali) mTels fizikaSi. relativistur kvantur 

meqanikaSi gvaqvs imdenive damatebiTi simetria, ramdenic ararelativistur 

kvantur meqanikasa da klasikur meqanikaSi. es simetria yvelgan erTnairi 

SedegebiT vlindeba. mxedvelobaSi gvaqvs ramdenime garemoeba – saxeldobr: 
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 _ yvelgan simetria regularulad miRebulia mxolod da mxolod 

kulonuri potencialisaTvis.  

 _  damatebiTi simetria yvelgan saSualebas iZleva amocana amoixsnas 

wminda algebrulad moZraobis gantolebebis amoxsnis gareSe.  

 _   dirakis gantolebaSi gamoCnda obieqtebi, romlebis gardaqmnasac 

awarmoebs damatebiTi simetriis generatori, esaa spinuri Tavisuflebis 

xarisxebi. es faqti gvafiqrebinebs, rom am simetriis warmoSobis buneba 

aris supersimetriidan. ararelativistur kvantur meqanikaSi da klasikur 

meqanikaSi mJRavndeba am simetriis narCeni kvali (reliqti).  
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damateba I 

 

   lipmanlipmanlipmanlipman----jonsonis operatoris komutatori dirakis hamiltonianTanjonsonis operatoris komutatori dirakis hamiltonianTanjonsonis operatoris komutatori dirakis hamiltonianTanjonsonis operatoris komutatori dirakis hamiltonianTan    

    

pirvel rigSi visargebloT dirakis 5γ  matricis TvisebebiT 

(antikomutirebs kenti raodenobis dirakis iγ  matricebis namravlTan da 

saTanadod, komutirebs luwi raodenobis iγ  matricebis namravlTan)  

radgan:   

55 βγβγ −=  da ∑=∑
rr

55 γγ  

amitom 

KK 55 γγ −=  

amis gaTvaliswinebiT 5γ  matrica miviyvanoT sul marcxniv da A operatori 

warmovadginoT ase:        A 

                   ,5BA γ=                          (dI.1) 

sadac 
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amrigad, viwyebT komutatoris gamoTvlas etapobrivad:  

BHHBHBHA ],[],[],[],[ 555 γγγ +==  

gamovTvaloT aq warmoqmnili komutatorebi  

a) 
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 komutirebs αr -Tan, da 

antikomutirebs β -Tan) = βγ 52m  

b) axla gamovTvaloT  
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gamovTvaloT calkeuli maTgani  
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amitom 
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garda amisa, (III.2.3) formulaSi gvWirdeba  
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am gamosaxulebis marjvena mxareSi me-3 wevri ase unda gavigoT:  



 
 

 80








⋅∑=







∑=







−∑=

=







∑=∑=×⋅∑−

∧∧

r
li

r
li

r
ipri

r
rppirpirpi

kkkijijjikkij

ijkjijkikjijk

1
2

1
2

1
)(2

1
22])[(2

rr

rrr

εδε

εε
 

ase, rom  

)(
2

)(2
1

)(2
2

],[ pK
a

i
rm

r
li

r

i
HB

rrrrrr
αβαβ −−







⋅∑+=
∧

      (dI.6) 

axla gvWirdeba davubrundeT Tavdapirvel komutators: 
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Tu B-s ganmartebas gamoviyenebT, pirvel frCxilSi moTavsebuli 

gamosaxuleba aris B 
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aqedan Semodis TamaSSi kulonuri potenciali. am gamosaxulebidan 

wamosuli )( p
rrα -s Semcveli gamosaxuleba ββ KK = KTvisebis gamo Seikveceba 

wina gamosaxulebis sul bolo wevrTan da dagvrCeba:  
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es ukanaskneli ki zustad ikveceba frCxilebSi moTavsebul pirvel 

wevrTan. xazi gavusvaT im garemoebas, rom a -s Sekveca marto kulonuri 

potencialisaTvis xdeba.  

sabolood vaskvniT, rom  
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                          [ HA, ]=0     

amrigad, lipman-jonsonis operatori kidev erTi damatebiTi Senaxvadi 

sidide yofila dirakis gantolebisaTvis gareSe kulonur velSi. misi 

arseboba pirdapiraa dakavSirebuli doneebis orjerad gadagvarebasTan 

dirakis K operatoris sakuTari mniSvnelobebis ori niSnis gamo.  

 

   

damateba II 

lipman-jonsonis operatoris kvadrati 

 

rogorc vnaxeT, AA aris kenti operatori K-s mimarT. amitom Tu A-s 

gavaigivebT erT-erT supermuxtTan, vitenis supersimetriuli hamiltonianis 

asagebad gvWirdeba AA2-is gamoTvla. SevudgeT am gamoTvlasac. 

radgan 

,5BA γ=   amitom 
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sadac  
55~ γγ BB =  aris B operatoris 5γ  gardaqmna. 
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 (dII.1) 

gamovTvaloT pirveli frCxili 
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aq Semavali pirveli komutatori adre gamoTvlili gvaqvs. misi 

gamoyenebiT miiReba: 
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pirveli wevri amovardeba antisimetriul struqturaze gamravlebis 

gamo. amitom  ijkε -s Semcveli wevridan dagvrCeba 
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es gamosaxuleba sawyisi formulis ZaliT mravldeba faqtorze 
ma

i
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amitom aq sul miiReba 
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axla gamovTvaloT  BB
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amitom wina gamosaxuleba iRebs saxes 
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rogorc vxedavT, bolo wevri zustad baTildeba adre miRebul  (dII.2) 

wevrTan da amitom gvaqvs Semdegi formula  A2-isTvis: 
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wyalbadis atomis speqtris aRsawerad supersimetriis safuZvelze. 
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2.gamovTvaloT komutatori     ( )[ ]HpK ,
rr
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      miRebuli Tanafardobebi gamoyenebulia ZiriTad teqstSi 
damatebiTi simetriis operatoris gamosayvanad.  
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